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Introduction 

The IB Mathematical Studies SL student 
The underpinning philosophy of the International Baccalaureate® is described in 

the attributes of the IB learner profile. These attributes encapsulate the IB mission 
statement and ideally should be embraced and modelled by students, teachers and 

the entire school community: 

Inquirers 

Knowledgeable 

Thinkers 

Communicators 

Principled 

Open-minded 

Caring 

Risk-takers 

Balanced 

Reflective 

They develop their natural curiosity. They acquire the skills 

necessary to conduct inquiry and research and show 

independence in learning. They actively enjoy learning and this 

love of learning will be sustained throughout their lives. 

They explore concepts, ideas and issues that have local and 
olobal significance. In so doing, they acquire in depth knowledge 

and develop understanding across a broad and balanced range 

of disciplines. 

They exercise initiative in applying thinking skills critically and 

creatively to recognize and approach complex problems, and 

make reasoned, ethical decisions. 
They understand and express ideas and information 

confidently and creatively in more than one language and in a 

variety of modes of communication. They work effectively and 

willingly in collaboration with others. 

They act with integrity and honesty, with a strong sense of 

fairness, justice and respect for the dignity of the individual, 
groups and communities. They take responsibility for their own 

actions and the consequences that accompany them. 

They understand and appreciate their own cultures and personal 

histories, and are open to the perspectives, values and traditions 

of other individuals and communities. They are accustomed to 

seeking and evaluating a range of points of view, and are willing 
to grow from the experience. 

They show empathy, compassion and respect towards the needs 

and feelings of others. They have a personal commitment to 

service, and act to make a positive difference to the lives of others 

and to the environment. 
They approach unfamiliar situations and uncertainty with courage 

and forethought, and have the independence of spirit to explore 

new roles, ideas and strategies. They are brave and articulate in 

defending their beliefs. 

They understand the importance of intellectual, physical and 

emotional balance to achieve personal wellbeing for themselves 
and others, 

They give thoughtful consideration to their own learning and 

experience, They are able to assess and understand their strengths 

and limitations in order to support their learning and personal 

development. 

© International Baccalaureate Organization 2007
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IB Mathematics grade descriptors 
The tollowing amplifies the grade descriptors from the IB. Students should have a 

clear understanding of what is expected at each grade level. 

e Grade 7 Excellent performance 

Demonstrates a thorough knowledge and understanding of the syllabus; 

successfully applies mathematical principles at a sophisticated level in a wide 

variety of contexts; successfully uses problem-solving techniques in challenging 

situations; recognizes patterns and structures, makes generalizations and justifies 

conclusions; understands and explains the significance and reasonableness of 

results, and draws full and relevant conclusions; communicates mathematics in a 

clear, eftective and concise manner, using correct techniques, notation and 

terminology; demonstrates the ability to integrate knowledge, understanding and 

skills from different areas of the course; uses technology proficiently. 

e Grade 6 Very good performance 

Demonstrates a broad knowledge and understanding of the syllabus; successfully 

applies mathematical principles in a variety of contexts; uses problem-solving 

techniques in challenging situations; recognizes patterns and structures, and makes 

some generalizations; understands and explains the significance and reasonableness 

of results, and draws relevant conclusions; communicates mathematics in a clear 

and effective manner, using correct techniques, notation and terminology; 

demonstrates some ability to integrate knowledge, understanding and skills from 

different areas of the course; uses technology proficiently. 

e Grade 5 Good performance 

Demonstrates a good knowledge and understanding of the syllabus; successfully 

applies mathematical principles in performing routine tasks; successfully carries 

out mathematical processes in a variety of contexts, and recognizes patterns 

and structures; understands the significance of results and draws some 

conclusions; successfully uses problem-solving techniques in routine situations; 

communicates mathematics effectively, using suitable notation and terminology; 

demonstrates an awareness of the links between different areas of the course; uses 

technology appropriately. 

e Grade 4 Satisfactory performance 

Demonstrates a satistactory knowledge of the syllabus; applies mathematical 

principles in performing some routine tasks; successfully carries out mathematical 

processes in straightforward contexts; shows some ability to recognize patterns 

and structures; uses problem-solving techniques in routine situations; has limited 

understanding of the significance of results and attempts to draw some 

conclusions; communicates mathematics adequately, using some appropriate 

techniques, notation and terminology; uses technology satisfactorily. 

e Grade 3 Mediocre performance 

Demonstrates partial knowledge of the syllabus and limited understanding of 

mathematical principles in performing some routine tasks; attempts to carry out 

mathematical processes in straightforward contexts; communicates some 

mathematics, using appropriate techniques, notation or terminology; uses 

technology to a limited extent.
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e Grade 2 Poor performance 

Demonstrates limited knowledge of the syllabus; attempts to carry out mathematical 

processes at a basic level; communicates some mathematics, but often uses 

inappropriate techniques, notation or terminology; uses technology inadequately. 

e Grade 1 Very poor performance 

Demonstrates minimal knowledge of the syllabus; demonstrates little or no 

ability to use mathematical processes, even when attempting routine tasks; is 

unable to make effective use of technology. 

© International Baccalaureate Organization 2007 

The syllabus and Mathematical Studies 
for the IB Diploma Second Edition 
This textbook fully covers the 1B Mathematical Studies SL guide for first 

examinations in 2014. The assessment breakdown is as follows: 

  

  

  

  

Assessment Type Duration 

External 15 compulsory short-response questions on 1 hr 30 min 

Paper 1 entire syllabus 

409% 
90 marks 

External & compulsory extended-response questions 1 hr 30 min 

Paper 2 based on the entire syllabus 
409% 

90 marks 

Internal project The project is an individual piece of work involving 25 hours 
20% the collection of information or the generation of 

20 marks measurements, and the analysis and evaluation of 

the information or measurements. 
  

For the external assessments a formulae booklet will be provided. 

The topics covered in this resource are in the same order as they appear in the 
syllabus. Syllabus statements appear at the start of each topic. However, it is not 

intended that teachers and students will necessarily follow this order. Teachers 
should use this resource in the order which is appropriate for their school context. 
Some content has been included which will not be examined but is still useful to be " 

taught. These sections have been indicated with a dashed line down the right hand , 
side of the text. Each topic has explanations, examples, exercises and, at the end of 
the topic, a number of student assessments and past IB examination questions to 

reinforce learning. 

A resource such as this one is used primarily as preparation for an examination. 

We have written a book which follows the syllabus and will provide excellent 

preparation. However we have also tried to make the book more interesting than 

that limited aim. We have written a twenty-first century book for students who will 

probably be alive in the twenty-second century.
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Presumed knowledge 
We are aware of the difficulties presented to teachers by students who are taking 

this course and come from a variety of backgrounds and with widely differing levels 

of previous mathematical knowledge. The syllabus refers to presumed knowledge. 

At the start of the book, in each area of study — number, algebra, geometry, 

trigonometry and statistics, we have included a section of assessments which can be 

used to identify areas of weakness and as revision. These areas can then be studied 
in more detail by reference to our IGCSE® textbook. 

International mindedness 

We are aware that students working from this resource will have begun full time 
education in the twenty-first century. IB students come from many cultures and 

have many different first languages. Sometimes, cultural and linguistic differences 

can be an obstacle to understanding. However, mathematics is largely free from 

cultural bias. Indeed, mathematics is considered by many to be a universal language. 
Even a Japanese algebra text book with Japanese characters will include recognisable 

equations using x and y. The authors are very aware of the major and fundamental 

contribution made to mathematics by all cultures. Arabic, Indian, Greek and 

Chinese scholars have learned from each other and given a basis for the work of 
more recent mathematicians. We have introduced each topic with references to the 

history of mathematics to give a context to students’ studies. The people who 

extended the boundaries of mathematical knowledge are many. We have referred to 
the major contributors by name, often with a photograph or other image. 

The graphic display calculator 
The syllabus places great emphasis on the appropriate use of the graphic display 
calculator (GDC) in interpreting problems, so many teachers will wish to start with 

the Introduction to the graphic display calculator. This gives a general overview of 

the use of the GDC, which will assist students who may be unfamiliar with its use. 

Throughout the book we have then built upon this foundation work and have 
provided very clear and concise illustrations of exactly how such a calculator is used 

(not merely showing how a graph might look.) It must be noted that use of a GDC 

is not a substitution for authentic mathematical understanding. The two models of 

calculators used are the Casio fx-9860G and the Texas TI-84 Plus. Instructions for 
the Texas TI-Nspire for a selection of exercises are provided on the website. 

We also refer to other computer software (Autograph and GeoGebra) where 

appropriate. 

Command terms and notation 

Many examiners reports have highlighted that students are often uncertain what 

specific command terms mean. Students should become familiar with all these words as 

they will be faced with them during the external examinations. One such example is 
the difference between ‘draw’ and ‘sketch’. This issue is dealt with on pages 309-310 of 

the textbook. Students should also be familiar with the list of notation that the IB uses 

in the external examinations. Students will not, however, be penalised in examinations 

for using different appropriate notation but understanding the command terms is 
essential. The IB has released a new list of command terms and notation with the new 

guide and the full lists can be found on the hodderplus website.



Links to other 
Diploma subjects are 
made in blue boxes at 

the side of the text. 
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The website 

The material on the accompanying website is indicated through the book by 

coloured icons. These are: 

powerpoints, 

spreadsheets, 

GeoGebra files, and 

Personal Tutor presentations, step-by-step audio visual explanations of the harder 

concepts. 

We hope that providing free access to this material will enable all students to 

engage with this invaluable material. A copy of the GeoGebra installer is also 

available to download. 
The website also contains answers to the revision exercises, worked solutions to 

all the exercises and student assessments throughout the book and instructions for 

the use of the Texas TI-Nspire. 

Applications and theory of knowledge 
These areas should form a vital part of this course. The textbook therefore has a 

section at the end of each topic for discussion points such as ‘Applications’ 

(vellow), ‘Project ideas’ (green) and “Theory of Knowledge' (pink). Students 
should not underestimate the importance of this facet of the course which is why 

we have given it a dedicated section at the end of each topic. It is worthwhile to 

explore these ideas as discussions in lessons to emphasize and explore one of the 

core elements of the IB diploma programme. 

Revision exercises 

At the end of the book is a revision section, with exercises covering the whole course. 

It is expected that students will also have access to previous examination papers. 

Internal assessment 
A project is chosen by the student and is assessed by their teacher and then is 

externally moderated using assessment criteria that relate to objectives for Group 5 

Mathematics. These criteria are as follows: 

Criterion A Introduction 3 marks 

Criterion B [Information/measurement 3 marks 
Criterion C Mathematical processes 5 marks 

Criterion D Interpretation of results 3 marks 

Criterion E Validity 1 mark 

Ciriterion F Structure and communication 3 marks 
Criterion G Notation and terminology 2 marks 

Total 20 marks
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Project ideas 
Project ideas can be found at the end of each topic (on green notes). They are only 

ideas and are not intended to be project titles. Where it is suggested that students 

extend their mathematical knowledge as part of the project it is important to discuss 

this thoroughly with a teacher, both before starting and as the project progresses. 

Many teachers feel that too many students choose statistics projects which are 

too limited in the scope of the mathematics used. Students can look outside the 

syllabus; it may even be advantageous to look at areas of maths such as symmetry, 

topology, optimisation, matrices, advanced probability, calculus, linear 

programming and even mathematics as it applies to art, music and architecture (but 

be sure that maths is the emphasis). Your teacher is allowed to give help and 

guidance, so students should discuss their ideas before starting their project to be 

sure that it is feasible. 

Possible approach for a project 
Before starting to plan your project there are a number of things to consider. Your 

project is assessed according to a number of headings (criteria) as listed on the 

previous page; these will be referred to below. 

1 The project is part of your assessment. You should aim for the highest possible 

mark. 

2 The project is expected to take more time to prepare, plan and complete than 

even the longest of the seven topics in the Mathematical Studies syllabus. So 

allow yourself time to get this work done. 

3 This is your mathematics project and is meant to reflect your mathematical 

ability. You would think this does not need to be stated. However it is a fact that 

many teachers will have received projects which: 

a have a very interesting title (but little to do with maths) 

b are beautifully presented (but have little mathematical content) 

¢ have a lot of very repetitive, low-level maths (e.g. lots and lots of bar charts) 

d contain mathematics far above the ability of the student submitting it (be 

prepared to explain anything that you write). 

4 You should try to involve mathematics from as many topics in this course as you 

can, and at the highest level possible. A sensible choice of project will allow you to 

show the mathematical knowledge you have gained, but in a different way than in a 

formal exam. You should plan to use a further mathematical process above that in 

the Mathematical Studies syllabus (your teacher may help with this). 

5 The more general the project title, the easier it is to extend it into a variety of 

areas. 

Below is an indication of how a project might be approached. The mathematics 

involved will be taught as you go through the course but we have shown where it is 

in the book should you wish to have a look.
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Title: Bacteria (Note: This is a very ‘open’ title.) 

Assessment Criterion A Introduction: Your introduction should contain a 

detailed plan. 

Example:  This project will be in four sections. 

Section 1 will look at the possible ways that bacteria could grow. By 

drawing up a table of results it should be possible to obtain general 

algebraic formulae for ways in which bacteria grow. 

Section 2 will look at graphs of these results. The functions involved 

are expected to be exponential functions so this application will be 

studied further. 

Section 3 will require the collection of secondary data about the 

spread of epidemics. 

Section 4 will look at clinical trials and how, by applying 

mathematics, a course of treatment can be thought to be a success. 

Assessment Criterion B Information/measurement: The information collected or 

set of results should be organised properly and be sufficient in quality and 

quantity. This means that results and data collected should be in table form and 

eraphs clearly drawn. 

Section 1: This will look at the possible patterns of growth of bacteria. 

The maths used in Section 1 is from Topic 1: Number and algebra — 1.7 Arithmetic 

sequences and series and 1.8 Geometric sequences and series. - . * 

This pattern will produce data which can be put into a table: 

    
  

  

  

  

  

Number of hours Total bacteria 

0 1 

1 5 

2 13 

3 25 
  

Assessment Criterion C Mathematical processes: All mathematical processes 

both simple and further must be carried out correctly. 

Section 1: 

A rule can be found to link h (hours) and T (the total number of bacteria). 

T=2ht+2h+1 

This can be arranged to give T=ht+(ht+2h+1) 

And factorised to give T=h+(h+1) 
So the pattern above can be seen to be the sum of two square number patterns. 

This can then be used to make predictions. 

Extend this study of sequences and series to other patterns.
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Section 2: 

This will look at the graphs of the formulae obtained in Section 1 above. 

The maths used is from Topic 6: Mathematical models. 

If we study the equations obtained in Section 1 you can draw and study exponential 

growth. If you then propose that: 

a the bacteria could be harmful; and 
b that a suitable treatment resulted in a decrease in the number of bacteria over time 

then you could also study exponential decay. Note criteria B and C above. 

Section 3: International link to real events. 

After the devastating earthquake that hit Haiti in 2009 there was an outbreak of 

cholera. It may be possible to obtain accurate statistics showing how this outbreak 

became an epidemic and how this was dealt with. You may also want to look at the 

possibility of a pandemic (for example, avian flu). Note criteria B and C above. 

Section 4: This will look at the way clinical trials are used to test whether a drug is 

successful in fighting disease., 
The maths used is from Topic 4: Statistical applications, in particular Topic 4.4: 

The y? test for independence. 

For this section you can either use real data or, to show that you understand and 

can apply this area of statistics, you could suggest some possible results yourself 

(check with your teacher). 

Assessment Criteria D and E: Interpretation of results and validity of 

conclusions. You should be able to show from vour accurate calculations that 
the conclusions you draw are valid. 

You will show that you can construct a null hypothesis, an alternative hypothesis 

and degrees of freedom and use these to show whether the trial shows that 

treatment with the drug is successful or not. Note criteria B and C above. 

Assessment Criterion F Structure and communication: Your project should 

follow the stated plan and should be clearly communicated. 

A project planned in this way will enable you to show that you can apply several 
areas of the mathematics that you have been taught in this course and will make it 

easy for your teacher to award you a high mark for your project. Remember that this 

is your primary aim in producing a project. 

Assessment Criterion G Notation and terminology: The project should contain 

the correct mathematical notation. 

Ric Pimentel and Terry Wall 

Jennifer Wathall 

The authors are both experienced classroom teachers with experience of education in 
Europe, Turkey, the Far East and the U.S.A. They have also both been teacher trainers 

and have run courses for both English teachers and those from many other countries. 

Jennifer Wathall has over 20 years of international experience in Mathematics 

education including many years teaching all three levels of the IB Mathematics 

Diploma programmes. She is an IB workshop leader, an accepted IB MSSL 

Examiner and Head of Mathematics, Island School, Hong Kong.
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These assessments are intended to identify those concepts from your previous 

course which may need to be revised. Your teacher will instruct you how these are 

to be completed. 

You may take all the Presumed knowledge assessments 1-8 before you start the 

course, or it may be better to do assessments 1-4 before Topic 1, assessments 5—7 

before Topic 6 and assessment 8 before Topic 5. Your teacher will then, if 

necessary, refer you to an IGCSE® or other textbook. 

Student assessment 1: Ordering 
1 Copy each of the following statements, and insert one of the symbols =, >, < 

into the space to make a true statement. 

a 4x2..2° b 6%..2° 
¢ 850 ml ... 0.5 litres d number of days in May ... 30 days 

2 Illustrate the information in each of the following statements on a number line. 

a The temperature during the day reached a maximum of 35 °C. 

b There were between 20 and 15 students in a class. 

¢ The world record for the 100 metre sprint is under 10 seconds. 

d Doubling a number and subtracting 4 gives an answer greater than 16. 

3 Write the information on the following number lines as inequalities. 

  

  

d | %—l— 

i =] 0 1 2 

b I | M 

= ) 0 1 2 

    

= =1 0 1 2 

el = 0 1 2 

4 Illustrate each of the following inequalities on a number line. 

a x=3 b x<4 
c D<x<4 d -3=x<l 

5 Write the following fractions in order of magnitude, starting with the smallest. 

T 14 I 72k
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Student assessment 2: The four rules 

of number 
1 Ewaluate these. 

a 5+8x3-6 b 15+45+3-12 

The sum of two numbers is 21 and their product is 90. What are the numbers? 

How many seconds are there in 2% hours? 

Work out 851 x 27. 

Work out 6843 + 19 giving your answer to one decimal place. 

o
 

L 
"
 

Copy these equivalent fractions and fill in the blanks. 

8 16 56 

7 Evaluate the following. 
3 .11 4 . 8 

a 3; — 1= b Iz +1% 

8 Change the following fractions to decimals. 
2 3 9 2 

a = b 17 ¢ 1T d I3 

O Change the following decimals to fractions. Give each fraction in its simplest form. 

a 4.2 b 0.06 c 1.85 d 2.005 

Student assessment 3: Ratio and 
proportion 
1 A piece of wood is cut in the ratio 3:7, 

a What fraction of the whole is the longer piece! 

b If the wood is 1.5 m long, how long is the shorter piece! 

2 A recipe for two people requires %kg of rice to 150 g of meat. 

a How much meat would be needed for five people? 

b How much rice would there be in 1kg of the final dish! 

3 The scale of a map is 1:10000. 

a Two rivers are 4.5 cm apart on the map. How far apart are they in real life? 

Give your answer in metres. 

b Two towns are 8 km apart in real life. How far apart are they on the map? 

Give your answer in centimetres. 

4 a A model train is a % scale model. Express this as a ratio. 

b If the length of the model engine is 7cm, what is the true length of the 

engine! 

5 Divide 3 tonnes in the ratio 2:5:13. 

6 The ratio of the angles of a quadrilateral is 2:3:3:4. Calculate the size of each of 

the angles.
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7 The ratio of the interior angles of a pentagon is 2:3:4:4:5. Calculate the size 

of the largest angle. 

8 A large swimming pool takes 36 hours to fill using three identical pumps. 

a How long would it take to fill using eight identical pumps! 

b If the pool needs to be filled in nine hours, how many pumps will be needed? 

O The first triangle is an enlargement of the second. Calculate the size of the 

missing sides and angles. 

5cm Fom 

Jcm 

  B 37° 
  

10 A tap issuing water at a rate of 1.2 litres per minute fills a container in 

4 minutes. 

a How long would it take to fill the same container if the rate was decreased 

to 1 litre per minute! Give your answer in minutes and seconds. 

b If the container is to be filled in 3 minutes, calculate the rate at which the 

water should flow. 

Student assessment 4: Percentages 
1 Copy the table below and fill in the missing values. 

  

  

  

  

  

Fraction Decimal Percentage 

0.25 

2 
C 

1 
EEE% 

1 
2z           

2 Find 30% of 2500 metres. 

3 In a sale a shop reduces its prices by 12.5%. What is the sale price of a desk 

previously costing €6007 

4 In the last six years the value of a house has increased by 35%. If it cost 

£72000 six years ago, what is its value now! 

5 Express the first quantity as a percentage of the second. 

a 35 minutes, 2 hours b 650¢g, 3kg 

¢ S5m, 4m d 15seconds, 3 minutes 

e 600kg, 3 tonnes f 35¢c1:3.5] 

6 Shares in a company are bought for $600. After a year the same shares are sold 

for $550. Calculate the percentage depreciation.
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7 

10 

11 

12 

13 

St 

In a sale, the price of a jacket originally costing 17000 Japanese yen (¥) is 

reduced by ¥4000. Any item not sold by the last day of the sale is reduced by a 

further 50%. If the jacket is sold on the last day of the sale, calculate: 

a the price it is finally sold for 

b the overall percentage reduction in price. 

Calculate the original price of each of the following. 

Selling price Profit 

$224 12% 

$62.50 150% 

$660.24 26% 

$38.50 285% 

Calculate the original price of each of the following. 

Selling price Loss 

$392.70 15% 

$2480 38% 

$3937.50 12.5% 

$4675 15% 

In an examination Sarah obtained 87.5% by gaining 105 marks. How many 

marks did she lose? 

At the end of a year, a factory has produced 38 500 television sets. If this 

represents a 10% increase in productivity on last year, calculate the number of 

sets that were made last year. 

A computer manufacturer is expected to have produced 24 000 units by the end 

of this year. If this represents a 4% decrease on last year’s output, calculate the 

number of units produced last year. 

A farmer increased his yield by 5% each year over the last five years. If he 

produced 600 tonnes this year, calculate to the nearest tonne his yield five 

years ago. 

udent assessment 5: Algebraic 
manipulation 
1 Expand the following and simplify where possible. 

a 3(2x — 3y + 52) b 4p(2m - 7) 

¢ —4m(Zmn — n?) d 4p*(5pq — 2q* - 2p) 
e 4x — 2(3x + 1) f 4x(3x — 2) + 2(5x% — 3x) 

g =(15x — 10) — $(9x — 12) h 7(4x - 6) + 7(2x + 8) 

2 Factorize each of the following. 

a 16p — 8q b p? - 6pg 

¢ 5p*q — 10pg* d 9pq — 6p’q + 12¢*p 

3 Ifa=4,b =3 and ¢ = -2, evaluate the following. 

d 

C 

c 

3a — 2b + 3c b 5a — 3b? 

at + b* + c* d (a+ b)a-=D>b) 

a* - b f B -3
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4 Rearrange the following formulae to make the bold letter the subject. 

ap=4m+n b 4x — 3y = 52 

EZI=3; d m(x +vy) = 3w 

efl=m f—p+q=m—“ 
4r t T 

5 Factorise each of the following fully. 

a pg — 3rq + pr — 3r? b 1-¢ 

¢ 875% - 1257 d 7.5% =257 

6 Expand the following and simplify where possible. 

a (x—4)(x+2) b (x — 8)* 

¢ (x +v)? d (x = 11)(x + 11) 

e (3x - 2)(2x — 3) f (5 - 3x)? 

7 Factorize each of the following. 
a xt —4x — 77 b xt—6x+9 

c x* — 144 d 3x% + 3x - 18 
e 2x* + 5x - 12 f 4x — 20x + 25 

8 Make the letter in bold the subject of the formula. 

a mff=p b m = 5t 

c A=mrAlp+q d%+%=% 

O Simplify the following algebraic fractions, 

x! mn 
d E b T X %q 

o’ | 2867 
() Tbq’ 

Student assessment 6: Equations and 
inequalities 
For questions 1-4, solve the equations. 

    

1 ax+7=16 b 2x-9=13 

¢ 8§—4x =124 d 5-3x=-13 

2al-m=4+m b 5m—-3=3m+ 11 
¢c bm—1=9m - 13 d 18-3p=6+p 

33:%=2 b 4=1x 

X+ 2 Ix—-5 5 

Syt S 
4a f(x-4)=8 b 4(x —3) = T(x +2) 

4 =%(3x +8) d 2(x -1) = 2(2x - 4) |
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5 

10 

Solve the following simultaneous equations. 

a Ix+3y=16 b 4x + 2y = 21 

Ix — 3y =4 —Ix+2y=1 

c x+y=9 d 2x—3y=17 
Ix + 4y = 126 -3x +4y = —11 

The angles of a triangle are x, Zx and (x + 40) degrees. 

a Construct an equation in terms of x. 

b Solve the equation. 

¢ Calculate the size of each of the three angles. 

Seven is added to three times a number. The result is then doubled. If the 

answer is 68, calculate the number. 

A decagon has six equal exterior angles. Each of the remaining four is fifteen 

degrees larger than these six angles. Construct an equation and then solve it to 

find the sizes of the angles. 

A rectangle is xcm long. The length is 3 cm more than the width. The 

perimeter of the rectangle is 54 cm. 
a Draw a diagram to illustrate the above information. 

b Construct an equation in terms of x. 

¢ Solve the equation and hence calculate the length and width of the 

rectangle. 

At the end of a football season, the leading goal scorer in a league has scored 

eight more goals than the second leading goal scorer. The second has scored 

fiftteen more than the third. The total number of goals scored by all three 

players is 134. 
a Worite an expression for each of the three scores. 

b Form an equation and then solve it to find the number of goals scored by 

each player. 

Student assessment 7: Indices 
1 Simplify the following by using indices. 

a 2xIxIxsx5 b Il Xx3ix3dIxixixs 

Worite the following out in full. 

a 4 b 6* 

Work out the value of the following without using a calculator. 

a 2h ¥ IO h Tty 

Find the value of x in each of the following. 

1 
{x = I} — Y — 2 32 b T 16 

¢ 5(x+2 =125 d 8- =< 

Using indices, simplity the following. 

- R Sl W S P b2x2x4x4x4x2x32 

Worite the following out in full, 

a 6 b 2-°
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Student assessment 8. Geometry of 
plane shapes 
1 Calculate the circumference and area of each of the following circles. Give your 

answers to one decimal place. 

a b 

Q 

2 A semi-circular shape is cut out of the side of a rectangle as shown. Calculate the 

shaded area to one decimal place. 

A 

4 cm 

      Y 
  

fe— 6 CM——— 

3 For the diagram below, calculate the area of: 

a the semi-circle 

b the trapezium 

¢ the whole shape. 

<—7 cm———> 

\ 3 

/ 

1t 
4 Calculate the circumference and area of each of these circles. Give your answers 

to one decimal place. 

a b 

. Q 

  

 



  

5 A rectangle of length 32 cm and width 20 cm has a semi-circle cut out of two of 
its sides as shown. Calculate the shaded area to one decimal place. 

  

6 Calculate the area of: 

a the semi-circle 

b the parallelogram 
¢ the whole shape. 

   



  

Introduction to the graphic 
display calculator 

Introduction 
People have always used devices to help them calculate. Today, basic calculators, 

scientific calculators and graphic display calculators are all available; they have a 

long history. 

  
an early abacus 

   
an early slide rule an early calculator 

Using a graphic display calculator 
Graphic display calculators (GDCs) are a powerful tool used for the study of 

mathematics in the modern classroom. However, as with all tools, their 

effectiveness is only apparent when used properly. This section will look at some of 

the key features of the GDC, so that you start to understand some of its potential. 

The two models used are the Casio fx-9860G and the Texas TI-84 Plus. Many 

GDCs have similar capabilities to the ones shown. However, if your calculator is 

different, it is important that you take the time to familiarize yourself with it.
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Here is the home screen (menufapplications) for each calculator. 

  

Casio Texas 
  

  

N MENU ZZz77777 
5 SHT 

LE:J 
ERFIF‘H I | LE RECUR 

DHiESlEQL:_.FI | RGM [T'-.-'H | 
*           

The modes are selected by 

using the arrows key and then 

pressing EXE, or by typing the 

number/letter that appears in 

the bottom right-hand corner 

of each square representing a 

mode. Brief descriptions of the 

seven most relevant modes are 

given below. 

The main features are accessed 

by pressing the appropriate key. 

Some are explained below. 

  

1 RUN.MAT is used for 

arithmetic calculations. 

  

is used for statistical 

Gl calculations and for 

drawing graphs of 

the data entered. 
  

2 STAT is used for statistical 

calculations and for drawing 

graphs. 

is used to access 

s UMl numerical operations. 

  

  

4 S.SHT is a spreadsheet and can 

be used for calculations and 

graphs. 

.. isused for entering the 

\—_/ equations of graphs. 

  

5 GRAPH is used for entering the 

equations of graphs and 

plotting them. 

= isused for graphing 

functions. 

  

6 DYNA is a dynamic graph mode 

that enables a family of curves to 

be graphed simultaneously. 
  

7 TABLE is used to generate a 

table of results from an 

equation. 
  

A EQUA is used to solve different 

types of equation.        
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TS Mus 
* Fi i et B i 

   

  
Texas   

Basic calculations 

The aim of the following exercise is to familiarize you with some of the buttons on 

your calculator dealing with basic mathematical operations. It is assumed that you 

will already be familiar with the mathematical content. 

Exercise 1 
Using your GDC, solve the following. 

1 a 4625 

— __ b 4/ 324 

- 
3 ; 

2 aN1728 
Texas 

4 

b V1296 

(-] 
¢ A[3125 

3 a 132 

  

Casio | Texas 
  

    

  

  

  

      
  

  

Casio | Texas 

b 8 + 4% 

- 
c 524122 
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4 a 6 

b 94+ 272 

’ 43 ¢ 25 

C 81 

5 a (2.3 x10%) + (12.1 x 10%) 

b (4.03 x 10°) + (15.6 x 10%) — (1.05 x 10%) 

~ 13.95 x 10° 
“ 155 x 108 T 

Casio | Texas 
  

      

  

  

  

  

Casio Texas 
  

Il " 

344          (9 x 109 
  

GDCs also have a large number of memory channels. Use these to store answers 

which are needed for subsequent calculations. This will minimise rounding errors. 

  

Casio Texas 
  

followed by a letter 

of the alphabet 

a A-wock  followed by a letter Txp. 

of the alphabet LTy 

  

        

W Exercise 2 

1 In the following expressions,a = 5, b =4 and c = 2. 

Enter each of these values in memory channels A, B and C of your GDC 

respectively, and determine the following. 

a a+b+c 

b a-(b+c¢) 

¢ (a+ b)Y —-c 

2(b + c) 

(a = c) 

4N at— bt 
E ———— 

C 

(ac)? + ba? P s il 
a+b+c 

d
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2 Circles A, B, C and D have radii 10cm, 6 cm, 4 cm and 1 cm respectively. 

  
a Calculate the area of circle A and store your answer in memory channel A. 

b Calculate the area of circle B and store your answer in memory channel B. 

¢ Calculate the area of each of the circles C and D, storing the answers in 

memory channels C and D respectively. 

d Using your calculator evaluate A + B + 2C + 2D. 

e What does the answer to part d represent? 

3 A child’s shape-sorting toy is shown in the diagram. The top consists of a 

rectangular piece of wood of dimension 30cm X 12cm. Four shapes W, X, Y and 

Z are cut out of it. 

  

  

    - 30cm - 

a Calculate the area of the triangle X. Store the answer in your calculator’s 

memory. 
b Calculate the area of the trapezium Z. Store the answer in your calculator’s 

memory. 
¢ Calculate the total area of the shapes W, X, Y and Z. 

d Calculate the area of the rectangular piece of wood left once the shapes 

have been cut out.,
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4 Three balls just fit inside a cylindrical tube as shown. The radius (r) of each ball 

is 5cm. 

  

a Using the formula for the volume of a sphere, V' = %‘fi:rj, calculate the 

volume of one of the balls. Store the answer in the memory of your 

calculator. 

b Calculate the volume of the cylinder. 

¢ Calculate the volume of the cylinder not occupied by the three balls. 

Plotting graphs 
One of a GDC's principal features is to plot graphs of functions. This helps to 

visualize what the function looks like and, later on, it will help solve a number of 

different types of problem. This section aims to show how to graph a variety of 

different functions. For example, to plot a graph of the function y = 2x + 3, use the 

following functions on your calculator. 

  

Casio 
  

  

SET UpP L 

D /] 
Mat __V £ A L » w o1 | |————r 

@D o 
Texas 

A’ / 

LRI 
Occasionally, it may be necessary to change the scale on the axes to change how 

much of the graph, or what part of the graph, can be seen. This can be done in 

several ways, two of which are described here. 

  

& &= B & & & 
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»m By using the zoom facility 

  
Casio 

    
Zoom Sketch 

@ to zoom out    

      
  

  

It is possible to reposition the graph by using the 

  

  
Texas 

    

      
    

  
It is possible to reposition the centre of enlargement by using the 

. . keys before pressing u 

  

    
  

  

® By changing the scale manually 

  
Casio 

    
V-Window View Wilndow 

AT m max_: 
- scgle‘l 

dol :0,04761904 
  

    
@ after values "r'm;rx*- 3@,3 

are entered [INIT [fRIG[STD / l   
    

  
Xmin: minimum value on the x-axis, Xmax; maximum value on the 

x-axis, Xscale: spacing of the x-axis increments, Xdot: value that 

relates to one x-axis dot (this is set automatically). 

  

    

  

    

Texas 

SR W INDOL 

) s / 
#scl=1 

. aftervalues | ¥nin=>3 . / 
\---J_ are entered fifgg;:% /   

      
  
Xmin: minimum value on the x-axis, Xmax: maximum value on the 

x-axis, Xscl: spacing of the x-axis increments.     
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© Exercise 3 

  

In the following questions, the axes have been set to their default settings, i.e. 

Xmin = =10, Xmax = 10, Xscale = 1, Ymin = =10, Ymax = 10, Yscale = 1. 
  

1) 

  

  

iii) % 

  

  

  

  

vii) 

  

  

1X)       

  

ii) 

  

  

iv) 

  

  

vi) /E/ 

  

  

viii) 

    
  

        

1 By using your GDC to graph the following functions, match each of them to the 

correct graph. 

a y=2x+06 

c y=—-x+5 
5 

d }‘E'—'E 

f y=(x—4)? 

h y=3(x+3)
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2 In each of the following, a function and its graph are given. Using your GDC, 

enter a function that produces a reflection of the original function in the x-axis. 

    

  

            

a y=x+5 b y=-Ix+4 

c y=(x+5)* dy=(x-=5%+3 
    

  

  
AL{.H §\/ 

3 Using your GDC, enter a function that produces a reflection in the y-axis of 

each of the original functions in question 2. 

          

4 By entering appropriate functions into your calculator: 

i) make your GDC screen look like the ones shown 

ii) write down the functions you used. 

a b 
    

          
    

  

  

  

          

  

Intersections 

When graphing a function it is often necessary to find where it intersects one or 

both of the axes. If more than one function is graphed simultaneously, it may also 

be necessary to find where the graphs intersect each other. GDCs have a “Trace’ 

facility which gives an approximate coordinate of a cursor on the screen. More 

accurate methods are available and will be introduced in the topics as appropriate. 

Find where the graph of y = %(:a: + 3)? + 2 intersects both the x- and y-axes. Worked example 
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The graph shows that y = %{x + 3)? + 2 intersects each of the axes once. 

To find the approximate coordinates of the points of intersection: 

  

Casio 
  

  

Y1=1.,9(E+3)"3+2 

         #=-5.079365079 Y=0.2018652453 
      

Because of the pixels on the screen, the ‘Trace’ facility will usually 

only give an approximate value. The y-coordinate of the point of 

intersection with the x-axis will always be zero. However, the 

calculator’s closest result is y = 0.202. The x-value of -5.079 will also 

therefore be only an approximation. By moving the cursor to the 

point of intersection with the y-axis, values of x=0and y =7.4 are 

obtained. 

  

Texas 
  

  

PI=1/8(R e 20" 30 
A, F4 

S 
L)l     

n="E.1082083 W=130B58:2E         

    See above comment about accuracy of answers. 
  

o Exercise 4 

1 Find an approximate solution to where the following graphs intersect both the x- 

and y-axes using your GDC. 

  

a y=xt-3 by=(x+3)7+2 

-:}'=%:-:3-2x2+x+l d y= _4—52+6 

2 Find the coordinates of the point(s) of intersection of each of the following pairs 

of equations using your GDC. 

a y=x+3andy=-2x—- 12 

b y=-x+landy=2( - 3) 

c y=—~x3+landj=%(x3w—3) 

d }l=~é:~:3+2x2-3andj=%xl-2 

 



Using a graphic display calculator 11 
  

Tables of results 

A function such as y = E + 2 implies that there is a relationship between y and x. 

To plot the graph manually, the coordinates of several points on the graph need to 

be calculated and then plotted. GDCs have the facility to produce a table of values 

giving the coordinates of some of the points on the line. 

e For the function y = % + 2, complete the following table of values using the table 

  

  

  

facility of your GDC. 

X —3 2 -1 0 1 2 3 

y                   
  

  

Casio 
  

  

SET UP CAPTURE M 

m Enter functiony = % + 2 [-Hfi = II 
'E fl-i 

HOODHDODODODH 
-1 - | 

Table Selling 

0 ERROR 

The screen ” shows that the x-values range from -3 to 3 in increments of 1. 
TR — 

i * g 
step 21 

  

   

  

  -3 
[Forr (AW P [EvIT F-confGrLT 
    

  

Once the table is displayed, the remaining results can be viewed by using 

  

  

  
  

  

    

          
  

Texas 

T MO 4 : 3 A Y , y Enter function y = =k 2 G- 

q =1 
S 0 ERROR 

1+ 

s "= 3 

CICICALIEE O 

  

  
    T?E%E+5EIUF3 

Ltart=- 
The screen _.thi=i 

Indent: I H 
Derend: [EFE Ask 

Once the table is displayed, further results can be viewed by using .g. 

" shows that the x-values start at -3 and increase in increments of 1. 
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© Exercise 5 

1 Copy and complete the tables of values for the following functions using the 

  

  

table facility of your GDC. 

a y=x'+x—4 

X -3 -2 -1 0 1 2 3 

y                     
by=2x+x2-10 
  

~3 -2 -1 0 1 2 3 
  

                  
  

= 
| 
= 

  

  

                    

  

  

y 

d y=4%(x+1) 

X -1 -0.5 0 0.5 1 1.5 2 2.5 3 

y                         
I x seconds after starting, is given by 2 A car accelerates from rest. Its speed, yms- 

the equation y = 1.8x. 

a Using the table facility of your GDC, calculate the speed of the car every 

2 seconds for the first 20 seconds. 

b How fast was the car travelling after 10 seconds! 

3 A ball is thrown vertically upwards. Its height y metres, x seconds after launch, is 

given by the equation y = 15x — 5x%. 
a Using the table facility of your GDC, calculate the height of the 

ball each % second during the first 4 seconds. 

What is the greatest height reached by the ball? 

How many seconds after its launch did the ball reach its highest point? 

After how many seconds did the ball hit the ground! 

In the context of this question, why can the values for x = 3.5 and x = 4 

be ignored? 

T 
o
 
o
o
 

Lists 

Data is often collected and then analyzed so that observations and conclusions can 

be made. GDCs have the facility for storing data as lists. Once stored as a list, many 

different types of calculations can be carried out. This section will explain how to 

enter data as a list and then how to carry out some simple calculations.
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e An athlete records her time (seconds) in ten races for running 100 m. These are 

shown below. 

124 127 126 129 124 123 127 124 125 13.1 

  

Calculate the mean, median and mode for this set of data using the list facility of 

  

  

  

  

  

      
  

  

  

  

your GDC. 

Casio 

serue v Enter the data in List 1. b A 

3 lgs B 
u 2«3 12, 4 

[1uak [2Uak [P 

zoom [ Get | to specify which list the data is TR L A 
m . d its f 2Var HList iListl 

A in and its frequency. 2Var YList sList2 
2Uar Fres 21 

8] 

1-Uariable to scroll through the full i-Variable 
T 5 X =126 
Ist. Sy2 =1588, 18 

xdrm =0,2408383189 
xdn-1 =0, 2538591 
n =18 i       

  

  

  

The screen displays various statistical measures. 

X is the mean, n is the number of data items, Med is the median, 

Mod is the modal value, Mod: F is the frequency of the modal values. 

  

Texas 

Enter the data in List 1. L1 Lz i 1 
STAT 7| T 

1z.7 

Licn=12.4 

s 1-Var Stats L1 
PV 

to apply calculations to the data in List 1. 

  

  

  

e 
e 
o
 

s 
A
R
S
I
 
P
S
 

T 

e
 
B
 

=)
 

      
  

  

  

  

        
1-Var 5tats 

vo:seroli thiratah the fall Tist Se=tne QO SCro Foul e Tu IST. "= 
C 3 d $w2=1588. 18 

£i=. 2533551035 
gu=. 5aBAa318916 

Lh=id 
    

  

The screen displays various statistical measures. 

X is the mean, n is the number of data items, Med is the median. The 

T1-84 does not display the modal value.     
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If a lot of data is collected, it is often presented in a frequency table. 

  

  

  

  

  

  

  

      
  

  

  

  

  

  

   
  

      

  

      

  

    
      

           

  

  

  

Worked example '_]f‘he numbers of pupils Number of pupils Frequency 
in 30 maths classes are 

shown in the frequency 21 4 

table. 28 6 

29 9 

30 7 
Calculate the mean, 

median and mode for this 31 3 

set of data using the list 32 . 

facility of your GDC. 

Casio 

SETUP | Mat By . __ ; : __ 
m 5 Enter the number of Ipuplls in List e 

1 and the frequency in List 2. - 

3 N 
ChLCJTEST JINTRJOTST 

Zoom  |GST to specify which lists the Uar XList :Listl 

@» fi data and the frequency Sy Orisy :ricts 
. 2Uar Frea 1 

dare In. 

[ [SEp 

ra i 1-Variabl Trace to scroll through the full list. 1-Varigble .. 
T Bx =812 

Ex?  =25396 _ 
xon =1.2892719i 
xon-1 =1.3113124 
) =38 4 

  

        
  

  

  

  

      

Texas 

m Enter the number of pupils in List | [L1 e iz 1 
STAT ; : 4 | e 

1 and the frequency in List 2. 28 5 
=0 ¢ 
31 = 
2e i       

  

  

| 2 F— 1-Yar S5tats Li1sL 

LI | 
m fl to specify that the data is in L1 

and the frequency in L2.   
  

toeh BEBtEesr 
. . to scroll through the full set of §§=9‘:’2 

It 2xt=25396 
results. Sx=1.311312487 

ox=1.,289271974              



© Exercise 6 

1 Find the mean, the median and, if possible, the mode of these sets of numbers 

using the list facility of your GDC. 

Using a graphic display calculator 

a 3,6,10,8,9, 10, 12,4, 6, 10,9, 4 

b 12.5,13.6, 12.2, 14.4, 17.1, 14.8, 20.9, 12.2 

  

15 

2 During a board game, a player makes a note of the numbers he rolls on the dice. 

These are shown in the frequency table below. 

  

Number on dice 1 2 3 4 

  

Frequency 3 8 5         2         
  

Find the mean, the median and, if possible, the modal dice roll using the list 

facility of your GDC. 

3 A class of 30 pupils sat two maths tests. Their scores out of 10 are recorded in 

the frequency tables below. 

  

  

  

                    
  

  

  

                        

Test A 

Score 1 2 3 4 5 6 7 10 

Frequency 3 2 4 3 1 8 3 2 

Test B 

Score 1 2 3 4 5 6 7 10 

Frequency 4 1 0 0 0 24 0 1   
  

a Find the mean, the median and, if possible, the mode for each test using 

the list facility of your GDC. 

b Comment on any similarities or differences in your answers to part a. 

¢ Which test did the class find easiest! Give reasons for your answer.



Applications, project ideas 

and theory of knowledge 

2 You may be able to get 

1 The use of mathe matical 

dccess to an abacus and 

tables has declined since 

slide rule. How were they 

the development of 

used? 

scientific calculators. 

Find examples of both 

maritime (naval) and 

other mathematical 

pooks of tables and 

discuss their use. 

LR 
4 Investigate what

 an 

3 Use of devices such as a 
A, iy iy oy By 251y e 

‘Enigma Machine' Was. 

slide rule and books of 
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rule justify the time 
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used such a tool. 
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Number and algebra 

Syllabus content 
1.1 Natural numbers, N; integers, Z; rational numbers, J; and real numbers, [R. 

1.2 Approximation: decimal places; significant figures. Percentage errors. 

Estimation. 

1.3 Expressing numbers in the form a x 10¥ where 1 < a < 10 and k is an integer. 

Operations with numbers in this form. 

1.4 Sl (Systéme International) and other basic units of measurement: for 

example, kilogram (ke), metre (m), second (s), litre (1), metre per second 

(ms1), Celsius scale. 

1.5 Currency conversions. 

1.6 Use of a GDC to solve: pairs of linear equations in two variables; quadratic 

equations. 

1.7 Arithmetic sequences and series, and their applications, 

Use of the formulae for the nth term and the sum of the first n terms of 

the sequence. 

1.8 Geometric sequences and series. 

Use of the formulae for the nth term and the sum of the first n terms of 

the sequence. 

1.9 Financial applications of geometric sequences and series: compound 

interest; annual depreciation. 

Introduction 
The first written records showing the origin 

and development of the use of money were 

found in the city of Eridu in Mesopotamia 

(modern Iraq). The records were on tablets 

like these ones found at Uruk. 
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The Sumerians, as the people of this region were known, used a system of recording 

value, known as ‘Cuneiform’, five thousand years ago. This writing is now believed 
to be simply accounts of grain surpluses. This may sound insignificant now, but the 
change from a hunter—gatherer society to a farming-based society led directly to 

the kind of sophisticated way of life we have today. 
Qur present number system has a long history, originating from the Indian 

Brahmi numerals around 300 BCE. 
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Abu Ja'tar Muhammad Ibn Musa Al-Khwarizmi is called ‘the father of algebra’. He 
was born in Baghdad in 790 AD and wrote the book Hisab al-jabr w’al-mugabala in 

830 AD from which the word algebra (al-jabr) is taken. He worked at the university 
of Baghdad, then the greatest in the world. 

The poet Omar Khayyam is known for his long poem the Rubaiyat. He was also a 

fine mathematician who worked on the Binomial theorem. He introduced the 
symbol ‘shay’ which became our ‘x’. 

Sets of numbers 
Natural numbers 
A child learns to count: ‘one, two, three, four, ...". These are sometimes called the 

counting numbers or whole numbers. 
The child will say ‘I am three’, or ‘I live at number 73’. 
If we include the number O, then we have the set of numbers called the natural 

numbers. The set of natural numbers N = {0, 1, 2, 3, 4, ...}. 

Integers 
On a cold day, the temperature may be 4°C at 10p.m. If the temperature drops by a 
further 6 °C, then the temperature is ‘below zero’; it is =2 °C. 

If you are overdrawn at the bank by £200, this could be shown as —£200. 
The set of integers Z ={...-3, -2, -1,0, 1, 2, 3, ...}. 
Z is therefore an extension of N. Every natural number is an integer.
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Rational numbers 

A child may say ‘I am three’; she may also say ‘I am three and a halt’, or even ‘three 

and a quarter’. 3% and 341 are rational numbers. All rational numbers can be written 

as a fraction whose denominator is not zero. All terminating and recurring decimals 

are rational numbers as they can be written as fractions too, e.g. 

1 3 1 153 ] z 02=1 03=2 7=1 153=32 02=% 

The set of rational numbers @ is an extension of the set of integers. 

Real numbers 

Numbers which cannot be expressed as a fraction are not rational numbers; they are 

irrational numbers. 

For example, using Pythagoras’ rule in the triangle shown below, the length of 

the hypotenuse AC is found as A 2: 

A ACT =12+ 17 

AC* =12 

AC =412 

      
"‘.fi = 1.41421356... . The digits in this number do not recur or repeat. This is a 

property of all irrational numbers. Another example of an irrational number which 

you will come across is m (pi) = 3.141592654... . The set of rational and irrational 

numbers together form the set of real numbers R. There are also numbers, called 

imaginary numbers, which are not real, but all the numbers that you will come 

across in this textbook are real numbers. 

B Exercise 1.1.1 

1 State to which of the sets N, Z, @ and R these numbers belong. 

a 3 b -5 c V3 d 11.3 

In questions 2—6, state, giving reasons, whether each number is rational or 

irrational. 

2a 13 b 0.6 c N3 

3w 2 b \25 c V8
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4a N7 b 0.625 ¢ 0.1 

5a A2x43 b A2+43 ¢ (WV2x43)? 

\'8 b@ 
b a — 

\2 \ 20 
In questions 7—10, state, giving reasons, whether the quantity required is rational or 

irrational. 

c 4+ (W9 -4) 

  

      

  

7 The length of 8 _ 

i The circumference th | 
® diagona of the circle 

3cm 

4cm 

9 The side length of 10 The area of 

the square the circle 

VT72em 

      
Approximation 
In many instances exact numbers are not necessary or even desirable. In those 

circumstances, approximations are given. The approximations can take several 

forms. The common types of approximation are explained below. 

Rounding 
If 28617 people attend a gymnastics competition, this number can be reported to 

various levels of accuracy. 

To the nearest 10 000 the number would be rounded up to 30 000. 

To the nearest 1000 the number would be rounded up to 29 000. 

To the nearest 100 the number would be rounded down to 28 600. 

In this type of situation it is unlikely that the exact number would be reported. 

Exercise 1.2.1 

1 Round the following numbers to the nearest 1000, 

a 68786 b 74245 ¢ 89000 

d 4020 e 99500 f 909009
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Worked examples 

2 Round the following numbers to the nearest 100. 

a (8540 b 6858 c 14099 

d 8084 e 950 t 2984 

3 Round the following numbers to the nearest 10. 

a 485 b 692 c 8847 

d 83 e 4 f 997 

Decimal places 
A number can also be approximated to a given number of decimal places (d.p.). 

This refers to the number of digits written after a decimal point. 

1 Give 7.864 to one decimal place. 

The answer needs to be written with one digit after the decimal point. 

However, to do this, the second digit after the decimal point needs to be 

considered. If it is 5 or more then the first digit is rounded up. In this case it is 

6, so the 8 is rounded up to 9, i.e. 

7.864 is written as 7.9 to 1 d.p. 

2 Give 5.574 to two decimal places. 

The answer here is to be given with two digits after the decimal point. In this 

case the third digit after the decimal point needs to be considered. As the 

third digit after the decimal point is less than 5, the second digit is not 

rounded up, i.e. 

5.574 is written as 5.57 to 2 d.p. 

Exercise 1.2.2 

1 Give the following to one decimal place. 

a 5.58 b 0.73 c 11.86 

d 157.39 e 4.04 f 15.045 

g 2.95 h 0.98 i 12.049 

2 Give the following to two decimal places. 

a 6473 b 9.587 ¢ 16.476 

d 0.088 e 0.014 f 9.3048 

g 99996 h 0.0048 i 3.0037 

Significant figures 
Numbers can also be approximated to a given number of significant figures (s.f.). 

In the number 43.25, the 4 is the most significant figure as it has a value of 40. 

In contrast, the 5 is the least significant as it has a value of only 5 hundredths. 

If you are not told otherwise, you are expected to round any answers that are not 

exact to three significant figures.
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1 Give 43.25 to three significant figures. 

Only the three most significant figures are written, but the fourth figure needs 

to be considered to see whether the third figure is to be rounded up or not. 

Since the fourth figure is 5, the third figure is rounded up, i.e. 

43.25 is written as 43.3 to three significant figures. 

2 Give 0.0043 to one significant figure. 

In this example only two figures have any significance, the 4 and the 3. The 4 

is the most significant and therefore is the only one of the two to be written 

in the answer, i.e. 

0.0043 is written as 0.004 to one significant figure. 

Exercise 1.2.3 

1 Give the following to the number of significant figures written in brackets. 

a 48599 (1sf.) b 48599 (3s.f) c 6841 (1st) 

d 7538 (2s.f) e 483.7 (1 s.t.) f 2.5728 (3 s.f.) 

g 990 (1 s.t.) h 2045 (2 s.f.) i 14.952 (3 s.f.) 

2 Give the following to the number of significant figures written in brackets. 

a 008562 (1sf) b 05932 (1sf) ¢ 0942 (2st.) 

d 0.954 (1 s.t.) e 0.954 (2s.t.) f 0.00305(1s.f.) 

g 000305 (2sf) h 000973 (2st) i 0.00973 (1s.t.) 

3 Determine the following, giving your answer to three significant figures. 

a 23456 x 17.89 b 0.4 x 12.62 c 18 x9.24 
d 762432 e 1.6 £ 16.423 
, 23 ;113? A % o 

Estimating answers to calculations 
Even though many calculations can be done quickly and effectively on a calculator, 

an estimate for an answer is often a useful check. This is done by rounding each of 

the numbers in a way that makes the calculation relatively straightforward. 

1 Estimate the answer to 57 x 246. 

Here are two possibilities: 

i) 60 x 200 = 12000 

ii) 50 x 250 = 12 500. 

2 Estimate the answer to 6386 + 27. 

6000 + 30 = 200.
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B Exercise 1.24 

1 Without using a calculator, estimate the answers to the following. 

a 612 x19 b 270 x 12 ¢ 55 x 60 

d 4950 x 28 e 0.8 x0.95 t 0.184 x 475 

2 Without using a calculator, estimate the answers to the following. 

a 3946 + 18 b 8287 + 42 c 906 + 27 

d 5520 + 13 e 48 + 0.12 f 610 +0.22 

3 Without using a calculator, estimate the answers to the following. 

a 7845+ 5102 b 168.3 -87.09 c 293 +3.14 

. 43 x 752 (9.8)3 

4 Using estimation, identify which of the following are definitely incorrect. 

Explain your reasoning clearly. 

  

  

a 95 x 212 =20140 b 44 x 17 = 748 
c 689 x 413 = 28457 d 142656 + 8 = 17832 

e 77.9 x 22.6 = 2512.54 g 2AXH0 _ 19366 

5 Estimate the shaded areas of the following shapes. Do not work out an exact 

answer. 

A e 17 2m— 5 
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6 Estimate the volume of each of the solids below. Do not work out an exact 

answer. 

d f ~——10.50m — 

    
   

  

9cm 
¥ 

/ Efc:m 

    
e——————— 24cm—i 

Percentage error 
Two golfers are trying to hit a ball to a tflag in a hole. The first golfer is 100 m from 

the hole and lands the ball 4 m short. The second golfer is 20 m from the hole and 

lands the ball 4 m past it. They have both made a 4 m error. 

However, perhaps the first golfer would be happier with his result if the 

percentage error was calculated. 

The percentage error is calculated as follows: 

absolute error % 100 
Percentage error = 

total amount 

Percentage error for golfer 1: % = 4% 

Percentage error for golfer 2: % = % = 20% 

The first golfer’s result now looks much better.
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Worked example 

When you are dealing with approximate and exact values you can use this formula. 

absolute error 
Percentage error = ———  — x 100 

total amount 

Up — Yy 
i) 

x 100   

    
or Percentage error, v = 

E 

where v is the exact value and v, is the approximate value. 

Two children estimated their heights. The first child estimated her height at 168 cm, 

when in fact she was 160 cm tall. The second child estimated her height at 112 cm 

when in fact she was 120 cm tall. 

By calculating the percentage error for each child, calculate which child was better 

at estimating their height. 

v — v, 
U x 100   

  
First child’s percentage error = | 

E 

_ | 160 — 168 

160 

= == x 100 = 5% 

|x 100 

. — 

E__Alx 100   Second child’s percentage error = 
    ‘E 

_ | 120 - 112 
120 

= == x 100 = 6% 

|x100 

Therefore the first child was better at estimating her height. 

Exercise 1.2.5 

1 Round the following numbers to two significant figures and calculate the 

percentage error in doing so. 

a 984 b 2450 c 504 

2 Two golfers hit drives. Both estimate that they have hit the ball 250 m. If the 

first drive is 240 m and the second is 258 m, which player had the smaller 

percentage error? 

3 A plane is flying at 9500 m. If the percentage error is £2.5%, calculate: 

a the maximum possible height that it is flying 

b the minimum possible height that it is flying. 

4 a On the motorway my speedometer reads 120 kmh, but it has an error of 

+1.5%. What is my actual speed? 

b At a higher speed, the car shows a speedometer reading of 180 kmh-. 

What is its percentage error if my true speed is 175 kmh1?
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Galileo Galilei 

(1564-1642) 

You will come across 
scientific notation in 
the Physics, 
Chemistry, Biclogy 
and Earth Science 
Diploma courses. 
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Standard form 
Galileo was an Italian astronomer and physicist. He was the first person accredited 

with having used a telescope to study the stars. In 1610 Galileo and a German 

astronomer, Marius, independently discovered Jupiter’s four largest moons: lo, 

Europa, Ganymede and Callisto. At that time it was believed that the Sun revolved 

around the Earth. Galileo was one of the few people who believed that the Earth 

revolved around the Sun. As a result of this, the Church declared that he was a 

heretic and imprisoned him. It took the Church a further 350 years to officially 

accept that he was correct; he was pardoned only in 1992. 

Facts about Jupiter: 

It has a mass of 1900000 000000000000 000000000 kg 

[t has a diameter of 142 800000 m 

[t has a mean distance from the Sun of 778 000000 km 

If numbers are written in the normal way, as here, they become increasingly 

difficult to read and laborious to write the larger they become. We can write very 

large numbers or very small numbers in the form a x 10%, where a lies in the range 

1 = a < 10 and the index is a positive or negative integer, which can be expressed 

as k € Z. This is known as writing a number in standard form or scientific notation. 

A positive index 
100 = 1% 102 

1000 = 1 x 10° 
10000 = 1 x 10 
3000 =3 x 10° 

The number 3100 can be written in many different ways, for example: 

3.1 x 100 31 x 10? 031 x 10% etc. 

However, only 3.1 x 10° is written in the form a x 10¥, where ] <=a < 10and k € Z. 

1 Write down 72000 in the form a x 10k, where ] <=a < 10 and k € Z. 

7.2 x 10¢ 

2 Of the numbers below, ring those which are written in the form a x 10¥ 

where ]l =a< 10and k € Z. 

035 x 10 18 x 10° 0.01 x 10! 

3 Multiply the following and write down the answer in the form a x 10%, 

where l =a< 10and k € Z. 

600 x 4000 

600 x 4000 

= 2400000 

= 2.4 x 106
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4 Multiply the following and write down the answer in the form a x 10¥, where 

l<=a<10and k € Z. 

(24 x 10%) x (5 x 107) 

(2.4 x 104 x (5 x 107) 
= (24 x.5) x 10 
=12 x 104 
=12x 101 

5 Divide the following and write down the answer in the form a x 10%, where 

l<a<10and k € Z. 

(6.4 x 107 = (1.6 x 10%) 

(6.4 x 107) + (1.6 x 10%) 

= (6.4 + 1.6) x 1073 

=4 x 10¢ 

6 Add the following and write down the answer in the form a x 10%, where 

l=a<10andk € Z. 

(3.8 x 10%) + (8.7 x 10%) 

Change the indices to the same value, giving the sum: 

(380 x 10%) + (8.7 x 10% 

= 388.7 x 104 

= 3.887 x 10¢ 

7 Subtract the following and write down the answer in the form a x 10%, where 

l<a<10and k € Z. 
(6.5 x 107) — (9.2 x 10°) 

Change the indices to the same value, giving: 

(650 x 10°) — (9.2 x 10°) 
= 640.8 x 10° 

= 6408 x 107 

GDCs have a button which allows you to enter a number in the form a x 10 

where 1 < a < 10 and k € Z and they will also give answers in this form if the 

answer is very large. 

For example, enter the number 8 x 10* into the calculator: 

  

  

  

  

Casio Texas 

000 ] 
Note: A number such as Note: A number such as 

1000000000000000 1 000000000000000 

would appear on the screen as would appear on the screen as 

1E + 15 1E15 

You should write thisas 1 x 10'>, | You should write this as 1 x 1075, 

not as your calculator displays it. | not as your calculator displays it.        



Standard form 29 
  

& B Exercise 1.3.1 

1 Which of the following are not in the form a x 10¥, where ] <a < 10 and k € 7! 

a 6210 b 7.834 x 101 ¢ 80x 10° 
d 0.46 x 107 e 82.3 x 108 f 6.75 x 10! 

2 Werite down the following numbers in the form a x 10%, where ] < a < 10and k € Z. 

a 600000 b 48000000 ¢ (84000000000 
d 534000 e 7 million f 8.5 million 

3 Werite down the following in the form a x 10%, where ] = a < 10and k € Z. 

a 68 x 10° b 720 x 1096 c 8x 10° 
d 0.75 x 10° e 0.4 x 10%° f 50 x 106 

4 Multiply the following and write down your answers in the form a x 10, where 

l<sa<10and k € Z. 

a 200 x 3000 b 6000 x 4000 

¢ 7 million x 20 d 500 x 6 million 

e 3 million X 4 million f 4500 x 4000 

5 Light from the Sun takes approximately 8 minutes to reach Earth. If light travels 

at a speed of 3 x 108ms-1, calculate to three significant figures (s.f.) the distance 

from the Sun to the Earth. 

6 Find the value of the following and write down your answers in the form a x 10k, 

where ]l =a < 10and k € Z. 
a (44 x 10%) x (2 x 10°) b (6.8 x 107) x (3 x 10°) 
¢ (4x10°) x (83 x 10°) d (5x 10%) x (84 x 1019 
e (85 x 10%) x (6 x 10%%) f (5.0 x 101%)2 

7 Find the value of the following and write down your answers in the form a x 10, 

where l =a< 10and k € Z. 

a (3.8 x 108) = (1.9 x 109) b (6.75 x 10°) + (2.25 x 104 

1.8 x 1012 B : 1.0~ 1V~ ¢ (9.6 x 101) + (2.4 x 10%) o 

2.3 x 101 ¢ 24 x 108 
€ 9.2 x 104 6.0 x 10° 

8 Find the value of the following and write down your answers in the form a x 10¥, 

where l <ca< 10and k € Z. 
a (3.8 x10°) + (4.6 x 10%) b (7.9 x 10°) + (5.8 x 107) 

¢ (6.3 x 107) + (8.8 x 10°) d (3.15 x 10°) + (7.0 x 109) 

e (5.3 x 10%) = (8.0 x 107) f (6.5 % 107) — (4.9 x 109) 

g (8.93 x 109 — (7.8 x10°) h (4.07 x 107) — (5.1 x 109)
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9 The following list shows the distance of the planets of the Solar System from the 

Sun. 

Jupiter 778 million kilometres 
Mercury 58 million kilometres 

Mars 228 million kilometres 

Utranus 2870 million kilometres 

Venus 108 million kilometres 

Neptune 4500 million kilometres 

Earth 150 million kilometres 

Saturn 1430 million kilometres 

Write down each of the distances in the form a x 10%, where 1 < a < 10 and 

k € Z and then arrange them in order of magnitude, starting with the distance of 

the planet closest to the Sun, 

A negative index 
A negative index is used when writing a number between 0 and 1 in the form 

ax 10* wherel ca< 10and k € Z. 

eg. 100 =1x10? 

10 =1 x 10! 

1 =1 x 10° 

0.1 =1 x 10-1 

001 =1x10-* 

0001 =1 x10-3 
0.0001 = 1 x 10-* 

Note that a must still lie within the range 1 < a < 10. 

1 Write down 0.0032 in the form a x 10%, where ] =a < 10and k € Z. 

3.2 % 10 

2 Write down these numbers in order of magnitude, starting with the largest. 

3.6 10 52 %10 1x10% 835 x 10~ 6.08x 103 

835 x 10~% 1% I0F% 36x 102 52 x10-° 608 x 10+F 

Exercise 1.3.2 

1 Write down the following numbers in the form a x 10%, where ]l <=a < 10and k € Z. 

a 0.0006 b 0.000053 ¢ 0.000864 
d 0.000000088 e 0.0000007 f 0.0004145 

2 Write down the following numbers in the form a x 10%, where 1 <a < 10 and k € Z. 

a 68 x 10-° b 750 .10 ¢ 42 3% 101 

d 0.08 x 10-7 e 0.057 x 10-? f 0.4 x 10-10
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S| units of 
measurement in the 
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courses. 
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3 Deduce the value of k in each of the following cases. 

a 0.00025 =2.5 x 10 b 0.00357 =3.57 x 10* 

¢ 0.00000006 = 6 x 10* d 0.004% = 1.6 x 10 

e 0.00065% = 4.225 x 10k 

4 Write down these numbers in order of magnitude, starting with the largest. 

3.2 x 104 6.8 x 10° 5.57 %10~ 6.2 x 10° 
5.8 x 10-7 6.741 x 10-4 8.414 x 107 

S| units of measurement 
A soldier in Julius Caesar’s army could comfortably march 20 miles in one day, 

wearing full kit, and then help to build a defensive blockade. 

The mile was a unit of length based on 1000 strides of a Roman legionary. The 

measurement was sufficiently accurate for its purpose but only an approximate 

distance. 

Most measures started as rough estimates, The yard 

(3 feet or 36 inches) was said to be the distance from the 

king's nose (reputed to be Henry I of England) to the tip of 

his extended finger. As it became necessary to have 

standardization in measurement, the measures themselves 

became more exact. 

In 1791 during the French Revolution, a new unit of 

measurement, the metre, was defined in France. Originally it 

was defined as ‘one ten-millionth of the length of the 
quadrant of the Earth’s meridian through Paris’. This use of 

this unit of measurement became law in France in 1795. 

However, this measurement was not considered 

sufficiently accurate and further definitions were required. 

In 1927 a metre was defined as the distance between two marks on a given 

platinum—iridium bar. This bar is kept in Paris. 

In 1960 the definition was based on the emission of a krypton-86 lamp. 

At the 1983 General Conference on Weights and Measures, the metre was 

redefined as the length of the path travelled by light in a vacuum in 590707 488 

second. This definition, although not very neat, can be considered one of the few 
‘accurate’ measures. Most measures are only to a degree of accuracy. 

SI is an abbreviation of Systéeme Intemational d’ Unités. Its seven base units are listed 

below, 

  

  

  

  

  

  

  

Quantity Unit Symbol 

Distance metre m 

Mass kilogram kg 

Time second S 

Electrical current ampere 

Temperature kelvin K 

Substance mole mol 
  

Intensity of light candela cd 
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The SI has other derived units. The following questions highlight some of the more 

common derived units and their relationship to the base units. 

B Exercise 1.4.1 

1 Copy and complete the sentences below. 

d 
= 

e 
G
 
E
S
o
R
n
 

o
 

J 

  

  

  

  

  

  

  

  

  

There are centimetres in one metre. 

A centimetre is part of a metre. 

There are metres in one kilometre. 

A metre is part of a kilometre. 

There are grams in one kilogram. 

A gram is part of a kilogram. 

A kilogram is part of a tonne. 

There are millilitres in one litre. 

One thousandth of a litre is 

There are grams in one tonne.   

2 Which of the units below would be used to measure each of the following? 

millimetre centimetre metre kilometre 

milligram gram kilogram tonne 

millilitre litre 

e
 

ke
 
E
E
Q
 

=
 

0 
Q
G
O
 

R Your mass (weight) 

The length of your foot 

Your height 

The amount of water in a glass 

The mass of a ship 

The height of a bus 

The capacity of a swimming pool 

The length of a road 

The capacity of the fuel tank of a truck 

The size of your waist 

3 Draw five lines of different lengths. 

a 

b 
Estimate the length of each line in millimetres. 

Measure the length of each line to the nearest millimetre. 

4 Write down an estimate for each of the following using the correct unit. 

d Your height 

Your weight (mass) 

The capacity of a cup 

The distance to the nearest town 

The mass of an orange 

The quantity of blood in the human body 

The depth of the Pacific Ocean 

The distance to the moon 

The mass of a car 

The capacity of a swimming pool
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Converting from one unit to another 
Length 
1 km is 1000 m, so: 

to change from kilometres to metres, multiply by 1000 

to change from metres to kilometres, divide by 1000. 

1 Convert 5.84km to metres. 

l km = 1000 m so multiply by 1000 

5.84 x 1000 = 5840m 

2 Convert 3640 mm to metres. 

I m = 1000 mm so divide by 1000 

3640 + 1000 = 3.64m 

Exercise 1.4.2 

1 Convert these to millimetres. 

a 4cm b 6.2cm ¢ 28cm 

e 0.88m f 3.65m o 0.008 m 

2 Convert these to metres. 

a 260cm b 8900 cm ¢ 2.3km 

e 250cm f 0.4km ¢ 3.8km 

3 Convert these to kilometres. 

a 2000m b 26500m ¢ 200m 

e 100m f 5000m o 15000 m 

Mass 
| tonne is 1000kg, so: 

to change from tonnes to kilograms multiply by 1000 

to change from kilograms to tonnes divide by 1000. 

1 Convert 0.872 tonne to kilograms. 

] tonne is 1000 kg so multiply by 1000. 

0.872 x 1000 = 872 kg 

2 Convert 4200kg to tonnes. 

|1 tonne = 1000kg so divide by 1000. 

4200 = 1000 = 4.2 tonnes 

Capacity 
I litre is 1000 ml, so: 

to change from litres to millilitres multiply by 1000 

to change from millilitres to litres divide by 1000. 

  

d 1.2m 

h 0.23cm 

d 0.75km 
h 25km 

d 750 m 

h 75600 m
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R e Cus ol 1| Convert 2.4 € to millilitres. 

1€ is 1000 ml so multiply by 1000. 

2.4 x 1000 = 2400 ml 

2 Convert 4500 ml to litres. 

1€ = 1000 ml so divide by 1000 

4500 = 1000 = 4.5¢ 

  

B Exercise 1.4.3 

1 Convert these to kilograms. 

a 2 tonne b 7.2 tonne ¢ 2800¢ d 750¢ 
e 0.45 tonne f 0.003 tonne g 6500¢ h 7000000¢ 

2 Convert these to millilitres. 

a 2.6¢ b 0.7¢ c 0.04¢ d 0.008¢ 

3 Convert these to litres. 

a 1500ml b 5280 ml ¢ 750ml d 25ml 

4 The masses of four containers loaded on a ship are 28 tonnes, 45 tonnes, 16.8 

tonnes and 48 500 kg. 
a What is the total mass in tonnes! 

b What is the total mass in kilograms! Write your answer in the form 

ax 10 wherel ca< 10and k € Z. 

5 Three test tubes contain 0.08 £, 0.42 € and 220 ml. 

a What is the total in millilitres? 

b How many litres of water need to be added to make the solution up to 1.25 €7 

Temperature scales 
You will have come across two temperature scales in science lessons. 

Celsius °C kelvin K 

The kelvin is the official SI unit of temperature. It is identical to the Celsius scale 

(in that a 1 °C change is equivalent to a 1 K change), except that it starts at 0K, 

which is equivalent to —273 °C. This temperature is known as absolute zero. 

Absolute zero =0 K = =273 °C 

The table shows the conversion between Celsius and kelvin scales of temperature. 

  

Scale Freezing point of water Boiling point of water 

Celsius 0 100 

Kelvin 273 373 
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1.5 Currency conversions 
The kingdom of the Lydian King Croesus (Lydia is now part of Turkey) is credited 

as being the first to mint coins in about 560 BC. The expression ‘As rich as Croesus’ 

came to describe people of vast wealth. 

For a substance to be used as money it must be a ‘scarce good'. It may be red 

ochre, diamonds or, in some circumstances, cigarettes, Scarce goods like gold are 

called ‘commodity money’. Bank notes, which came later, are called ‘representative 

money as the paper itself has no value, but it can be exchanged for other goods. 

One pound sterling is so called because it could, on demand, be exchanged for one 

pound weight of sterling silver. 

What are the advantages and disadvantages of paper money compared to 

commodity money! 

The Eurozone is a term that describes those European countries that replaced 

their previous currencies with one common currency, i.e. the euro. 

In 2002, just after its launch, its exchange rate against the US dollar (USD or $) 

was below parity, i.e one euro was worth less than one dollar. 

In June 2008 before the banking crisis, one euro was worth approximately one 

dollar and sixty cents. In April 2012, one euro was worth approximately one dollar 

and thirty cents. The value of a bank note relative to other currencies can change, 

sometimes very rapidly. 

When changing currencies, banks take a commission (a fee). This meant that 

when Europe had a large number of different currencies, traders lost money paying 

these commissions and currency fluctuations meant long-term planning was 

difficult for exporters. 

Commission can either be a fixed sum or a percentage of the money exchanged. 

In addition, when you exchange money, there are two rates; one for when selling 

and another for buying. For example, a bank might buy £1 sterling (GBP) for $1.30 

and sell for $1.35. So if you changed £1000 into dollars you would receive $1300 but 

if you changed your dollars back into pounds you would receive 1300 + 1.35 = 

£963, a cost of £37. Had they charged a percentage commission of 3%, it would have 

cost £30 to make the original exchange. So you would get £970 x 1.30 = $1261. 
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The table below shows the rate at which countries entering the euro in 2002 

changed their old currency for one euro. 

  

  

  

  

  

  

  

  

  

  

  

  

  

Country Currency Exchange for 1 euro 

France Franc 6.56 francs 

Germany Deutsche mark 1.96 Deutsche marks 

Italy Lira 1940 lire 

Spain Peseta 166 pesetas 

Holland Guilder 2.20 guilders 

Austria Schilling 13.76 schillings 

Belgium Franc 40 francs 

Finland Markka 5.95 markkas 

Greece Drachma 341 drachmas 

Ireland Punt 0.79 punts 

Portugal Escudo 200 escudos 

Luxembourg Franc 40 francs 
  

The euro became the single currency for the twelve countries above on lst January 

2002. It was the biggest change in currencies Europe had ever seen. By 2008 

Andorra, Cyprus, Malta, Monaco, Montenegro, San Marino, Slovenia and Vatican 

City had joined the euro. European countries still to join include Great Britain, 

Sweden and Denmark. Why do you think these countries have not joined the euro? 

Note: There is no universal agreement about whether the € sign should go before 

or after the number, This depends to a great extent on the conventions that were 

in place in each country with its previous currency. 

Using the exchange rate in the table above, convert 15000 pesetas into guilders. 

From the table: 166 pesetas = 1 euro = 2.20 guilders 

166 pesetas = 2.20 guilders 

| peseta = Fzg guilders 

15000 pesetas = % % 15000 guilders 

Therefore, 15000 pesetas = 198.80 guilders.
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B Exercise 1.5.1 

You will come across 
exchange rates in the 
Economics Diploma 

course. 

Using the exchange rates in the table above, convert each of the following. 

1 100 Deutsche marks into French francs 

500 guilder into drachmas 

20000 lira into schillings 

1500 pesetas into escudos 

1000 Belgian francs into French francs 

I million punt into markkas 

200000 lira into pesetas 

3000 Deutsche marks and 1000 schillings into punts 

5000 Deutsche marks into lira 

2500 guilder into shillings Z
 

O
 

o
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b
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This gives you some idea of the many changes occurring every day in Europe 
betore 2002, 

The pound sterling was a ‘reserve currency’. Many economists think that the 

euro could become a ‘reserve currency’. What does the term mean? 

Currencies change their value with respect to each other because of the change 

in economic circumstances in each country. 

For example, in 2002 €1 could be exchanged for $1.04. In 2008 1 euro could be 
exchanged for $1.54. 

The exchange rate today can be found from what is called the currency 

exchange market. 

In 2008, visitors to the USA tfrom Germany would have found the country 

cheap to visit. Americans visiting Europe would have had the opposite experience, 

since their dollars did not buy as many euros as in previous years. In theory the 
external exchange rate does not affect the internal worth of the currency. In 

practice, because countries need to import and export goods and services, the 

strength or weakness of a currency will directly affect people. For example if your 

currency weakens compared to the dollar, then the cost of oil and gas, which are 

priced in dollars, will increase. Sometimes a currency becomes so weak that it is 

impossible to import goods. In 2008, the currency of Zimbabwe was not accepted 
for overseas trade payments. The economy suffered badly and many Zimbabweans 

could not find work.
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Worked example 

  

1.6 

In 2001 Kurt and his family travelled to the USA. The flights cost $1650, hotels 

cost $2200 and other expenses were $4000. At that time, the exchange rate was 

€1 = $1.05. 

In 2008 they took the same vacation but the costs in dollars had increased by 10%. 

The exchange rate was now 1 euro = 1.55 dollars. 
a What was the total cost in euros in 20017 

b What was the total cost in euros in 20087 

a Total cost in dollars = $7850 

$1.05 = €1 = $1 = €0.95 

Therefore total cost in euro was 7850 x 0.95 = €7476. 

b A 10% increase is equivalent to a multiplier of 1.10, 

Total cost in dollars = 7850 x 1.10 = $8635 
$1.55 = €1 = $1 = €0.65 

Therefore total cost in euros was 8635 x 0.65 = €5613. 

Exercise 1.5.2 

1 The rate of exchange of the South African rand is £1 = 12.8 rand. 
£1 = 1.66 US dollars. 

a How many pounds could be exchanged for 100 rand? 

b How many rand could be exchanged for $10007? 

2 An apartment in Barcelona is offered for sale for €350000. The exchange rate is 
£1 = €1.24. 

a What was the cost of the apartment in pounds! 
b The value of the pound against the euro increases by 10%.What is the new 

cost of the apartment in pounds! 

3 The Japanese yen trades at 190Y to £1. The dollar trades at $1.90 to the pound. 
a What is the yen—dollar exchange rate? 

b What is the dollar—yen exchange rate? 

4 The Russian rouble trades at 24 roubles to $1. The Israeli shekel trades at 
3.5 shekels to $1. 

a What is the rouble—shekel exchange rate? 
b What is the shekel—rouble exchange rate! 

5 Gold is priced at $930 per ounce. 16 ounces = 1 pound weight. 
a What is the cost of 1 ton (2240 pounds) of gold? 
1 dollar = 0.62 euros and 1 dollar = 41 Indian rupees. 
b What does 1 ton of gold cost in rupees!? 

¢ What does 1 ton of gold cost in euros!? 
d What weight (in ounces) of gold could be bought for 1 million euros! 

Graphical solution of equations 
A linear equation, when plotted, produces a straight line. 

The following are all examples of linear equations: 

They all have a similar format, i.e. y = mx + c.
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In theequation ~y=x+1, m=landc=1 

      

      

yv=2x—-1, m=2andc= -1 

oy A m=3and c= 0 

y=—-x-—2, m=-landc= -1 

vy = 4, m=0andc =4 

Their graphs are shown below. 

YA YA YA 
4 4 4 

      

      

      

sV
 

- 
J 

  

-
t
 

k
.
 

                  
                                  N 5 

& 
n
H
:
-
-
.
E
 

  &   

    

    

    

    

  
  

    

    

                                        

YA YA 
4 5 

a o 
}"::4 

2 3 
V=X —2 

1 2 

A Re HD 2 3 4x : 
o 

' 4 8 2 4 0 ? 3 4X 
=2 ~1 

-3 2 

4 3     

In Section 5.1 plotting and solving linear equations are studied in more detail. In 

this section we look exclusively at how to use your GDC and graphing software to 

draw linear graphs and to solve simple problems involving them.
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Using a GDC or graphing software to plot a 
linear equation 
In the Introduction to the graphic display calculator you saw how to plot a single 

linear equation using your GDC. For example, to graph the linear equation 

vy = 2x + 3; 

  

Casio 
  

  

SET UP Q 

o O A 

00000 /| 
  

G=T    

  

              

With graphing software too, the process is relatively straightforward: 

  

Autograph 
  

Select =+ and enter the equation. 

    
Note: To reposition the graph on the screen use "} . To change the 

scale on the axes use |£ ; 

  

GeoGebra 
  

Type f(x) = 2x + 3 into the input box. 

    
Note: To reposition the graph on the screen use . To change the 

scale on the axes select ‘Options’ followed by ‘Drawing pad’.       

Unless they are parallel to each other, when two linear graphs are plotted on the 

same axes, they will intersect at one point. Solving the equations simultaneously 

will give the coordinates of the point of intersection. Your GDC and graphing 

software will also be able to work out the coordinates of the point of intersection.
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e i Find the point of intersection of these linear equations. 

  

y=32x—1andy = :=:+E 

Using a GDC: 

  

Casio 

I5rap 1YY= 
¥182%-1 [—] . and enter y = 2x - 1, @ V281, 2K+2 (—] 

1 C 8 
Enter Y= Ex + 2: @ ZEL DEL JTYPE DRAL 

GeT 

@ to graph the equations. 

  

  

5ET UP 

  

  

  G-Solv 

@h followed by m to select 

‘intersect’ in the ‘graph solve’ menu. The UAsT5sh s 

results are displayed at the bottom of the 

screen. 

  

  

ISECT 

W=g ¥=3         
  

Note: Equations of lines have to be entered in the formy = ..., 

e.g. the equation 2x — 3y = 9 would need to be rearranged to make 

ZxB_gDry=%x—3.   y the subject, i.e. y = 

  

Texas 

ETAT P i Floki Flotz Flotz 

and entery = 2x - 1, fl ViB2%-1 
e iB. B 

Theny——x+2 fl 

1. J to graph the equations. 

W= 
Wy= 
“We= 
WWe= 
wWe= 

——— ALC ™ 

\ ) followed by m to :fif 

select ‘intersect’ in the ‘graph calc’ menu. / 

Once the two lines are selected using fl 

the results are displayed at the ‘é 

bottom of the screen. :.::._;._...:i/ 

Intersection 
w=z f 

  

  

    

  

  

  

  

  ¥=3         

  

Note: See the note for the Casio above.      
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Using graphing software: 

  

Select =3 and enter each equation 

in turn. 4 —t 

Use [y and select both lines. LT 

Click on ‘Object’ followed by the 

'solve f(x) = g(x)’' sub-menu.     Click @ to display the ‘results box'. 

  

Note: To select the second line, keep the shift key pressed.     

  

    

Enter f(x) = 2x — 1 and g(x) = %x +2in 

the input field. : / = 

Enter ‘Intersect [f(x), g(x)]" in the 

input field. ‘ 

The point of intersection is displayed / ' 

and its coordinate written in the =T T 3 / - 

algebra window. /       
  

B Exercise 1.6.1 

1 Using either a GDC or graphing software, find the coordinates of the points of 

intersection of the following pairs of linear graphs. 

  

a y=5—-xandy=x~-1 by=7T-xandy=x-3 

c y=—-2x+5andy=x-1 d:-:+3:p=—1and'j=%x+3 

e x—y=6andx+y=12 f 3x—2y=13and2x+y =4 
g 4x —5y=land 2x +y = -3 h x=yandx+y+6=0 
i x+y=4and4x+2y=28 j y-3x=landy=3x-3 

2 By referring to the lines, explain your answers to parts i and j above.
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Quadratic equations 

An equation of the form y = ax* + bx + ¢, in which the highest power of the 

variable x is x, is known as a quadratic equation. The following are all examples of 

quadratic equations: 

y=ox+2x — 4 =3 +x+2 y=x y=2xl+2 

When plotted, a quadratic graph has a specific shape known as a parabola. This will 

look like 

AU 
Depending on the values of a, b and ¢, the position and shape of the graph will 

vary, e.g, 

  

    

y:-%xz+x+4 
y=x-3x+4 YA 

Yi 6 
?_ 

5_ 

4 

4 2— 
3_ 

1— 

E_ 

T ] T 1'% 
1 -4 =3 2—1_1_123 D 8 T 

- 
[ [ [ [ | [ [ | s2-1)] 123 4 5% 2 

3   
a=1,b==-3andc=4 a:-;-,b:1andf:=4 

Solving a quadratic equation of the form ax* + bx + ¢ = 0 implies finding where 

the graph crosses the x-axis, because y = Q on the x-axis. 

In the case above of —%xl + x + 4 = 0, we can see that the graph crosses the 

x-axis at x = —2 and 4. These are therefore the solutions to, or roots of, the 

equation. In the case of x* + 3x + 4 = 0, the graph does not cross the x-axis. 

Therefore the equation has no real solutions. 

(Note: There are imaginary solutions, but these are not dealt with in this textbook.)
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A GDC can also be used to find the solution to quadratic equations: 

  

Casio 
  

  

SET UP g 

@ and Entery=—%x2+x+4, /I'x 
G=T 

@ m to graph the equation. / 

Trace G-Solv 

@» followed by ¢ ™ to select |[VI=-1.2X2+%+4 

        
& & & 

  
  

  

‘Root’ in the ‘graph solve’ menu. 

ROOT     
  

Use to find the second root. 

  

The results are displayed at the bottom of 

the screen.   
  

Texas 

  
  

ITAY PO and Entgr}!:—%xz+x+4: fl 

., to graph the equation. 

  

  

  
  

  

  

s F1= - ERZ+H+Y 
: ) followed by m to select /}_\ 

‘zero’ in the ‘graph calc’ menu. 
  

LefFtEound? 
n="2.5521891 I¥="1.B125B% 
  

        
. and follow the on-screen Use . 

prompts to identify a point to the left 

and a point to the right of the root, in Zaro 

  

  

    
  order for the calculator to give the root.       
 



Graphical solution of equations 

Alternatively, graphing software can be used: 

45 
  

  

Select =% and enter the equation 

y=—%fi+x+4. 

Use [y and select the line. 

Click on 'Object’ followed by the 

‘solve f(x) = 0’ sub-menu. 

Click @ to display the ‘results box’.     

  

  
Equation Solver. 
Solution: x=-2, y=0 
Solution: =4, y=0 

    

  

Enter f(x) = -%xz +x+4in 

the input field. 

Enter ‘Root [f(x)]’ in the 

input field. 

  
The solutions are displayed   

  

  

: ; % 
and their coordinates x 

written in the algebra 
. [ Toe L 

window. L AR 
+ A= id 

+ B0 

- 
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B Exercise 1.6.2 

Using either a GDC or graphing software: 

i) graph the following quadratic equations 

ii) find the coordinates of any roots. 

la y=xt-—3x+2 b y=xt+4x-12 

¢c y=-xt+8x-15 dy=xt+2x+6 

e y=—-xt+x+4 

2 a j;=%x2—%x—3 b 4y=—-x+6x+16 

c =2y =2xt+10x+ 25 

Arithmetic sequences and series 
Leonardo Pisano (1170-1245), known today as Fibonacci, introduced new methods 

of arithmetic to Europe, from the Hindus, Persians and Arabs. He introduced the 

sequence 1, 1, 2, 3, 5, 8, 13, ..., which is now linked with the name Fibonacci and 

occurs widely in nature and architecture. 

He also brought the decimal system, algebra and a new method of multiplication 

to Europe. Leonardo ‘Fibonacci’ has been described as the most gifted 

mathematician of the middle ages. 

Blaise Pascal (1623-1642) was a genius who studied geometry as a child. At the age 

of sixteen he stated and proved Pascal’s theorem which connects any six points on any 

cone. The theorem is sometimes called the ‘Cat’s Cradle’. He founded probability 

theory and contributed to calculus. In his work on sequences and probability he is best 

known for Pascal’s triangle. This is a triangle with rows as shown: 

  

Each number in a row is the sum of the two numbers diagonally above it. 

A sequence is a collection of terms arranged in a specific order, where each term 

is obtained according to a rule. Examples of some simple sequences are given below. 

2,4, 6,8, 10 1,4,9, 16, 25 1524 8,16 

1.1:2:3,.5.8 1,8,27,64,125 10,5223 

Discuss with another the student the rules involved in producing the sequences 

above, 

The terms of a sequence can be expressed as u,, u,, s, ..., u_where 

u, is the first term 

u, is the second term 

u_is the nth term 

Therefore in the sequence 2, 4, 6, 8, 10, u; = 2, u, = 4, etc.
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Arithmetic sequences 
In an arithmetic sequence there is a common difference (d) between successive 

terms, e.g. 

e.g. 3 6 9 12 1oy 

N W N W W 

+3 +3 +3 +3 d=3 

1 2 -3 -8 —13 

Ba o e o BN oo e 

-5 -5 -5 -5 d= =5 

Formulae for the terms of an arithmetic sequence 
There are two main ways to describe a sequence. 

1 A term-to-term rule, known as a recurrence relation. 

In the following sequence, 

1 12 17 212 27 
Bl Sl e o s o 

+5 +5 +5 +5 

the recurrence relation is +5, i.e. u, = u; + 5, u; = u, + 5, etc. 

The general form is therefore written as u_ 

nth term and u_ 

g+ 5. u, = 1, where u_is the 

;1B the term after the nth term. 

Note: It is important to give the value of one of the terms, e.g. u,, so that the 

exact sequence can be generated. 

2 A formula for the nth term of a sequence. 

This type of rule links each term to its position in the sequence, e.g. 

Position 1 2 3 4 5 n 

Term 7 12 17 22 

We can deduce from the figures above that each term can be calculated by 

multiplying its position number by 5 and adding 2. Algebraically this can be 

written as the formula for the nth term: 

u =5n+ 2 

A GDC can be used to generate the terms of a sequence from the recurrence 
relation. For example, to calculate u,, 1, and U, for the sequence u_ , = 2u_— 5, 

u, = 1, the following can be done:
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Casio 
  

  st U This enters the first term. 1 { n 
2ANs-5 

T O 
This fetches the previous answer and 

substitutes it into the equation. 

1 oo - -3 

This enters the previous answer back into 2t 

the original recurrence relation and (TP 

generates the required terms. 

      
  

        
  

Texas 
  

  

m n This enters the first term. 1 
1 

ZHNs=2 = 

CIESCIEACI0N |- 
This fetches the previous answer and 

substitutes it into the equation. 

      

  

  

          
1 

1 CACH — ! 
This enters the previous answer back into -11 

the original recurrence relation and i “2f¢ 

generates the required terms.   
  

Therefore u, = =3, u; = —11 and u, = -27. 

Note: This sequence is not arithmetic as the difference between successive terms 

is not constant. 

With an arithmetic sequence, the rule for the nth term can be easily deduced by 

looking at the common ditference, e.g. 

Position 1 2 3 4 5 

Term 1 5 9 13 17 u =4n -3 
S o N 

+4 +4 +4 +4 

Position 1 2 3 4 5 

Term 1 9 11 13 15 u = In+5 

~ ¥ _ ¥ ¥ 

+2 +2 +2 +2
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Position 1 7 3 4 5 

Term 12 0 6 3 Q u = 30415 

-3 -3 -3 -3 

The common difference is the coefficient of n (i.e. the number by which n is 

multiplied). The constant is then worked out by calculating the number needed to 

make the term. 

1 A sequence is described by the following recurrence relation: 

M1":+1=‘;I.J'F""'rl-3-";!"""1=2 

Calculate u,, u; and u, and state whether the sequence is arithmetic or not. 

u, = 4u, — 3 thereforeu, =4 x2 -3 =5 

u3=4u1—3theref0reu3=4x5 -3=17 

y =4u, — 3 merefflreu4 =4 x 1] -3 =65 

The sequence is not arithmetic as the difference between terms is not constant. 

2 Find the rule for the nth term of the sequence 12, 7, 2, =3, =8.... 

Position 1 2 3 4 5 

Term 12 7 2 -3 -8 u =-tn+17 

~ ¥~ ¥ ¥~ ¥ 

=% =y =5 =5 

Exercise 1.7.1 
1 For each of the following sequences, the recurrence relation and u, are given. 

Calculate u,, u, and u, and state whether or not the sequence is arithmetic. 

au  =u +5u =3 bu, =2u —4u =1 

cu =—-4u +1u =0 dufl+1=3—?fl,ul=5 

e  =—-4+u,u =08 fun+l=6—§un,u1=—9 

2 For each of the following sequences: 

i) deduce the formula for the nth term 

ii) calculate the 10th term. 

a 5,8 11,14, 17 b 0,4,8, 12,16 
¢ 313,23 33, 45 d 6,3,0,-3, -6 
e —T=y <1,2,5 f0ed3 T <0105 

3 Copy and complete each of the following tables showing arithmetic sequences. 

  

  

  

  

  

a 
Position 1 2 5 50 n 

Term 45 4n - 3 

b Position 1 2 5 n 

Term 59 449 6n-1                  
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c Position 1 100 n 

Term 0 -5 47 -+ 3 

d Position 1 2 3 n 

Term 3 0 -3 -24 -294 

e Position 5 7 n 

Term 1 10 16 25 145 

'} Position 1 2 5 50 n 

Term -5.5 —7 —34 

4 For each of the following arithmetic sequences: 

i) deduce the common difference d 

ii) write down the formula for the nth term 

iii) calculate the 50th term. 

a 5.9 13: 17. 21 Dol e o 

e =10, 4 . 2 d u =6,u,=10 

e uy=-50,u,=18 t wu. =060, u, =739 

5 Judi invests $200 in a bond which pays simple interest of 12.5% per year. She 

receives a cheque each year for the interest. How many years is it before the 

bond pays for itself! 

Series 

When the terms of a sequence are added together, the sum is called a series. There 

is specific notation associated with series, with which you will need to be familiar. 

Consider the arithmetic sequence 3, 6,9, 12, 15, ... 

S is used to describe the sum of the first n terms of a sequence. 

S, therefore denotes the sum of the first four terms of the sequence, i.e. 

S5,=3+6+9+12=30 

The Greek letter X is also used to indicate that the terms of a sequence are to be 

added. In the sequence above, the formula for the nth term is u_ = 3n. 
4 

;371 denotes that the first to the fourth terms of the sequence u_ = 3n are to be 

added: 
4 

2n=3+6+9+12 =30 
1 

8 

Similarly ZEBT’I denotes that the sixth to the eight terms of the sequence u_ = 3n are 

to be added: 
8 

§3n=18+21+24=63
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5 

Tt l 1| Write down in full the terms of the series 22n — 6 
1 

  

3 

;Zn— =4+ -24+0+2+4 

2 Determine Zfll(—n + 4). 

7 

);(-n+4)=1+0+-1+-2+—3=-5 

3 Write the series 0 + 1 + 1 + l% + 2 + E% using the 2 notation. 
2 

The formula for the nth term is u = %‘I"l _1 

as 

2 

; : 1 
Therefore the series can be written n — ) 

1 

The sum of an arithmetic series 
Consider the sum of the first 100 positive integers, i.e. 1 + 2 + 3 + ... + 98 + 99 

+ 100. There is an efticient way of calculating the sum of the numbers without 

having to add them all one by one. 

142344 +5F064; 495+ 954+ 97 + 98 +99 4100 

e 
The terms of the series can be paired up as shown above. The sum of each pair is 

101 and there are 50 pairs. Therefore the sum of the series is 50 x 101 = 5050. 

This can be generalized for any arithmetic series as 

  

S = %ml +u) 

where u, is the first term, u_the last term in this case and n is the number of terms. 

The nth term «_can also be written in terms of u,;, n and d (the common 

difference). 

Consider the sequence 2, 5, 8, 11, .... To calculate the 20th term, we can use 

the formula for the nth term, u, = 3n — 1, or we can consider how many times the 

common difference d needs to be added to the first term in order to reach the 
20th term: 

2 5 8 ¥l 

~ ¥~ ¥ ~_ ¥ 

+3 +3 +3 

To get to the 2nd term, +3 is added once to the 1st term (2). To get to the 3rd 
term, +J3 is added twice to the 1st term. Therefore to get to the 20th term, +3 will 

be added 19 times. 

w, =2+ (19 x 3) = 59 
In general terms u_ = u, + (n — 1)d
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It this is substituted for u_in the formula §_ = %{ul + u_), then another formula for 

S, is derived. 

S = %(ul +u, + (n—1)d) 

S, =5(2u;, + (n-1)d) 

For the sequence 2, 5, 8, 11, ..., the value of §,, = z—f (2 x2+ (20 =1)3) = 610. 

You can also use your GDC to calculate the sum of an arithmetic sequence. Although 

yvou will be expected to show your working in an exam, the GDC will allow you to 
quickly check your answer. 

20 

For example, to evaluate ;(311 - 1): 

  

Casio 
  

Trace G=T G=T Trace 

> BB S 
to access the ‘sum’ function within the 

‘List" menu. 

GoeT G-Solv 

@TH  to select ‘sequence’. 

To define the sequence, type (3X-1, X, 

1, 20, 1). This means (nth term, variable, 

starting position, finishing position, 

increment). 

a3 

  

  

Sum SeaC 

List|L>M|Dim|Fill]Se9 |G 
  

  

  
?Um Seq(3X-1,%,1,20,1 

e16 

List]L>MIDim]Fill{5eq [IE 
      

Texas 
  

  

w].--10]0jO 
to access the ‘'sum’ function within the 

'MATH' menu. 

"_"'""--..h WLy 

D m 

to select ‘'sequence’ from the OPS menu. 

To define the sequence, type (3X -1, 

X, 1, 20, 1). This means (nth term, 

variable, starting position, finishing 

position, increment). 

(A   
  

  

sUMmises] 

  

  

  

SN (e (3K-15 %> 1 
T 610 
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100 

Worked examples [BEEREGEMIIGE ?21’1: 

  

This is the sum of the first 100 even numbers. 

S100 = 2 (2 x 2 + (100 — 1)2) = 10100 
100 

2 Determine %(ZTI — B). 

This is the sum of the 50th to 100th terms of the sequence u_ = Zn — 8. 

For this sequence the common difference d = 2. 

The sum can be calculated in two ways. 

100 100 44 

i) E(Zn - 8) = )l:(zn —-8) — 21:{211 — 8) 

= 9300 — 2058 

= 7242 
100 

1i) %{Zfl = 8) = U g i o 

=92 +94 + ...+ 192 

ie.u =92,n=51,d=1 
100 

Therefore = %{21’1 - 8) = %{2 x 92 + (51 = 1)2) = 7242 

3 Four consecutive terms of an arithmetic sequence are x + 8, 2x + 6, 4x — 8 and 

3x + 14. 

a Calculate the sum of the four terms in terms of x. 

b Calculate the sum of the four terms. 

a x+8+2x+6+4x—-8 +3x+ 14 = 10x +20 

b The common differenced = 2x +6 — (x + 8) = x — 2 

The common differenced isalso = 4x — 8 — (Zx + 6) = 2x = 14 

Therefore x -2 =2x - 14 

a1 2 

The sum of the four terms = 10x + 20 

=10x 12 + 20 
= 140 

B Exercise 1.7.2 
1 Find the sum of each of the following arithmetic series. 

a3+8+13+.. 453 b 2 +45+ 8 + ... + 605 
c 21+17+13+...+-43 d 100 +95+... + -100 

2 Determine each of the following. 

a (4 —n) b iu:(fl - 10) 
1 r\2 

c Z0n-50)  d 32+ 4)
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3 The second and sixth terms of an arithmetic series are —2 and 10 respectively. 

Calculate: 

a the common difference 

b the Ist term 

¢ the 20th term 

4 The tenth term of an arithmetic series is 18.5, If S,; = 95, calculate: 

a the first term 

b the common difference 

c Sg 

5 The fifth, sixth and seventh terms of an arithmetic series are 3 — 3m, m — 9, 

9 — m respectively. Calculate: 

a the common difference 

b the first term 

¢ the sum of the first ten terms. 

6 The fourth term of an arithmetic series is twice the first term x. 

If the tenth term is 24, calculate: 

a the common difference in terms of x 

b the first term 

¢ the sum of the first ten terms. 

7 The first term of an arithmetic series is 19 and the last term is —51. If the sum of 

the series is — 176, calculate the number of terms in the series. 

8 A child builds a triangular structure out of bricks. The top three rows are shown. 

    

    

      

Each row has one brick fewer than the row beneath it. 

a Show that, if the structure has n rows, the total number of bricks used is 

given by the formuls §_ = % (n+ 1). 

b If the structure has 78 bricks, how many rows has it! 

¢ If the child has 200 bricks, what is the maximum number of rows his structure 

can have! 

Geometric sequences and series 
So far we have looked at sequences where there is a common difference between 

successive terms. |here are, however, other types of sequence, e.g. Z, 4, 8, 16, 32. 

There is clearly a pattern to the way the numbers are generated as each term is 

double the previous term, but there is no common difference. 
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A sequence where there is a common ratio (r) between successive terms is 

known as a geometric sequence. For example: 

Z 4 8 16 32 

e N M N 

& %2 %1 x2 v =2 

27 9 3 1 : 
M W N WIS T 

X3 x5 x5 X5 r=3 
As with an arithmetic sequence, there are two main ways of describing a geometric 

sequence. 

1 The term-to-term rule. 

For example, for the following sequence, 

3 6 12 24 48 

X2 x2 oL x 2 

U, = 2u, u, = 2u, 

the general rule isu_,, = 2u_, u; = 3. 

2 The formula for the nth term of a geometric sequence. 

As with an arithmetic sequence, this rule links each term to its position in the 

sequence. For example, for the following sequence, 

Position 1 2 3 4 i n 

Term 3 6 12 24 48 

Po ol N ol N PN 

x2 X2 %3 x 2 

to reach the second term, the calculation is 3 x 2 or 3 x 2! 

to reach the third term, the calculationis 3 x 2 x 2 or 3 x 22 

to reach the fourth term, the calculationis 3 x 2 x 2 x 2 or 3 x 2° 

In general therefore 

n—1 
U = T 

where u, is the first term and r is the common ratio. 

B Exercise 1.8.1 

1 Deduce which of the following are geometric sequences and which are not. 

a Z,6,18, 54 k 25,5, l,% c 1,4,9, 16 

1 2 3 4 1 2 4 & 
d _319} _2?181 ¢ E’E’E’E f E*E’E*E
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2 For the sequences in question 1 that are geometric, calculate: 

i) the common ratio r 

ii) the next two terms 

iii) a formula for the nth term. 

3 The nth term of a geometric sequence is given by the formula u_ = —6 x 2™, 

a Calculate u, u, and u,. 

b What is the value of n, if u_ = —768! 

4 Part of a geometric sequence is given below. 

_,=1,_,_,64,_ whereu, = —1 and u, = 64. Calculate: 

a the common ratio r 

b the value of U, 

¢ the value of i 

Geometric series 

A geometric series is one where the terms of a geometric sequence are added 

together. For example, for the following geometric sequence, 

Position 1 2 3 4 5 6 

Term 5 10 20 40 80 160 

  

the formula for the nth term is u = 5 x 2n-1, 

Therefore the sum of the series above is given by: 

6 

522"1=5(1 +2 +4 + 8+ 16 + 32) =315 
1 

A formula for the sum §_ of a geometric series can be derived as follows: 

S =u +ur+urt+ur+ .. +up! 
Multiplying by 1 +S_ = u;r + ugr? + wr® + o0 + up™ ! + up” 

Subtracting the first equation from the second gives: 

S, =S =ur" =y 

Slr—=1)=u(™-1) 

Therefore S, = M =7 r£1 

where u, is the first term, r is the common ratio and n is the number of terms. 

This form of the formula is particularly useful whenr > 1 orr < —1. 

If we multiply S x __l a variation of the formula is obtained: 

I - 5. MM 
n | 

This form is more useful when —1 < r < 1 as it avoids working with negative values.
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T eI A series is as follows: 

  

44+ 12 +36+ 108 +...+ 26244 
a Calculate the number of terms in the series. 

b Calculate the sum of the series. 

au=4r=3 

Usingu_= ulr“‘l 

4 x 3n-1 = 26244 
In-1 = 6561 

Using a calculator we can find that 3® = 6561 

Therefore 38 = 3»-1, which implies8 =n -1, i.e.n = 9. 

There are nine terms in the series. 

b5=M w =4 r=3andn=09 
n r — | 1 

43°-1) 

This can be checked using your GDC as shown on page 52. 

B Exercise 1.8.2 

1 For each of the following geometric series, calculate: 

i) the value of the common ratio r 

ii) the sum of the first 10 terms. 

aé+%+%+l+2 b—%+%-l+3-9 

c 5+ 75+ 1125+ 16.875 d 10+1+0.1 +0.01 +0.001 

For each of the following geometric series, the first three terms and the last term 

are given. 

i) Find the number of terms n. 

ii) Calculate the sum of the series. 

a 1+3+9+ ...+ 2187 b%+%+§+”,+12§ 

n:!:_’;-"-l+2-m+3—11 da+ar+at+...+a™! 

Determine each of the following. 
5 i B 4n-1 

a X4 b 220y o 35 
1 1 4 

In a geometric series, u, = %and u, = (2. Calculate: 
a the common ratio r 

b the first term u, 

¢ the value of SF 

  

Three consecutive terms of a geometric series are (p — 2), (—p + 1) and (2p —2). 

a Calculate the possible values of p. 

b Calculate the term before (p — 2) assuming p is the larger of the values in 

part a. 

¢ Ifu; =(p - 2), calculate S.
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6 A new strain of a virus is detected in one patient in a hospital. After 3 days, 375 

new cases of the virus are detected. Assuming the number of new cases continues 

to grow as a geometrical sequence, calculate: 

a the number of new cases after 7 days 

b the total number of infected people after 7 days. 

Infinite geometric series 
For all the series considered so far, if the series was continued, the sum would 

diverge (continue to grow). However, this isn't always the case: for some series, the 

sum converges to a value. For example, in the following series, 

1 1 g e ko 1 = F W 

S A N N o N oS 

X7 X3 X3 X3 
the amount being added each time decreases. This is represented visually in the 

diagram below. 

1 
2   
1 1 

The area of each shape represents a term in the series. The total area of the large 

rectangle is 8. This suggests that the sum of the series, if continued infinitely, would 

also be 8, i.e. S_ = 8. 

  

  

This can be proved algebraically using the formula §_ = % 

(Note: The alternative version of the formula is used since =1 < r < 1.) 

w, =4,1= % 

41-1) 4(1-1) B 
g { _1 = 1 =8(l'i) 

2 2 

Asn — w, (3)" > 0. Therefore S_ = 8(1 — 0) = 8. 

In general §_ = w becomes S_ = T 12 : for an infinite geometric series, 

as (1 — 1) = 1 asn — co, 

Therefore if —1 < r < 1, the sum to infinity of a series will have a value.
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1.9 

Simple interest and compound interest 
  

A sequence is defined by u_ = 3(%)fl_1+ 

Calculate u, u, and u,. a 

b Write down the values of U, and r. 

¢ Calculate the sum of the infinite series Z3(%)n_1+ 

a u =3 x (% Ve 1 

1\1 3 
u,=3x(3) =3 

12 3 

Uy = 3 % (E) =k 

Exercise 1.8.3 

1 Calculate the sum to infinity of the following series 

a 18+6+2+%+ ... b -8+4-2+1-.. 
1 1 1 Ao B A 4.8 C l+m+mfl+mm+m d?+2+7+49+m 

2 Evaluate the following sums to infinity. 
— 1 — 2 S e 35     

- gn - 5 

k %(3) d %}1—1 

2 o g I8 . 2 . 
3 The second term of a geometric series is 3. The sum to infinity of the same series 

is 6. Calculate: 

a u b the common ratio r. 

: ) 1 i i ; 
4 In a geometric series u; + u, = 12. If r = 3, find the sum of the infinite series. 

Simple interest and compound interest 
Interest is money added by a bank or building society to sums deposited by 

customers, or money charged to customers for borrowing. The money deposited or 

borrowed is called the capital. The percentage interest is the given rate and the 

money is usually left or borrowed for a fixed period of time. 

Simple interest 
The following formula can be used to calculate simple interest: 

_Lm 
~ 100 

where I = the simple interest paid 

C = the capital (the amount borrowed or lent) 

n = number of time periods (often years) 
r = percentage rate. 

I 

59
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Worked examples 

  

1 Find the simple interest earned on €250 deposited for 6 years at 8% p.a. 

[ 
T00 

_250x8x6 
100 

I =120 
The interest paid is €120. 

2 How long will it take for a sum of €250 invested at 8% to earn interest of €80! 

I = Crn 
100 

250 x 8B xn 

40 = 100 

8000 = 2000n 

n=4 

It takes 4 years for €250 to earn €80 of interest. 

3 What rate per year must be paid for a capital of $750 to earn interest of $180 in 

4 years! 

Fae Cm 
100 

750 x r x 4 

180=—5— 
180 = 30r 

r= 6% 

A rate of 6% must be paid for $750 to earn interest of $180 in 4 years. 

The total amount A after simple interest is added is given by the formula 

Cmn 
A_C+fifi 

This can also be writtenas A = C + n X % 

Compare this with the formula for the nth term of an arithmetic sequence used in 

Section 1.7: 

u =u, +(n—1) 

In simple interest calculations, the final amounts after each year (A) form an 

: : : : Cor 
arithmetic sequence with first term u, = C and common difference d = — 

100°



B Exercise 1.9.1 

Simple interest and compound interest 

All rates of interest are annual rates. 

  

1 Find the simple interest paid in each of the following cases. 

10 

Time period 
4 years 

1 years 
4 years 

2 years 

7 years 

How long will it take for the following amounts of interest to be earned? 

Capital Rate 
a NZ$300 6% 

b £750 8% 
c 425¥ 6% 
d 2800 baht 4.5% 

e HK$880 6% 

C R 
a 500 baht 6% 
b 5800% 4% 

¢ AU$4000 1.5% 
d £26800 8.5% 
e €900 4.5% 

t 400 Ft 9% 

[ 
150 baht 
950¥ 
AU$1500 
£1904 
€243 
252Ft 

Calculate the rate of interest per year which will earn the given amount of 
interest in the given time period. 

Capital 
€400 

US$800 
2000 baht 
£1500 

€850 
AU$1250 T

 
L 

h 
o
o
 

Time period 
4 years 

7 years 
3 years 
6 years 

5 years 
2 years 

Interest 

€1120 

USs$224 
210 baht 
£675 

€340 
AUS$275 

Calculate the capital required to earn the interest stated in the number of 
years and with the rates given. 

Interest 

80 Ft 
NZ$36 
€340 
540 baht 
€540 
US$348 T

 
L
 

o
l
 

What rate of interest is paid on a deposit of £2000 that earns £400 interest in 
5 years!? 

How long will it take a capital of €350 to earn €56 interest at 8% per year!? 

A capital of 480Ft earns 108 Ft interest in 5 years. What rate of interest was 
being paid! 

A capital of €750 becomes a total of €1320 in 8 years. What rate of interest 

was being paid! 

AU$1500 is invested for 6 years at 3.5% per year. What is the interest earned? 

500 baht is invested for 11 years and becomes 830 baht in total. What rate of 

Time period 
4 years 

3 years 
5 years 
6 years 

3 years 
4 years 

interest was being paid? 

Rate 

5% 

6% 
8% 

1.5% 

4.5% 

7.25% 

h
 
=
t
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Worked example 

  

Compound interest 
In this section we move on from simple interest to look at compound interest. For 

the first time period, there is no difference between the two types: a percentage of 

the capital is paid as interest. However, simple interest is calculated using the 

original amount whereas compound interest is paid on the total amount, which 

includes the interest paid in the first time period. Simple interest has few 

applications in real life: when we talk about interest in real life, it will usually be 
compound interest. If you have a savings account the money in it will earn 

compound interest and when people take out a loan they will pay compound 

interest on the money they have borrowed. 

For example, a builder is going to build six houses on a plot of land in Spain. He 

borrows 500000 euros at 10% p.a. and will pay off the loan in full after 3 years, 

when he expects to have finished building the houses and to have sold them. 
At the end of the first year he will owe: 

€500000 + 10% of €500000 i.e. €500000 x 1.10 = €550000 

At the end of the second year he will owe: 

€550000 + 10% of €550000 i.e. €550000 x 1.10 = €605000 

At the end of the third year he will owe: 

€605 000 + 10% of €605000 i.e. €605000 x 1.10 = €665500 

The amount of interest he has to pay is: 

€665 500 — €500000 = €165 500 

The simple interest is €50 000 per year, i.e. a total of €150000. 

The difference of €15500 is the compound interest. 

The time taken for a debt to grow at compound interest can be calculated as shown 

in the example below. 

How long will it take for a debt to double with a compound interest rate of 27% p.a.] 

An interest rate of 27% implies a multiplier of 1.27. 

  

Time (years) 0 1 2 3 
  

Debt C 1.25€ 127021616 | 32l C=2.05C               

X 1.27 X 1.27 X 1.27 

The debt will have more than doubled after 3 years. 

Using the example of the builder’s loan above, if C represents the capital he 

borrows, then after 1 year his debt will be given by the formula: 

T . . 
=0 (1 + m), where r is the rate of interest. 

This is a geometric sequence.
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Simple interest and compound interest 63 
  

After 2 years: D = C (1 + L) (l + L) 
100 100 

r T r After 3 years: D = C (1 +m) (1 T m) (1 +m) 
¥ n 

Afternyears: D = C (1 + m) 

This formula for the debt includes the original capital loan. By subtracting C, the 

compound interest is calculated. 

T n 

[=C(1+5)-cC 

Compound interest is an example of a geometric sequence. You studied geometric 

sequences in more detail in Topic 1.8. 

The nth term of a geometric sequence is given by: 

— =] u, = ur 

Compare this with the formula for the amount of money earning compound 

interest at %: 

T n 

A—CP+Ed 

Note: The differences between this and the formula for calculating compound 

interest. «_is analogous to the amount in an account, A, but n is used differently in 

the two formulae. The initial amount in an account, C, is when n = 0 whereas the 

first term of a geometric sequence, u,, is when n = 1. r represents the common 

difference in the formula for the nth term of a geometric sequence. The common 

difference in a sequence of the amount of money in an account earning compound 

; ; T ; . 
interest is (1 + —)_., where r is the rate of interest. 

100 
The interest is usually calculated annually, but there can be other time periods. 

Compound interest can be charged or credited yearly, half-yearly, quarterly, 

monthly or daily. (In theory, any time period can be chosen.) 

1 Alex deposits €1500 in his savings account. The interest rate offered by the 

savings account is 6% compound interest each year for a 10-year period. 

Assuming Alex leaves the money in the account, calculate how much interest 

he has gained after 10 years. 

I 150{](1 5)1:} 1500 

I =2686.27 — 1500 = 1186.27 

The amount of interest gained is €1186.27.
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2 Adrienne deposits £2000 in her savings account. The interest rate offered by the 

bank for this account is 8% compound interest per year. Calculate the number of 

years Adrienne needs to leave the money in her account for it to double in value. 

An interest rate of 8% implies a common ratio of 1.08. 

This can be found by generating the geometric sequence using the recurrence 

rule u_, = u_ X 1.08 on your calculator as shown on page 48. Think of the 

initial amount as Uy 

u, = 2000 x 1.08 = 2160 
u, = 2160 x 1.08 = 2332.80 
u, = 2332.80 x 1.08 = 2519412 

u, = 3998.01 
uyo= 4317.85 
Adrienne needs to leave the money in the account for 10 years in order for it to 

double in value. 

3 Use your GDC to find the compound interest paid on a loan of $600 for 3 years 

at an annual percentage rate (A.P.R.) of 5%. 

The total payment is $694.58 so the interest due is $694.58 — $600 = $94.58. 

4 Use a GDC to calculate the compound interest when $3000 is invested for 18 

months at an APR of 8.5%. The interest is calculated every 6 months. 

Note: The interest for each time period of 6 months is %‘:’;& There will 

therefore be three time periods of 6 months each. 

3000 x 1.04253 = £3398.99 

The final sum is $3399, so the interest is $3399 — $3000 = $399. 

B Exercise 1.9.2 

1 A shipping company borrows $70 million at 5% p.a. compound interest to build 

a new cruise ship. If it repays the debt after 3 years, how much interest will the 

company pay?’ 

2 A woman borrows €100 000 for home improvements. The interest rate is 15% 

p.a. and she repays it in full after 3 years. Calculate the amount of interest 

she pays. 

3 A man owes $5000 on his credit cards. The APR is 20%. If he doesn’t repay any 

of the debt, calculate how much he will owe after 4 years. 

4 A school increases its intake by 10% each year. If it starts with 1000 students, 
how many will it have at the beginning of the fourth year of expansion? 

5 8 million tonnes of fish were caught in the North Sea in 2005. If the catch 

is reduced by 20% each year for 4 years, what weight is caught at the end of 
this time! 

6 How many years will it take for a debt to double at 42% p.a. compound interest?!



Student assessments 65 
  

7 How many years will it take for a debt to double at 15% p.a. compound interest! 

8 A car loses value at a rate of 15% each year. How long will it take for its value 
to halve! Give your answer in years and months. 

9 $3600 is invested for 18 months at 9.5% APR compound interest. What is the 

total interest paid when interest is calculated: 
a annually 

b half-yearly 

¢ monthly? 

10 €960 is invested for two years at 7.5% APR. What is the total interest paid 

when it is compounded: 

a annually 

b every 6 months 
¢ monthly? 

B Student assessment 1 

Diagrams are not draum to scale. 

1 State whether each of the following numbers is 

rational or irrational. 

b 3 a 1.6 

c 0.7 d 0.73 

e Y121 f =« 

2 Round each of the following numbers to the 

degree of accuracy shown in brackets. 

a 6472 (nearest 10) 

b 88465 (nearest 100) 

¢ 64785 (nearest 1000) 

d 6.7 (nearest 10) 

3 Round each of the following numbers to the 

number of decimal places shown in brackets, 

a 3.84 (1d.p.) b 6.792 (1d.p.) 

¢ 0.8526 (2 d.p.) d 1.5849 (2 d.p.) 

e 9954 (1d.p) t 0.0077 (3 d.p.) 

4 Round each of the following numbers to the 

number of significant figures shown in brackets. 

a 42.6 (1s.f.) 

¢ 0.0574 (1s.f.) 

e 687453 (1s.£) 

b 5432 (1s.t.) 
d 48572 (2sf.) 
tf 687453 (3 s.f.) 

5 A cuboid’s dimensions are given as 12.32 cm by 

1.8cm by 4.16 cm. Calculate its volume, giving 

your answer to three significant figures. 

6 1 mile is 1760 yards. Estimate the number of 

yards in 11.5 miles. 

7 Estimate the answers to the following. Do not 

work out an exact answer. 

  

53 x 11.2 (9.8)? 
R b 37y 

18.8 x (7.1)2 
  

© B2 x (4.9) 

8 Estimate the shaded area of the figure below. 

4.9 Cm 4.9 CIM > 

Fo
or
 | 

gecm 

6.4cm 

l 
9 a Use a calculator to find the exact answer to 

question 8. 

b Calculate your percentage error. 

  

  

|~
 

€ 188cm —————————>   

10 A boy estimates the weight of his bike to be 

2.5kg. It actually weighs 2.46kg. What is his 

percentage error!
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B Student assessment 2 

1 Write down the following numbers in the form 

ax 10k where l <a<10and k € Z. 

a 6 million b 0.0045 

¢ 3800000000 d 0.000000361 

e 460 million f 3 

Write down the following numbers in order of 

magnitude, starting with the smallest. 

6.2 x 107 hi&# 10 4,21 x 107 

49 x 108 3.6 x 10-° 7.41 x 10-? 

Write down the following numbers: 

6 million 820000 0.0044 0.8 

52000 

a in the form a x 10%, where 1 < a < 10 and 

ke Z 

b in order of magnitude, starting with the 

largest. 

Deduce the value of k in each of the following. 

4750 = 4.75 x 10k 
6440000000 = 6.44 x 10k 
0.0040 = 4.0 x 10 
1000% = 1 x 10" 

e 0.99=729 x 10¢ 

f 800° =5.12 x 10 

a 

b 

& 

d 

Write down the answer to each of the following 

calculations in the form a x 10, where 

l<a<10andk € Z. 

a 4000 x 30000 

b (2.8 x 10°) x (2.0 x 10°) 

¢ (3.2 x 10%) + (1.6 x 10%) 

d (2.4 x 10%) + (9.6 x 10%) 

The speed of light is 3 x 108 msL, Jupiter is 

178 million kilometres from the Sun. Calculate 
the number of minutes it takes for sunlight to 

reach Jupiter. 

A star is 500 light years away from Earth. If the 

speed of light is 3 x 10°kms™!, calculate the 

distance the star is from Earth. Give your 

answer in kilometres in the form a x 10%, where 

l<a<1Qand k € Z. 

8 Convert 162 000km to millimetres. Give your 

answer in the form a x 10%, where 1 < a < 10 

and k € Z. 

9 Convert 7415000 mg to kilograms. Give your 

answer correct to the nearest kilogram. 

B Student assessment 3 

1 For each of the following arithmetic sequences: 

i) write down a formula for the nth term 

ii) calculate the 10th term. 

a 159,13 b 1, -2,-5, =8, ... 

For both of the following, calculate u, and u,. 

a u =6n-3 bufl=-%fl+4 

Copy and complete both of the following tables 

of arithmetic sequences. 

  

  

                
  

  

  

a 

Position 1 2 3 10 n 

Term 17 14 55 

b 

Position 2 B 10 n 

Term —4 ~2 25               
  

A girl deposits $300 in a bank account. The 

bank offers simple interest at 7% per year. 

Assuming the girl does not take any money out 

of the account, calculate the amount of money 

in the account after 5 years. 

Part of a geometric sequence is given below. 

    ¥ 3 2?} KT ]- 

where Uy = 27 and u, = -1 

Calculate: 

a the common ratio r 

b the value U, 

¢ the value of n if u = —%+



6 Solve both of these series. 
10 

a 2(4n-15) 
1 

18 
b 2 -5n + 100 

5 

7 The third and tenth terms of an arithmetic 

series are —6 and 15 respectively. 

Calculate: 

a the common difference 

b the first term 

¢ the value of §,,. 

8 The third, fourth and fifth terms of an 

arithmetic series are (Zm + 2), 3m + 1) and 

(5m = 5). 

Calculate: 

a the common difference d 

b the first term 

C Sm* 

O In the following geometric series, the first 

three terms and the last term are given. 

i) Find the number of terms, n. 

ii) Calculate the sum of the series. 

a 10+20+40+ ... + 10240 

b 128 — 64 +32 + ... + 55 

10 Sol;re these. 

a 3" 
1 

11 Using either a GDC or graphing software, find 

the coordinates of the points of intersection of 

the following pairs of linear graphs. 

a y=-x+3dandy=2x-3 

b x+5=yand2x+3y-5=0 

9 3n-1 
b A i 273 

12 Using either a GDC or graphing software: 

i) graph the following quadratic equations 

ii) find the coordinates of any roots. 

a y=x—6x+9 

b y=-2x+ 20x — 48 
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B Student assessment 4 

1 Vincent Van Gogh painted his Sunflower series 

of still life paintings. One was called Vase with 

15 Sunflowers. His brother bought it in 1887 for 

the equivalent of $10. In 1987, the Japanese 

Insurance millionaire Yasuo Goto bought it for 

the equivalent of $40 million. What was the 

compound rate at which the painting increased 

in value? 

€1 is equivalent to $1.35 and £1 is equivalent 

to €1.32. What is 1 million dollars worth in 

pounds! 

What is the difference in percentage terms 

between 10% simple interest for 10 years and 

10% compound interest for 10 years? 

The population of a town increases by 5% each 

year. If the population was 86 000 in 1997, in 
which year would you expect the population to 

exceed 100000 for the first time? 

€3 million is borrowed for two years at an 

interest rate of 8%. Find: 

a the simple interest 

b the compound interest. 

A house increases in value by 20% each vyear. 

How long will it take to double in value! 

The population of a type of insect increases by 

approximately 10% each day. How many days 

will it take for the population to double? 

A man borrows €5 million for 3 years at an 

interest rate of 6%. Find: 

a the simple interest 

b the compound interest 

¢ the compound interest calculated quarterly. 

A boat loses 15% of its value each year. How 

long does it take to halve in value?
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B Student assessment 5 Examination questions 

1 Jackson Pollock sold his abstract painting 1948 1 The following diagram shows a rectangle with 

number 5 in 1949 for the sum of $100000. It was 

most recently bought by David Martinez at an 

auction in 2006 for $140 million. What was the 

compound rate at which the painting increased 

in value? 

€1 is worth $1.35 and £1 is worth €1.32. What 

is one million pounds worth in dollars? 

What is the difference in percentage terms 

between 12.5% simple interest for 20 years and 

12.5% compound interest for 20 years? 

The population of a city increases by 15% each 

year. If the population was 800000 in 1997, in 
which year would you expect the population to 

exceed 3 000000 for the first time? 

€5 million is borrowed for 12 years at an interest 

rate of 5%. Find: 

a the simple interest 

b the compound interest 

A house increases in value by 12.5% each year. 

How long will it take to double in value? 

The population of a type of insect increases by 

approximately 7% each day. How many days 

will it take for the population to double! 

A man borrows four million dollars for three 

years at an interest rate of 8.5%. Find: 

a the simple interest 

b the compound interest 

¢ the compound interest calculated quarterly. 

A car loses 12% of its value each year. How 

long will it take before it is only worth 25% of 

its original value? 

sides of length 9.5 x 10’ m and 1.6 x 10° m. 
  

diagram not 
9.5 x 102m 

to scale 

    

1.6 x 103m 

a Write down the area of the rectangle 

in the form a x 10k, where 1 =a = 10, 

ke Z. [3] 
Helen's estimate of the area of the 

rectangle is 1 600000 m?. 
b Find the percentage error in Helen's 

estimate. [3] 

Paper 1, Nov 09, Q3 

Mr Tan invested 5000 Swiss Francs (CHF) in a 

Bank A at an annual simple interest rate of 

r %, for four years. The total interest he received 

was 568 CHEF. 

a Calculate the value of 7. [3] 

Mr Black invested 5000 CHF in Bank B at a 

nominal annual interest rate of 3.6%, 

compounded quarterly for four years. 

b Calculate the total interest he received at the 

end of the four years. Give your answer 

correct to two decimal places. [3] 

Paper 1, Nov 09, Q15 

The seventh term, u., of a geometric sequence is 

108. The eighth term, uy, of the sequence is 36. 

a Write down the common ratio of the 

sequence. [1] 

b Find u,. [2] 

The sum of the first k terms in the sequence 

is 118096. 

¢ Find the value of k. [3] 

Paper 1, May 11, Q11
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4 Part A 

Daniel wants to invest $25 000 for a total of 

three years. There are three investment options. 

Option One  pays simple interest at annual 

rate of interest of 6%. 

Option Two pays compound interest at a 

nominal annual rate of interest 

of 5%, compounded annually. 

Option Three pays compound interest at a 

nominal annual rate of interest 

of 4.8%, compounded monthly. 

a Calculate the value of his investment at the 

end of the third year for each investment 

option, correct to two decimal places. [8] 

b Determine Daniel’s best investment 

option., [1] 

Part B 

An arithmetic sequence is defined as 

U =135+, n=1,2,3, ... 

a Calculate w,, the first term in the 

sequence. [2] 

b Show that the common difference is 7. [2] 

S, is the sum of the first n terms of the sequence. 

¢ Find an expression for S . Give your answer in 

the form S_ = An? + Bn, where A and B are 

constants. [3] 

The first term, v,, of a geometric sequence is 20 

and its fourth term v, is 67.5. 

d Show that the common ratio, r, of the 

geometric sequence is 1.5. [2] 

T, is the sum of the first n terms of the geometric 

sequence. 

e Calculate T?, the sum of the first seven 

terms of the geometric sequence. [Z] 

t Use your graphic display calculator to 

find the smallest value for n for which 

T, el [2] 

Paper 2, May 10, Q5



Applications, project ideas 

and theory of knowledge 

  

2 The series 1, 2,3, 4, 31 - 

pairs with the series of 

square numbers 1, 4, S, 

16, 25, .... DISCUSS whether 

there are more members of 

" the first series than the " 

| second series. 

| 

i SR 
€ 

I repressit SRS 

   '3 What is thegfierence 

petween: 

a) legal proof and 

mathematical proof? 

p) ‘real” and imaginaty’ 

in normal life compared 

~ with mathematical 
'. solutions? 

4 Does the us€ of 

s.|. notation help to 

make mathematics @ 

‘universal language'? 

Investigate systems of 

measurement that 

preceded the S.1. system. 

  

  

   

   
   

i 

  

   

6 Is it possible tO get an 

exact numerical 

answer fo @ problem? 

s an error necessanly 

a mistake?   
 



7 Some series are peit 
._-_:-"-'.i::-"l'-';.'_-:._.__,-\_- 

rfi'afir 
T .;-. S 

Bt T Nelthicy ithmetic nor aeor 
p ; 

e -:c: 
.__I' or ""'-'l-_‘.'fl.".“

:‘l_{_: .-=. 

series. Inve or geometric 

  

  

  

13 Newton, Gauss and 

Einstein were geniuses. 

could their ability be 

measured? Aré the 

creators of Facebook 

and Google geniuses? 

If so, can their ability 

be measured? 

   
   

  

     
   
   

  

    prin 7+ 41 s always g 
. %fly mber, IHVES > 

his statement and try to 
sty Drove it. Find 
r quadratic 

@ basis 

  

   

      

10 Does zero exist of is it 

merely @ mathematicians 

‘idea’? 

11 “The first space st space progr 
E;TI?:: r:n the 1960s cgflamme - wi of dn:n.'.‘fa'rs, and that ol IE" a billion dollgrs 

. ot of money’. what e € Speaker megn? Do ; Ns and trillions h 
Ny real meaning jn 2 ‘normal’ ”fe? 

14 Currencies are traded 

like shares in companies. 

should this trading 

be banned since it can 

result in Mass 

unemployment? 

P 4



  

2.1 
You will come across 
discrete and 
continuous data in 

the Biology and 
Psychology Diploma 
courses, 

Descriptive statistics 

Syllabus content 
2.1 Classification of data as discrete or continuous. 

2.2 Simple discrete data: frequency tables. 

2.3 Grouped discrete or continuous data: frequency tables; mid-interval values; 

upper and lower boundaries. 

Frequency histograms. 

2.4 Cumulative frequency tables for grouped discrete data and for grouped 

continuous data; cumulative frequency curves; median and quartiles. 

Box and whisker diagrams. 

2.5 Measures of central tendency. 

For simple discrete data: mean; median; mode. 

For grouped discrete and continuous data: estimate of a mean; modal class. 

2.6 Measures of dispersion: range; interquartile range; standard deviation. 

Introduction 
The word statistics comes from the Latin status meaning state. So statistics was 

related to information useful to the state. 

Statistics is often not considered to be a branch of mathematics, and many 

universities have a separate statistics department. 

Statistics developed out of studies of probability. 

Societies such as the London Statistical Society, established in 1834, brought the 

study of statistics to new heights, but only the advent of computers has brought the 

ability to handle and analyze very large amounts of data. 

Discrete and continuous data 
Discrete data can only take specific values, for example the number of tickets sold 

for a concert can only be positive integer values. 

Continuous data, on the other hand, can take any value within a certain range, 

for example the time taken to run 100m will typically fall in the range 10-20 

seconds. Within that range, however, the time stated will depend on the accuracy 

required. So a time stated as 13.85s could have been 13.76s, 13.764 s or 13.7644 s, etc.



B Exercise 2.1.1 

State whether the data below is discrete or continuous. 

2.2 

1 Your shoe size 

2 Your height 

3 Your house number 

4 Your weight 

5 The total score when two dice are rolled 

6 A mathematics exam mark 

Displaying simple discrete data 

7 The distance from the Earth to the moon 

8 The number of students in your school 

9 The speed of a train 

10 The density of lead 

Displaying simple discrete data 
Data can be displayed in many different ways. It is therefore important to choose 

the method that displays the data most clearly and effectively. 

The frequency table shows the shoe sizes of 20 students in a class. 

  

  

                  
  

  

73 

  

  

    
  

  

  

                

      
  

        

Shoe size 6 EJE- 7 ?15 8 E% 9 

Frequency 2 3 3 6 4 1 1 

This can be displayed as a 8 

frequency histogram. : 

B 

Z 5 

& 
3 4 s 

3 
T 3 

2 

1 = 

0 i ]                       

5 b5 6 65 7 75 & 85 9 95 10 

Shoe size 

Shoe sizes are an example of discrete data as the data can only take certain values. 

As a result the frequency histogram has certain properties. 

m Each bar is of equal width and its height represents the frequency. 

B The bars touch (this is not the case with a bar chart). 

B The value is written at the mid-width of each bar. This is because students with 

a foot size in the range 6.75—7.25, for example, would have a shoe size of 7.
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The GDC and graphing software can also be use to plot frequency histograms. The 

instructions below are for the shoe data given above. 

  

  

  

    
   

Casio 

SET UP Mal List JJLiSt 2 L5t 3|L:S5t M to select the stat. mode. o3 TS T : 
  

Enter the shoe sizes in List 1 and their 

frequency in List 2. 
Traoe 

@ to select the graphing option. 
  

  

G=T . 

@ to set the graph type and identify AList = iList) 
Fresuency sList?2 

  

the source of the data, i.e. a histogram 

with data taken from List 1 and frequency [GPHL [GFWa [GrRa 

from List 2. @ 
sufHistosram Settiins 

" to select Graph 1. Enter the settings Startit 
Draw: [EXE] 

[GFRi [GFHa [GFHa 

  

  

    

as shown.   

  

  

  

  

@ to graph the histogram. 

          
  

  

  

  

  

  

  

  

] 1] 
1UAK 

Trace to obtain the StatlGrarhl 
-» value and 

frequency of < 

each bar. 1             
  

H=bs5 #=3         
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75 

  

Texas 
  

  

m to enter the data into lists. 

Enter the shoe size into List 1 and the 

frequency in List 2. 

\ ’;' n to select the type of 

graph and its properties, i.e. turn Plot 1 

on, choose the histogram graph and 

ensure that data is taken from L, and its 

frequency from L, as shown. 

»\_:_:} to determine the scales of the axes. 

. to graph the histogram. 

    i’ . to obtain the value and 
frequency of each bar. 

  

  

L1 L2 Lz 
- — 
6.5 2 
7 3 
7.5 B 
g Y 
g.s 1 
a 4     
  

  

Flot2 Flotz 
Off 

upet |2 L= e 
Hh-- H{IH el 

wlistilL1 
FrexilL:z 

  

  

bl I DO 
AM1IN=0 
Amax=18 
ASC1=.0 
Ymin="-2 
Ymax=a 
Yacl=1 
ares=1 
  

  

  
  

    Fi:L1.L2 |_1'T       
  

  

Min=6.5 
mMax<s   
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Autograph 
  

Select to produce a statistics 

page. 

m to enter the data as a 

frequency table. 

Ensure the data type is marked as 

Discrete and the unit size as 0.5. 
Data Trpe 

) Contirnaous (*)Dwscrete Und: | 0.5 

Select ‘use (x, f) table’ followed by 

| Edit | Liata 

* f " 

Enter shoe size in column 'x" and |Ei| 3 

frequency in column “f'. Ensure an 7 3 

additional size is entered as zero as g : 

an upper bound. Click 'OK". BE 1 
9 1 

56 0 w 

V| Draw Histogram 

D Draw Freguency Polygon 
Click on the histogram icon - 

'/ Fill Histogram 
and enter the histogram options. 

Click "OK". 
  

/N To change the scale on the axes | AR 

use|£. |7£,- 

  

  

"'ll'-. 

=/               
Note: Although the shoe sizes are discrete quantities, Autograph 

considers a shoe size of 6 to represent the group 5.75-6.25.      



2.3 
You will come across 

grouped data in the 
Geography Diploma 
Course. 

Grouped discrete or continuous data 77 
  

  

GeoGebra 
  

Type 

Histogram[{5.75, 6.25, 6.75, 7.25, 7.75, T 

8.25, 8.75, 9.25}, {2, 3, 3, 6, 4, 1, 1}] ! 

The first set of numbers represent the 

upper and lower bounds of each value, 

whilst the second set represent the 

frequency. 

      
  

Note: A similar graph is produced using the command 

BarChart[{6, 6.5, 7, 7.5, 8, 8.5, 9}, {2, 3, 3, 6, 4, 1, 1}.     
  

Exercise 2.2.1 

1 The figures in the list below give the total number of chocolate sweets in each of 
20 packets of sweets. 

35,30, 38,37,35,36, 38,36, 37,35, 36,36,38, 36, 35,38, 37, 38,36, 38 

a Draw a frequency table of the data. 

b Draw a frequency histogram of the data. 

2 Record the shoe sizes of everybody in your class. 
a Draw a frequency table of the results. 

b Draw a frequency histogram of the data. 
¢ What conclusions can you draw from your results? 

Grouped discrete or continuous data 
If there is a large range in the data, it is sometimes easier and more useful to group 

the data in a grouped frequency table. 

The discrete data below shows the scores for the first round of a golf competition. 

71 75 82 9 83 75 76 82 103 8 79 77 83 8 88 
104 76 77 79 83 84 8 838 102 95 9 99 102 75 172 

  

  

  

  

  

  

  

  

One possible way of grouping this data in a Score Frequency 
grouped frequency table is shown opposite. 

71=-75 5 

Note: The groups are arranged so that no score 

can appear in two groups. jo-4D 6 

81-85 8 

86-90 3 

91-95 1 

96-100 3 

101-105 4        
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B Exercise 2.3.1 

1 The following data gives the percentage scores obtained by students from two 

classes, 12X and 12Y, in a mathematics exam. 

12X 

42 73 93 8 68 58 33 70 71 8 90 99 41 70 65 
80 73 89 88 93 49 50 57 64 18 79 94 80 50 76 99 

12Y 

70 65 50 89 96 45 32 64 55 39 45 58 50 82 &4 
91 92 88 71 52 33 44 45 53 74 91 46 48 59 57 95 

a Draw a grouped tally and frequency table for each of the classes. 
b Comment on any similarities or differences between the results. 

2 The number of apples collected from 50 trees is recorded below. 

35 78 15 65 69 32 12 9 89 110 112 148 98 
67 45 25 18 23 56 71 62 46 128 7 133 96 
24 38 73 82 142 15 98 6 123 49 85 63 19 
111 52 84 63 78 12 55 138 102 53 80 

Choose suitable groups for this data and use them to draw a grouped frequency table. 

With grouped continuous data, the groups are presented in a different way., 

The results below are the times given (in h:min:s) for the first 50 people 
completing a marathon, 

  

  

  

  

  

  

2:07:11 2:08:15 2:09:36 2:09:45 2:10:45 

2:10:46 2:11:42 2:11:57 2:12:02 2:12:11 

2:13:12 2:13:26 2:14:26 2:15:34 2:15:43 

2:16:25 2:16:27 2:17:09 2:18:29 2:19:26 

2:19:27 2:19:31 2:20:00 2:20:23 2:20:29 

2:21:47 2:21:52 2:22:32 2:22:48 2:23:08 

2:23:17 2:23:28 2:23:46 2:23:48 2:23:57 

2:24:04 2:24:12 2:24:15 2:24:24 2:24:29 

2:24:45 2:25:18 2:25:34 2:25:56 2:26:10 

2:26:22 2:26:51 2:27:14 2:2723 2:27:37 

The data can be arranged into a grouped frequency table as follows. 

Group Frequency 

2:05:00 < t < 2:10:00 4 

2:10:00 < t < 2:15:00 9 

2:15:00 < t < 2:20:00 9 

2:20:00 < t < 2:25:00 19 

2:25:00 < t < 2:30:00 9       
  

Note that, as with discrete data, the groups do not overlap. However, as the data is 
continuous, the groups are written using inequalities. The first group includes all 

times from 2 h 5 min up to but not including 2 h 10 min.
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With continuous data, the upper and lower bound of each group are the 

numbers written as the limits of the group. In the example above, for the group 
2:05:00 = t < 2:10:00, the lower bound is 2:05:00; the upper bound is considered 
to be 2:10:00 despite it not actually being included in the inequality. 

Frequency histograms for grouped data 
A trequency histogram displays the frequency of either continuous or grouped 

discrete data in the form of bars. There are several important features of a frequency 

histogram for grouped data. 

B The bars touch. 

B The horizontal axis is labelled with a scale. 

B The bars can be of varying width. (Note: In this course, the width of all bars 

will be constant). 
B The frequency of the data is represented by the area of the bar and not the 

height. (Note: In the case of bars of equal width, the area is directly 

proportional to the height of the bar and so the height is usually used as the 

measure of frequency.) 

  GRS CL M | he table shows the marks out 

  

  

  

  

  

  

  

of 100 in a mathematics exam Test marks Frequency 

for a class of 32 students. 1-10 0 

Draw a histogram representing 11-20 0 

this data. 21-30 1 

31-40 2z 

41-50 5 

51-60 8 
  

oy
 

—
 4 ] 

=l
 

  

  

          

  

  

  
  

  

  

  

  

  

71-80 b 

81-90 2 

91-100 1 

All the class intervals are the same. !:”l1 

As a result the bars of the histogram 8 

will all be of equal width, and the 
7 

frequency can be plotted on the > 

vertical axis. The histogram is shown.  § b 

Note that the upper and lower bounds fi' 5 b 

are used to draw the bars. L 4 

3 

2 

.1 
                          - 

0 10 20 30 40 50 60 70 80 90 100 

Test score
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B Exercise 2.3.2 

1 The table shows the distances travelled to school by a class of 30 students. 
  

  

  

  

  

  

  

  

  

Distance (km) Frequency 

0=d<1 8 

l<=d<2 5 

2=d<3 6 

3I=sd<4 3 

4=d<5 4 

b=<d<6 2 

b=d<7 1 

7=d<8 1       
  

Draw this information on a histogram. 

2 The heights of students in a class were measured. The results are shown in 

  

  

  

  

  

  

  

  

  

the table. 

Height (cm) Frequency 

145- 1 

150~ 2 

155- 4 

160~ 7 

165- 6 

170~ 3 

175- 2 

180-185 1         
Draw a histogram to represent this data. 

Note: In the context this question, 145— means the height (h) falls within the 

range 145 < h < 150,
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2.4 Cumulative frequency 
A cumulative frequency graph is particularly useful when trying to calculate the 
median (the middle value) of a large set of grouped discrete data or continuous data, 

or when trying to establish how consistent a set of results are. Calculating the 

cumulative frequency is done by adding up the frequencies as we go along. 

The duration of two different brands of battery, A and B, is tested. Fifty batteries of 

each type are randomly selected and tested in the same way. The duration of each 
battery is then recorded. The results of the tests are shown in the table below. 
  

  

  

  

  

  

  

        
  

  

  

  

  

  

  

  

    

Type A: duration (h) Frequency Cumulative frequency 

0=t<5 3 3 

5 =<t< 10 5 8 

10=t< 15 8 16 

15 =t<20 10 26 

20=t< 25 12 38 

25 =1t < 30 7 45 

30 =t< 35 5 50 

Type B: duration (h) Frequency Cumulative frequency 

D=t<5 1 1 

5 =t<10 1 P 

10=s1t<15 10 12 

15 <t< 20 23 35 

20=t< 25 S 44 

25 =t< 30 4 48 

30=st< 35 2 50       
  

a Plot a cumulative frequency curve for each brand of battery. 

b Estimate the median duration for each brand.
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a The points are plotted at the upper boundary of each class interval rather 

than at the middle of the interval. So, for type A, points are plotted at 

(5, 3), (10, 8), etc. The points are joined with a smooth curve which is 

extended to include (0, 0). 

  

           

  

    

A Type A battery A Type B battery 
50 | 50 

&40 & 40 
= = 
@ @ 
= = 

g g 
o 30 % 301 g 2 
L A 
= : - . 

520t : 5 20[ : 
o : O : 

10 | ; 10+ E 

] ] ] :I ] ] I}__ ] ] : ] ] ] Ih"‘ 

O 5 1015 20 25 30 3 O 5 10 15 20 25 30 35 

Duration (h) Duration (h}) 

Both cumulative frequency curves are plotted above. 

b The median value is the value which occurs half-way up the cumulative 

frequency axis. This is shown with broken lines on the graphs. Therefore: 

median for type A batteries = 19 h 

median for type B batteries = 18 h 

This tells us that, on average, batteries of type A last longer (19 hours) 

than batteries of type B (18 hours). 

Graphing software can produce a cumulative frequency curve and help with 

calculating the median value. 

The example on the next page takes the data for battery A above.
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Autograph 

Select to produce a statistics page. e 

3 to enter the grouped data e 

properties as shown. Click ‘OK". e M 

I-:::m- (s (x, 1) Tuble 

Click on the cumulative frequency graph 

icon |£ == 

Ensure ‘cumulative frequency’ and ‘curve / 

fit" are selected. | ,,,f/ 

Click “OK’. <t 

To change the scale on the axes use |£ ; 

To calculate the median, click on the e S T 

‘cumulative OssrDefred  Fyole N 

frequency diagram measurement’ icon Lignal) et 

tA4 and select ‘Median’. Click "OK’". 

A horizontal line is drawn at the middle 

value on the cumulative frequency axis. i 

A vertical line can be dragged at its base 

until it intersects the horizontal line on 
o 

the curve. —t 1| 

The median result is shown at the base 

of the screen.   Cumiiatieg Freguency Disgram Messuremnent: x=1957, F=25 

  

GeoGebra 
    At present GeoGebra does not have a cumulative frequency graphing 

facility.    
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Quartiles 

The cumulative frequency axis can also be represented in terms of percentiles. A 

percentile divides the cumulative frequency scale into hundredths. The maximum 

value of cumulative frequency is found at the 100th percentile. Similarly the 

median, being the middle value, is also known as the 50th percentile. 

In addition to these, the cumulative frequency scale can be divided into quarters. 

The 25th percentile is known as the lower quartile (Q,), whilst the 75th percentile 
is the upper quartile (Q,). 

Graphing software can also be used to calculate the upper and lower quartiles. 

  

Autograph 
  

‘LQ(25%)’. Click "OK". 

base of the screen.   

Enter the data for battery A and produce 

the cumulative frequency graph as 

shown on the previous page. 

To calculate each of the quartiles, click 

on the ‘cumulative frequency diagram 

measurement’ icon £ and select 

A horizontal line is drawn at the lower 

guartile value on the cumulative 

frequency axis. A vertical line can be 

dragged at its base until it intersects the 

horizontal line on the curve. 

The lower quartile result is shown at the 

The above procedure can be repeated 

for the upper quartile.   

SN 

  

IO [(5%) ) Mecian (S0 ) LG {75 

{0 sy e P w e | | L ODET 

| 1 | |_II'I:H | i el iy 

Curriiative Freguency Disgram Measursment’ x=1], Fe125 
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B Exercise 2.4.1 

1 Sixty athletes enter a cross-country race. Their finishing times are recorded and 

are shown in the table below. 

  

Finishing time (h) 0- 0.5- 1.0- 1.5 2.0~ 25- | 3.0-35 
  

Frequency 0 0 6 34 16 3 1 
  

Cumulative freq.                     

a Copy the table and calculate the values for the cumulative frequency. 

b Draw a cumulative frequency curve of the results. 
¢ Show how your graph could be used to find the approximate median 

finishing time. 

d What does the median value tell us? 

2 Three mathematics groups take the same test in preparation for their final exam. 

Their raw scores are shown below. 

Group A 12, 21, 24, 30, 33, 36, 42, 45, 53, 53, 57, 59, 61, 62, 74, 88, 92, 93 
Group B 48, 53, 54, 59, 61, 62, 67, 18, 85, 96, 98, 99 
Group C 10, 22, 36, 42, 44, 68, 72, 14, 75, 83, 86, 89, 93, 96, 97, 99, 99 

a Using the class intervals 0 = x < 20, 20 = x < 40 etc., draw a grouped 
frequency table and cumulative frequency table for each group. 

b Draw a cumulative frequency curve for each group. 

¢ Show how your graph could be used to find the median score for each group. 

d What does the median value tell us? 

e From your graph, estimate the upper and lower quartile for each group. 

3 The table below shows the heights of students in a class over a three-year period. 

  

  

  

  

  

  

  

          

Height (m) Frequency 2010 Frequency 2011 Frequency 2012 

150 = h < 155 6 2 2 

155 = h < 160 8 9 6 

160 = h < 165 1 10 9 

165 < h< 170 4 4 8 

170 = h< 175 1 3 2 

175 = h < 180 0 2 2 

180 = h < 185 0 0 1 
  

a Construct a cumulative frequency table for each year. 

b Draw the cumulative frequency curve for each year. 

¢ Show how your graph could be used to find the median height for each year. 

d What does the median value tell us? 
e From your graph, estimate the upper and lower quartile height for each year. 

f Comment on your results in part e above. 

 



86 DESCRIPTIVE STATISTICS 
  

Worked example 

  

Box and whisker diagrams 
So far we have seen how cumulative frequency curves enable us to make estimes of 

the medium and quartiles of grouped data. 

Box and whisker diagrams (also known as box and whisker plots or box plots) 

provide another visual way of representing data. The diagram below demonstrates what 

a ‘typical’ box and whisker diagram looks like and also highlights its main features. 

—I 
Minimum  Q, Q, Q, Maximum 

value value 

  

The box and whisker diagram shows all the main features of the data, i.e. the 

minimum and maximum values, the upper and lower quartiles and the median. The 

box represents the middle 50% of the data (the interquartile range) and the 

whiskers represent the whole of the data (the range). 

n+1 

2 
represents the number of values. Similarly the position of the lower quartile can be 

calculated using the formula = -!4' . and the upper quartile by the formula Sffl: l}+ 

For discrete data, the median position is given by the formula , where n   

    

The shoe sizes of 15 boys and 15 girls from the same class are recorded in the 

frequency table below. 

  

Shoe size 5 B 6 63 7 15 8 83 9 S 
  

Frequency (boys) 0 0 1 2 1 2 3 4 1 1 
  

      Frequency (girls) 1 3 4 4 1 1 1 0 0 0                   
  

a Calculate the lower quartile, median and upper quartile shoe sizes for the 

boys and girls in the class. 

b Compare this data using two box and whisker diagrams (one for boys and 

one for girls). 

¢ What conclusions can be drawn from the box and whisker diagrams? 

  

  

3 T S b 15; L_ 4h le.q =1 

Median boy = 15; L _ 8th ey B 

Ukinet tiiisileboy = @ = 12th e q, =81 

Lower quartile girl is the 4th ie. q = 5% 
Medisin il i thie 8l le.q, =6 
Upper quartile girl is the 12th e q; = 6%
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b For box and whisker diagrams it is necessary to know the maximum and 

minimum values. 
vy g h T 1 

Minimum boy shoe size is 6, maximum boy shoe size is 95. 

Minimum girl shoe size is 5, maximum girl shoe size is 8. 

A 
Girls 

— TH 
[ - r -+ +r 1 1+ ;11 

5 51 6 65 7 72 8 8 9 9] 

  

        - 

Note: There is no scale 

on the y-axis as it is not 

relevant in a box and 

whisker diagram. 

Consequently, the 

height of a box does not 

have a particular value. 

¢ W The overall range of data is greater for boys than it is for girls. 

B The middle 50% of girls have a narrower spread of shoe size than the 

middle 50% of boys. 

A GDC can also produce a box and whisker diagram. The instructions that follow 

are for the boys' data above, 

  

Casio 
  

SET LP M.t 

m to select the stat. mode. 

Enter the shoe sizes in List 1 and the boy’s frequency in List 2. 
Trace 

- to select the graphing option. 

é to set the graph type and identify 

the source of the data, i.e. a ‘'MedBox’ with data taken from 

List 1 and frequency from List 2 @ . 

Trace 

=, to select Graph 1. 

to obtain the minimum, lower 

qguartile, median, upper quartile 

and maximum values. 

Trace 

  

  

Li3t LSt 2 L5t LSt N 
EUE| SHOE | E FRE 
    

      =
 

U
 

T 

  
  

  

rar edBo 
slList tlistl] 
Fresuency :List2 
Outliers :0ff 

yYPe - X 

[GFH1 [GFHZ [GFA3 
  

  

StatGrarhl 

—s [ —     Gl =1 
    

    Note: Although a y-axis scale needs to be entered, it has no effect on the shape of the 

box and whisker diagram. 
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Texas 

Lis L1 Le Lz 1 

m to enter the data into lists. 'Es- % ...... 

Enter the boy’s shoe size into List 1 and the frequency in List 2. E‘E % 

B.E Y 
p— STAT FLOT 1y o 1 

) n to select the type of graph and its "SI Flotz Flots 
Off 

properties, i.e. turn Plot 1 on, choose the box and whisker HFel Ifi.. I::;.; @ 

plot graph and ensure that data is taken from L1 and its ¥list:iLs 

frequency from L2 as shown. Frea:Lz0 

= WTTNOOL 
ot : AM1N=3 _J todetermine the scale of the axes. mane=10 

Ascl=1 
. ymin=eg 

« ) to graph the box and whisker diagram. figg’f;i 
Ares=1 

\ ; ",l .g. to obtain the minimum, lower quartile, — T 

Pi:L1LE I 
median, upper quartile and maximum values. 

|l'|-t-:|=fl . . . . ‘       

  

Note: Although a y-axis scale needs to be entered, it has no effect on the shape of the 

box and whisker diagram.       

B Exercise 2.4.2 

Using a GDC or otherwise, answer the following questions. 

1 A football team records, over 20 matches, the number of goals it scored and the 

number of goals it let in in each match. The results are shown in the table below. 

  

  

  

Number of goals 0 1 2 3 4 5 

Frequency of goals scored 6 9 3 1 0 1 

Frequency of goals let in 3 3 8 3 3 0                 
  

a For goals scored and goals let in, find: 

i) the mean 

ii) the median 

iii) the lower quartile 

iv) the upper quartile, 

b Using the same scale, draw box and whisker diagrams to represent the data. 
¢ Write a brief report about what the box and whisker diagrams tell you 

about the team's results.
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2 Two competing holiday resorts record the number of hours of sunshine they have 

each day during the month of August. The results are shown below., 

  

  

  

Hours of sunshine 4 6 8 9 10 11 12 

Resort A 1 3 5 4 4 4 3 

Resort B 0 0 12 10 5 0 0                       
  

a For each resort find the number of hours of sunshine represented by: 

i) the mean 

i1) the median 

iii) the lower quartile 

iv) the upper quartile. 

b Using the same scale, draw box and whisker diagrams to represent the data. 

¢ Based on the data and referring to your box and whisker diagrams, explain 

which resort you would choose to go to for a beach holiday in August. 

3 A teacher decides to tackle the problem of students arriving late to his class. To 

do this, he records how late they are to the nearest minute. His results are shown 

in the table below. 

  

Number of minutes late 0 1 2 3 4 5 6 7 8 9 10 
  

          Number of students b 4 4 5 Z 3 1 0 0 0 0                 
  

After two weeks of trying to improve the situation, he records a new set of 

results. These are shown below. 

  

Number of minutes late 0 1 2 3 4 5 & 7 8 9 |10 
  

    Number of students 14| 7 4 1 1 1 0 0 1 0 1                       
  

The teacher decides to analyze these sets of data using box and whisker diagrams. 

By carrying out any necessary calculations and drawing the relevant box and 

whisker diagrams, decide whether his strategy has improved student punctuality. 

Give detailed reasons for your answer, 

2.5 Measures of central tendency 
‘Average’ is a word which, in general use, is taken to mean somewhere in the 

middle. For example, a woman may describe herself as being of average height. A 

student may think that he or she is of average ability in maths. Mathematics is 

more precise and uses three main methods to measure average. 

B The mode is the value occurring most often. 

B The median is the middle value when all the data is arranged in order of size. 

B The mean is found by adding together all the values of the data and then 

dividing the total by the number of data values.
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Worked example 

  

The numbers below represent the number of goals scored by a team in the first 15 

matches of the season. Find the mean, median and mode of the goals. 

1024121125501123 

1+0+2+4+1+2+1+1+2+5+5+0+1+2+3 

15 - 

Arranging all the data in order and then picking out the middle number gives the 

mediann 001111122223455 

The mode is the number that appears most often. Therefore the mode is 1. 

2   Mean = 

Note: If there is an even number of data values, then there will not be one middle 

number, but a middle pair. The median is calculated by working out the mean of 

the middle pair. 

Your GDC is also capable of calculating the mean and median of this set of data. 

  

Casio 
  

  

SETUP Mt i 

m to select the stat. mode. 
    

   

  

grarirrres MALN MENU 7z 
RUN-MATERGREN & ACT |S-SHT 

LS e 
At Wil e 
gy, 

    

   

  

      

  

  

  

  

        

Enter the data in List 1. List 1| LSt 2| LSt 3] LSt 
SUE 

Zoom _ il.' = 
¢=h to access the calculations menu. - 

; u u 
1 

G—T GRPHACALCATES TATNTRADIST I 
  @ to check the setup. 

The data has 1 variable (hnumber of goals), - A R 
_— ZUar YList :List? 

it is in List 1 and each value should be 50ar Frea 1 

counted once. 

  

lvar AL1SL iL1SL1 

  

  

  

  

  

M1 

@ 1-Variable 
x = 

— icti i EEE gfgsqemsza =1 to perform the statistical calculations. || zén =1.94319333 
" =15 + 

The following screen summarizes the 

results of many calculations. 1-Variable B o : 
The screen can be scrolled to reveal further ||[559 Z% 

% =% results. Mod =1 i     
    

  

Note: The mean is given by x and the median by '"Med’. 

The lower quartile, q,, and upper quartile, g,, are also displayed on 

this screen, as Q1 and Q3 respectively.     
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Texas 
  

m to enter the data into lists. 

Enter the data in List 1. 

STAT I I 
- to select the ‘Calc” menu. 

m followed by m to perform 

statistical calculations on the 1-variable data 

in List 1. 

9 
The following screen summarizes the results 

of many calculations. 

The screen can be scrolled to reveal further 

results. 
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m
 DIT TESTS 

—Jar Stats 
=Var Stats 
ed=Med 
inEeg{ax+b) 

: QuadReg 
ubicked 

B 
I
R
 

W
 
k
e
 

  

  

1-Var Stats L10 

  

  

1-Yar Stats 

  

          
  

this screen, as Q, and Q, respectively.   Note: The mean is given by x and the median by ‘Med’. 

The lower quartile, q,, and upper quartile, q,, are also displayed on   
  

B Exercise 2.5.1 

1 Find the mean, median and mode for each set of data. 
a The number of goals scored by a hockey team in each of 15 matches 

1024011125301 22 
b The total scores when two dice are rolled 

1453732886871 6511l8 7387865 

¢ The number of students present in a class over a three-week period 

182425 28 23 28 271 26 21 15 28 I8 18 21625 
d An athlete’s training times (seconds) for the 100 metres 

14.0 143 14.1 143 14.2 14.0 139 13.8 
139 13.8 13.8 13.7 13.8 13.8 138 

2 The mean mass of the 11 players in a football team is 80.3 kg. The mean mass of 

the team plus a substitute is 81.2 kg. Calculate the mass of the substitute.
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Worked example 

  

3 After eight matches a baskethall player had scored a mean of 27 points. After 

three more matches his mean was 29. Calculate the total number of points he 

scored in the last three games. 

Large amounts of data 
When there are only three values in a set of data, the median value is given by the 

second value, i.e. 1 (2) 3. 

When there are four values in a set of data, the median value is given by the 

mean of the second and third values, i.e 1 @ 4, 

When there are five values in a set of data, the median value is given by the third 

value. 

If this pattern is continued, it can be deduced that for n sets of data, the median 
n+1 

value is given by the value at 5— This is useful when finding the median of large   

sets of data. 

The shoe sizes of 49 people are recorded in the table below. Calculate the median, 

mean and modal shoe size. 

  

Shoe size 3 33 4 45 5 57 6 63 7 
  

Frequency 2 4 5 9 8 6 6 5 4                         
As there are 49 data values, the median value is the 25th value. We can use the 

cumulative frequency to identify which class this falls within. 

  

Shoe size 3 [ 33| 4 | 4|5 |55 | 6|6 7 
  

Cumulative frequency 2 6 11 20 28 34 40 45 49                         
The median occurs within shoe size 5. So the median shoe size is 5. 

To calculate the mean of a large data set, we use the formula 

  

  

  

  

                      

_ I 
= where n = 3 f and 3 fx means the sum of the product of f and x. 

Shoe size, x 33 | 4 | a5 | 5 | 55| 6 | 68| 7 

Frequency, 4 5 9 8 6 6 5 4 

x 14 20 1405 | 40 33 36 | 325 | 28 

Mean shoe size = % = 510 

Note: The mean value is not necessarily a data value which appears in the set or a 

real shoe size. 

The modal shoe size is 4l 

 



  

  

  

  

  

  

  

  

        

  

Measures of central tendency 93 

These calculations can also be carried out on your GDC., 

Casio 

SET UP Mat 

mmu . to select the stat. mode. ol it st 2luse 3 use u 
I e 

Enter the shoe sizes in List 1 and their g "3 2 
; - u U.S 5 

frequency in List 2. 3 
(GRPHACALCATESTAINTRADIS T I 

Zoom ] 

(o, to access the calculations menu. 

1Uar XList :Listl GeT 

fi to check the setup. 
— 

The data has one variable (shoe size), it is 

in List 1 and its frequency is in List 2. 

A 

  

Trace 

7 to perform the statistical 

calculations. 

The screen summarizes the results of 

many calculations and can be scrolled to 

reveal further results. 

  

          ar 15 
2Uar YList 
2Uar Frea       

is 
%ist? 

M1 NP     

  

  

-Uar ble 
513294331 

= 

| an H S
 

3 L& 

i
n
m
n
n
 
I
I
 

    

  

  

1-Variable 
minK =3 T 
21 =4.,5 
Med =95 
& =6 

='f 
=4.3 +         
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Texas 

H m to enter the data into lists. 
L1 Lz Lz 1 
| | . - 

Enter the shoe size in List 1 and the 35 d 

frequency in List 2. & | 
5.5 G 
& & 

LI =3 

H o SEIE'Ct thE‘ r'::EII'El EDIT TESTS 

. . %—Uarfl 5%5%5 
s L=var aLs menu. £t fiadMed 

d:LinkReqiax+bh) 
28 Huadkeg 
BilubicReg 

1-Var Stats L1sL 
z 

m followed by I-Var Stats 
¥=5.,182648216 

$5221 334 . s e 

o] |wleo — ax=1.89255174 
to perform statistical +h=43 

calculations on the 1-variable data in List | | $reqg - 2%= 
1 with frequency in List 2. E}Q*% 

Med= 
Fz= 

fl _maxH=F‘ 

The screen summarizes the results of 

many calculations and can be scrolled to 

reveal further results.       
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B Exercise 2.5.2 

1 An ordinary dice was rolled 60 times. The results are shown in the table below. 

Calculate the mean, median and mode of the scores. 

  

Score 1 Z 3 4 6 
  

Frequency 12 | 11 12 7 10                 
  

2 Two dice were rolled 100 times. Each time their combined score was recorded. 

Below is a table of the results. Calculate the mean, median and mode of the 

  

  

SCOTes. 

Score 2 3 4 5 6 7 8 9 10 | 11 | 12 

Frequency 5 6 7 9 4116 112 | N 9 7 3                           
  

3 Sixty flowering bushes are planted. At their flowering peak, the number of flowers 

per bush is counted and recorded. The results are shown in the table below, 

  

Flowers per bush 0 1 2 3 4 5 6 7 8 
  

Frequency 0 0 0 6 4 & 10 | 16 | 18                       
  

a Calculate the mean, median and mode of the number of flowers per bush. 

b Which of the mean, median and mode would be most useful when 

advertising the bush to potential buyers! 

Mean and mode for grouped data 
As has already been described, sometimes it is more useful to group data, particularly 

if the range of values is very laree. However, by grouping data, some accuracy is lost. 

The results below are the distances (to the nearest metre) run by twenty students 

in one minute. 

256 271 271 274 275 276 276 2771 279 280 
281 282 184 1286 187 288 196 300 303 308 

  

Table 1: Class interval of 5 

  

  

                            
  

  

  

Group 250- | 255- | 260- | 265- | 270- | 275- | 280- | 285- | 290- | 295- | 300- | 305- 

254 259 264 269 274 279 284 289 294 299 304 309 

Frequency 0 1 0 0 3 5 4 3 0 1 2 1 

Table 2: Class interval of 10 

Group 250-259 | 260-269 | 270-279 | 280-289 | 290-299 | 300-309 

Frequency 0 8 ¥ 3                 
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Table 3: Class interval of 20 

  

Group 250-265 270-2859 290-309 

  

Frequency 1 15             

The three tables above highlight the effects of different group sizes. Table 1 is 

perhaps too detailed, whilst in Table 3 the group sizes are too big and consequently 

most of the results fall into one group. Table 2 is the most useful in that the spread 

of the results is still clear, although detail is still lost. In the 270-279 group we can 

see that there are eight students, but without the raw data we would not know 

where in the group they lie. 

To find the mean of grouped data we assume that all the data within a group 

takes the mid-interval value. 

e 
n 

o — 

where xis the estimated mean, x is the mid-interval value and n = Xf. 

  

  

  

  

    

                  

Group 250-259 | 260-269 | 270-279 | 28B0-289 | 290-299 | 300-3209 

Mid-interval value, x 2545 264.5 2745 284.5 2945 3045 

Frequency, f 1 0 8 7 1 3 

fx 254.5 0 2196 1991.5 2945 813.5 

: 5650 
Estimated mean = 0 = 282.5 

The estimate of mean distance run is 282.5 metres. 

The modal group is 270-279. 

The GDC can work out the mean, median and quartiles of grouped data. The 

mid-interval value should be entered in List 1 and the frequency in List 2. Then 

proceed as before., 

Exercise 2.5.3 

1 A pet shop has 100 tanks containing fish. The number of fish in each tank is 

recorded in the table below. 

  

Number of fish Q-5 10-19 | 20-29 | 30-39 | 40-49 
  

12 24 42 15               Fregquency 7 
  

a Calculate an estimate for the mean number of fish in each tank. 

b Write down the modal group size.
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2 A school has 148 Year 12 students studying Mathematics. Their percentage 

scores in their Mathematics mock exam are recorded in the grouped frequency 

table below. 

  

% Score 09 |10-19| 20-29 | 30-39 | 40-49 | 50-59 | 60-69 | 70-79 | 80-89 | 90-99 
  

Frequency 3 2 4 6 8 36 47 28 10 4                         
  

a Calculate an estimate of the mean percentage score for the mock exam. 

b What was the modal group score? 

3 A stationmaster records how many minutes late each train is to the nearest 

minute. The table of results is given below. 

  

No. of minutes late 04 59 10-14 | 15-19 | 20-24 | 25-29 
  

          Frequency 16 9 3 1 0 1       
  

a Calculate an estimate for the mean number of minutes late a train is. 

b What is the modal number of minutes late? 

¢ The stationmaster’s report concludes: “Trains are, on average, less than five 

minutes late’. Comment on this conclusion. 

Measures of dispersion 

  

Range and the interquartile range 
The range of a distribution is found by subtracting the lowest value from the highest 

value. Sometimes this will give a useful result, but often it will not. A better measure 

of dispersion is given by looking at the spread of the middle half of the results, i.e. 

the difference between the upper and lower quartiles. This result is known as the 

interquartile range. 

    

A Key: 
100 - g, Lower quartile 

§ d, Median 

3 e o d, Upper quartile 

g | 
e | 

- i 
9 o 

S e G 
o - 

A1 929, 

Interquartile range
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Consider again the two types of batteries A and B discussed earlier (page 81). 

a Using the graphs, estimate the upper and lower quartiles for each battery. 

b Calculate the interquartile range for each type of battery. 

¢ Based on these results, how might the manufacturers advertise the two types of 

battery? 

A Type A battery Type B battery 
50_ S | 
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12 B ssenenns i 12 §srmmmmnnns 
10[- - 10 , 

| | i | i | | | - i | : | | | - 

0 5 10 15 20 25 30 35 0 5 10 15 20 25 30 35 

Duration (h) Duration (h) 

a Lower quartile of type A = 13 h Lower quartile of type B= 15h 

Upper quartile of type A = 25 h Upper quartile of type B= 21 h 

b Interquartile range of type A = 12 h Interquartile range of type B=6h 

¢ Type A: on ‘average’ the longer-lasting battery 

Type B: the more reliable battery 

Exercise 2.6.1 

1 Forty boys enter for a school javelin competition. The distances thrown are 

recorded below. 

  

Distance thrown (m) 0- 20~ 40— 60— 80-100 
  

Frequency 4 9 15 10 2                 
a Construct a cumulative frequency table for the above results. 

b Draw a cumulative frequency curve. 

¢ Calculate the median distance thrown. 

d Calculate the interquartile range of the throws. 

e If the top 20% of boys are considered for the final, estimate (using the 

graph) the qualitying distance.
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2 The masses of two different types of oranges are compared. Eighty oranges are 

randomly selected from each type and weighed. The results are shown below. 

  

  

  

  

  

  

  

  

          

Type A Type B 

Mass (g) Frequency Mass (g) Frequency 

75— 4 75— 0 

100- 7 100- 16 

125- 15 125~ 43 

150- 32 150- 10 

175- 14 Lis= 7 

200- B 200~ 4 

225-250 2 225-250 0       

L
T
 

R 

i) the lower quartile 

ii) the upper quartile 

ii1) the interquartile range 

for each type of orange. 

e Worite a brief report comparing the two types of orange. 

Construct a cumulative frequency table for each type of orange. 

Draw a cumulative frequency graph for each type of orange. 

Calculate the median mass for each type of orange. 

Using your graphs estimate: 

3 Two competing brands of battery are compared. A hundred batteries of each 

brand are tested and the duration of each is recorded. The results of the tests are 

shown in the cumulative frequency graphs below. 

  

  

  

  

              

A Brand X 

100 5 / 
o 2 80 

3 
80 

S 
S 40 
e 
o | 

O 2 

- 

0 10 20 30 40 

Duration (h) 

  

  

  

  

              

A Brand Y 

100 a. f_“ 

T $ gp 
8 

B0 
S 
S 40 

: | = 

O 29 

*/q/ P 

0 10 20 30 40 

Duration (h) 

a The manufacturers of brand X claim that on average their batteries will last 

at least 40% longer than those of brand Y. Showing your method clearly, 

deduce whether this claim is true. 

b The manufacturers of brand X also claim that their batteries are more 

reliable than those of brand Y. Is this claim true! Show your working clearly.
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Standard deviation 

The standard deviation of data is a measure of dispersion that does take into account 

all of the data. It gives an average measure of difference (or deviation) from the 

mean of the data. The larger the value of the standard deviation, the more widely 

spread or dispersed the data is. 

For example: 

The ages of two groups of people are given below. 

Group 1 2 6 10 16 16 22 26 30 

Group 2 2 16 16 16 16 16 16 30 

The mean, median, mode and range of the data are: 

  

  

  

Mean Median Mode Range 

Group 1 16 16 16 28 

Group 2 16 16 16 28 
  

These measures suggest that the data is the same, or at least very similar. However, 

if we look at the deviation from the mean, we will find that they are not. 

D (x—%)2 
The tormula for the standard deviation of a set of data is given by s_ = — 

where s_is the standard deviation 

x is each of the data values 

x is the mean of the data 

n is the number of data values. 

The standard deviation of the ages of each group can be calculated as follows: 

  

  

  

  

  

  

  

  

  

  

  

  

    

  

                      

i 
i 
i 
g 
i 
i 
i 
0 
1 
i 
0 
0 
0 
g 
i 
i 

Group1 Xx=16,n=8 Group2 X=16,n=8 : 

x| -5 (x - X)2 x |-5) (x - X)2 ! 
2z -14 196 2 -14 196 : 

6 =10 100 16 0 0 1 
i 

10 -G 36 16 0 0 1 
i 

16 0 0 16 0 0 1 
i 

16 0 0 16 0 0 1 
i 

22 b 36 16 0 0 I 
i 

26 10 100 16 0 0 1 

30 14 196 30 14 196 : 

0 
2ix—x)? =664 2x—XP2 = 392 1 

i 
s . 1 

2x =X _ o 26 =% _ 49 : 
n n I 

g 
AP SR 

20 = X2 _ g1 2 — %2 _, | 
n n I 

0 
i
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From the results it can be seen that the standard deviation for group 1 is greater 

than that for group 2. This implies that the data is more spread out. 

The formula given above for the standard deviation can be cumbersome as the mean 

value has to be subtracted from each data value. A more efficient formula for the 

[ > 
standard deviation is s, = ET — x2, With this formula the mean of the data is 

squared and subtracted only once. 

Your GDC can also calculate the standard deviation of data. The instructions 

below relate to the data for group 1 above, 

  

Casio 
  

SET UP Mat 

@ to select the stat. mode. 

Enter the data in List 1. 

  

Zoom 

= to access the calculations menu. 

G=T 

m to check the setup. 

The data has 1 variable (age), it is in List 1 

and each data value is to be counted once. 

S 
Trace 

1 to perform the statistical calculations. 

The screen summarizes the results of many 

calculations and can be scrolled to reveal 

further results. 

  

SUE] GROUF | 
List | JLidt 2]Lidt FILSt N 
  

    

2 
(GRPHACALCITESTIINTRADIST IS 

      
  

  

lUar KList ilListl            
ar 15 

Var Ylisl 
1L1S 

iList 
2Var Fres 11 

1 

  

  

  ;anri? le 

v = 
x? =2712 

x0P =9.%§H4335? 
X0 =i -3. 246317 
n =       

    Note: The calculator gives two types of standard deviation, xo_and 

xo__,. The standard deviation you will need on this course is xo_.   
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Texas 

iy L1 | B L= 1 

m to enter the data into lists. E:._ ____________ 
‘ 

Enter the data in List 1. ; 
1     
  

-
 

. 

(=1 
  

  

  

ED:{T LTESTS 
STAT =var daLs 

! . = 2=Var Stats . to select the ‘Calc’ menu. £ fiotiHed 
g:blnfifigéax+h) 

H EFE = 

6:CubicRed 
  

    m followed by m to perform 1-var Stats L1   
  

statistical calculations on the 1-variable data 

in List 1.   

1-Var Stats 
¥x=2 
Zx=38 
TyE= 

l 

The screen summarizes the results of many Loxa " 

calculations and can be scrolled to reveal     
  

further results.   
  

Note: The calculator gives two types of standard deviation, s, and o,. 

The standard deviation you will need on this course is o, .     
  

You will notice that there appears to be different notation used for the standard 

deviation. It is important therefore for you to be familiar with the notation that 

your calculator uses and also what this course uses. 

When the data is given in a frequency table, the formula for the standard 

s =XE 

deviation of a set of data is given by s = , | MTI)
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T wm A certain type of matchbox claims to contain 50 matches in each box. A sample of 
60 boxes produced the following results. 

  

  

  

  

  

  

  

  

  

Number of matches, x Frequency, f fx (x — x) (x — x)2 flx — x)x2 

43 3 144 —2.05 4.2025 12.6075 

49 11 539 —1.05 1.1025 12.1275 

50 28 1400 —0.05 0.0025 0.07 

51 16 816 0.95 0.9025 14.44 

52 2 104 1.95 3.8025 7.605 

Total 60 3003 48.85 

Calculate: 

a the mean 

b the standard deviation. 

[ Zf (x — %) 46.85 
b Sn = E—f = T o 0884 

B Exercise 2.6.2 

Using a GDC or otherwise, calculate: 

i) the mean 

ii) the range 

iii) the interquartile range 

iv) the standard deviation 

for the data given in questions 1—4. 

1aé6238717598924 
b 72, 84, 83, 81, 69, 77, 85, 79 
¢ 1.6,29,3.7,55,4.2,39, 2.8,45,4.2,5.1,3.9 

2 The number of goals a hockey team scores during each match in a season 

  

Number of goals 0 1 2 3 4 5 6 
  

Frequency 3 8 1 7 4 2 1                     
3 The number of shots in a round for each player in a golf tournament 

  

Number of shots 66 | 67 | 6B | 69 | 70 | 71 72 | 73 | 74 
  

Frequency 1 2 1 4 11 17 43 18 3                       
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4 The number of letters posted to 50 houses in a street 

  

  

                    

  

  

  

  

Number of letters 0 1 2 3 4 5 6 

Frequency 5 8 12 8 7 8 2 

5 The results for a series of experiments are given below. 

Experiment 1 2 3 4 5 6 7 8 9 10 

Result 6.2 | 6.1 | 63 | 63|67 |61 |62]|63]|61]59 

Experiment 11 12 13 14 15 16 ' 18 19 | 20 

Result O |62 | 61|63 ]|60]61]62]|63]8%61                         

The result for experiment 20 is obscured. However it is known that the mean (x) 
for all 20 experiments is 6.2. 

Calculate: 

a the value of the 20th result 

b the standard deviation of all the results. 

B Student assessment 1 

1 State which of the following types of data are 

discrete and which are continuous. 

d 

b 
C 

The number of goals scored in a hockey 

match 

The price of a kilogram of carrots 

The speed of a car 

The number of cars passing the school gate 

each hour 

The time taken to travel to school each 

morning 

The wingspan of buttertlies 

The height of buildings 

2 Four hundred students sit their mathematics 

3 Eight hundred students sit an exam. Their marks 

(as percentages) are shown in the table opposite. 

IGCSE exam. Their marks (as percentages) are 

shown in the table below. 
  

  

  

  

  

  

  

        

Mark (%) | Frequency | Cumulative frequency 

3140 21 

41-50 55 

51-60 125 

61-70 74 

71-80 52 

81-90 45 

91-100 28 
  

a Copy and complete the above table by 

calculating the cumulative frequency. 

b Draw a cumulative frequency curve of the 

results. 

¢ Using the graph, estimate a value for: 

i) the median exam mark 

ii) the upper and lower quartiles 

iii) the interquartile range. 

  

 



  

  

  

  

  

  

  

  

  

  

  

Mark (%) | Frequency | Cumulative frequency 

1-10 10 

11-20 30 

21-30 40 

31-40 50 

41-50 70 

51-60 100 

61-70 240 

71-80 160 

81-90 70 

91-100 30           

a Copy and complete the above table by 

calculating the cumulative frequency. 

b Draw a cumulative frequency curve of the 

results. 

¢ An A grade is awarded to any student 

achieving at or above the upper quartile. 

Using your graph, deduce the minimum mark 

required for an A grade. 

d Any student below the lower quartile is 

considered to have failed the exam. Using 

your graph, identify the minimum mark 

needed so as not to fail the exam. 

e How many students failed the exam? 

f How many students achieved an A grade’ 

A businesswoman travels to work in her car 

each morning in one of two ways; either using 

the country lanes or using the motorway. She 

records the time taken to travel to work each 

day. The results are shown in the table below. 
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a Complete a cumulative frequency table for 

each of the sets of results shown above. 

b Using your cumulative frequency tables, 

plot two cumulative frequency curves — one 

for the time taken to travel to work using 

the motorway, the other for the time taken 

to travel to work using country lanes. 

¢ Use your graph to find the following for 

each method of travel: 

i) the median travelling time 

ii) the upper and lower quartile travelling 

times 

iii) the interquartile range for the travelling 

times. 

d With reference to your graph or 

calculations, describe which is the most 

reliable way for the businesswoman to get 

to work. 

e If she had to get to work one morning 

within 25 minutes of leaving home, which 

way would you recommend she goes! 

Explain your answer fully. 

Two classes take a maths test. One class 

contains students of similar ability; the other is 

a mixed ability class. The results of the tests for 

each class are presented using the box and 

whisker diagrams below. 

  

  

  

  

  

  

  

  

  

    

Time (mins) Motorway Country lanes 

frequency frequency 

1M=<t<I15 3 0 

15<t<20 5 0 

20 <t <25 7 9 

25 <1< 30 2 10 

30=<t<35 1 1 

3I5=<1t<40 1 0 

40 = t < 45 1 0         

  

  

I Iy 
B 

  

Describe clearly, giving your reasons, which of 

the two box and whisker diagrams is likely to 

belong to the mixed ability maths class and 

which is likely to belong to the other maths class.
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B Student assessment 2 

1 Find the mean, median and mode of the 

following sets of data. 

a 45567 
b 63727284 86 

c 3812181824 

d 49387113538 

The mean mass of the 15 players in a rugby 

team is 85 kg. The mean mass of the team plus a 

substitute is 83.5 ke. Calculate the mass of the 

substitute. 

Thirty children were asked about the number of 

pets they had. The results are shown in the 

table below. 

  

Numberof pets | 0 | 1 2 314 |5 ]|6 
  

    Frequency 5 5 3 7 3 1 6                 

a Calculate the mean number of pets per child. 

b Calculate the median number of pets per child. 

¢ Calculate the modal number of pets. 

4 Thirty families live in a street. The number of 

children in each family is given in the table below. 

  

  

  

Number of 0 1 2 3| 4 5 | 6 

children 

Frequency 3 5181|193 0| 2                   

5 

a Calculate the mean number of children 

per family. 

b Calculate the median number of children 

per family. 

¢ Calculate the modal number of children. 

The number of people attending a disco at a 

club’s over 30s evenings are shown below. 

89 94 32 45 57 68 127 138 
23 77 99 47 44 100 106 132 

28 56 59 49 96 103 90 84 
136 38 72 47 58 110 

a Using groups 0—19, 20-39, 40-59, etc., 

draw a grouped frequency table of the above 

data. 

b Using your grouped data, calculate an 

estimate for the mean number of people 

going to the disco each night. 

The number of people attending thirty 

screenings of a film at a local cinema is given 

below., 

21 30 66 71 10 37 24 11 
62 50 27 31 65 12 38 34 
5 34 19 43 70 34 127 18 
52 57 45 25 30 39 

a Using groups 10-19, 20-29, 30-39, etc., 

draw a grouped frequency table of the above 

data. 

b Using your grouped data, calculate an 

estimate for the mean number of people 

attending each screening. 

7 Find the standard deviation of the following set 

of numbers. 

§, 8, 10, 10, 10, 12, 14, 15, 17, 20 

8 A hockey team scores the following number 

of goals in their matches over a season. 

  

  

                
  

Goals scored 0 1 2 3|4 5 

Frequency 4 121 8 |11 ]| 4 1 

Calculate: 

a the mean 

b the range 

¢ the standard deviation.
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Examination questions 

1 120 Mathematics students in a school sat an 

examination. Their scores (given as a 

percentage) were summarized on a cumulative 

frequency diagram. This diagram is given below. 

120 

110 

100 

90 

80 

70 

60 

50 

40 

30 

20 

10 

C
u
m
u
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fr

eq
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DD 10 20 30 40 50 60 70 80 90 100 

Examination score 

a Copy and complete the grouped frequency 

table for the students. [3] 

  

Examination score x (%) Frequency 
  

0=x=20 14 
  

20<x =40 26 
  

40 < x = 60 
  

60 < x = 80 
    80 <x =100     
  

b Write down the mid-interval value of the 

40 < x < 60 interval. [1] 

¢ (Calculate an estimate of the mean 

examination score of the students. [2] 

Paper 1, May 10, Q9 

2 56 students were given a test out of 40 marks. 

The teacher used the following box and whisker 

plot to represent the marks of the students. 

  

0 10 20 30 40 

Marks 

a Write down 

i) the median mark; 

ii) the 75th percentile mark; 

iii) the range of marks. [4] 

b Estimate the number of students who 

achieved a mark greater than 32. [2] 

Paper 1, Nov 10, Q5 

3 The weights of 90 students in a school were 

recorded. The information is displayed in the 

following table. 

  

  

  

  

  

Weight (kg) Number of students 

40 = w< 50 7 

50 = w< 60 28 

B0 = w< 70 35 

70 = w< 80 20       
  

a Write down the mid-interval value for the 

interval 50 < w < 60. [1] 

b Use your graphic display calculator to 

find an estimate for 

i) the mean weight; 

i1) the standard deviation. [3] 

¢ Find the weight that is 3 standard 

deviations below the mean. [Z] 

Paper 1, Nov 10, Q2



Applications, project ideas 

and theory of knowledge 

  

 



    11 Earlier it Was mentioned 

that the GDC gave two 

different types of 

standard deviation. 

nvestigate the difference 

petween the TWO.



   

.%3 Logic, sets and probability 

Syllabus content 
3.1 

3.2 

3.3 

3.4 

3.5 

3.6 

3.7 

Basic concepts of symbolic logic: definition of a proposition; symbolic 

notation of propositions. 

Compound statements: implication, =; equivalence, <; negation, —; 

conjunction, a; disjunction, v; exclusive disjunction, v . 

Translation between verbal statements and symbolic form. 

Truth tables: concepts of logical contradiction and tautology. 

Converse; inverse; contrapositive. 

Logical equivalence. 

Testing the validity of simple arguments through the use of truth tables. 

Basic concepts of set theory: elements x € A; subsets A C B; 

intersection A N B; union A U B; complement A'. 

Venn diagrams and simple applications. 

Sample space: event, A; complementary event, A'. 

Probability of an event. 

Probability of a complementary event. 

Expected value. 

Probability of combined events, mutually exclusive events, 

independent events. 

Use of tree diagrams, Venn diagrams, sample space diagrams and tables 

of outcomes. 

Probability using ‘with replacement’ and ‘without replacement’. 

Conditional probability.



  
Aristotle 384-322 &c 
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Introduction 
If the three areas of logic, sets and probability are looked at from a historical 

perspective, then logic came first. The study of logic developed in China, India 

and Greece, each independently of the other two, in the fourth century BC. 

In the seventeenth century Pascal and others began to study probability. The 

study of sets did not truly begin until around 1900 when Georg Cantor and Richard 

Dedekind began work on the theory of sets. 

  

Georg Cantor 

Logic 
In philosophy, traditional logic began with the Greek philosopher Aristotle. His six 

texts are collectively known as The Organon. Two of them, Prior Analytics and De 
Interpretatione, are the most important for the study of logic. 

The tundamental assumption is that reasoning (logic) is built from propositions. 

A proposition is a statement that can be true or false. It consists of two terms: one 

term (the predicate) is affirmed (true) or denied (false) by the other term (the 

subject): for example 

‘All men [subject] are mortal [predicate].’ 

There are just four kinds of proposition in Aristotle’s theory of logic. 

A type: Universal and affirmative — ‘All men are mortal.’ 

[ type: Particular and affirmative — ‘Some men are philosophers.’ 
E type: Universal and negative — ‘No men are immortal.’ 

O type: Particular and negative — ‘Some men are not philosophers.’ 

This is the fourfold scheme of propositions. The theory is a formal theory 

explaining which combinations of true premises give true conclusions. 

A century later, in China, a contemporary of Confucius, Mozi ‘Father Mo’ 

(430 BC), is credited with founding the Mohist school of philosophy, which 

studied ideas of valid inference and correct conclusions.
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What is logic? 
Logic is a way to describe situations or knowledge that enables us to reason from 

existing knowledge to new conclusions. It is useful in computers and artificial 

intelligence where we need to represent the problems we wish to solve using a 

symbolic language. 

Logic, unlike natural language, is precise and exact. (It is not always easy to 

understand logic, but it is necessary in a computer program.) An example of a 
logical argument is: 

All students are poor. 

I am a student. 

By using logic, it follows that I am poor. 

Note: if the original statement is false, the conclusion is still logical, even though it is 

false, e.g. 

All students are rich. (is not true) 

[ am a student. 

By using logic it follows that I am rich! 

It is not the case that all students are rich but, if it were, I would be rich because | 

am a student. This is why computer programmers talk of ‘Garbage in, garbage out’. 

Logic systems are already in use for such things as the wiring systems of aircraft. 

The Japanese are using logic experiments with robots. 

B Exercise 3.1.1 

1 You have four letters. A letter can be sent sealed or open. Stamps are either 

10 cents or 15 cents. 

A B C D 
  

                  

Unsealed Sealed 

Which envelope must be turned over to test the rule ‘If a letter is sealed, it must 

have a 15 cent stamp'? 

2 You have four cards. 

A letter A=7 is on one side. 

A number 0=9 is on the other side. 

You have these cards: 

      

                      

Which card do you turn over to test the rule ‘If a card has a vowel on one side, 

it must have an even number on the other side'?
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3.2 Sets and logical reasoning 
Symbols used in logic 
There are some symbols that you will need to become familiar with when we study 

logic in more detail. 

The following symbols refer to the relationship between two propositions p 

  

  

  

  

  

  

  

and g. 

Symbol Meaning 

A p and g (conjunction) 

W p or g or both (inclusive disjunction) 

W p or g but not both {exclusive disjunction) 

= If p then g (implication) 

= If b = q and g = p the statements are equivalent, i.e. p < g (equivalence) 

— If pis true, g cannot be true. p — g (negation) 
  

Proposition: 

Compound statement: 

Conjunction: 

Negation: 

A proposition is a stated fact. It may also be called a statement. It can be true or 

false. For example, 

‘Nigeria is in Africa’ is a true proposition. 

‘Japan is in Europe’ is a false proposition. 

These are examples of simple propositions. 

Two or more simple propositions can be combined to form a compound 

proposition or compound statement. 

Two simple propositions are combined with the word and, e.g. 

p: Japan is in Asia. 

q: The capital of Japan is Tokyo. 

These can be combined to form: Japan is in Asia and the capital of Japan is 

Tokyo. 

This is written p A g, where A represents the word and. 

The negation of any simple proposition can be formed by putting ‘not’ into the 

statement, e.g. 

p: Ghana is in Africa. 

g: Ghana is not in Africa. 

Therefore g = —p (i.e. p is the negation of q). 

It p is true then g cannot also be true.
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Implication: 

Converse: 

Equivalent 

propositions: 

Disjunction: 

Exclusive disjunction: 

Valid arguments: 

For two simple propositions p and g, p = q means if p is true then g is also true, 

e.g. 

p: It is raining. 

q: | am carrying an umbrella. 

Then p = g states: If it is raining then | am carrying an umbrella. 

This is the reverse of a proposition. In the example above the converse of p = g 

is g = p. Note, however, although p = q is true, i.e. If it is raining then I must 

be carrying an umbrella, its converse ¢ = p is not necessarily true, i.e. it is not 

necessarily the case that: If I am carrying an umbrella then it is raining. 

If two propositions are true and converse, then they are said to be equivalent. 

For, example if we have two propositions 

p: Pedro lives in Madrid. 

g: Pedro lives in the capital city of Spain. 

these propositions can be combined as a compound statement: 

If Pedro lives in Madrid, then Pedro lives in the capital city of Spain. 

ie.pimpliesqg (p=q) 

This statement can be manipulated to form its converse: 

If Pedro lives in the capital of Spain, then Pedro lives in Madrid. 

ie.gimpliesp (g=p) 

The two combined statements are both true and converse so they are said to be 

logically equivalent (g < p). Logical equivalence will be discussed further in 

Section 3.4. 

For two propositions, p and g, p v ¢ means either p or q is true or both are true, e.g. 

p: It is sunny. 

q: | am wearing flip-tlops. 

Then p v g states either it is sunny or | am wearing flip-tlops or it is both sunny 

and | am wearing flip-flops. 

For two propositions, p and g, p v ¢ means either p or g is true but not both are 

true, e.g. 

p: It is sunny. 

q: 1 am wearing flip-flops. 

Then p v q states either it is sunny or I am wearing flip-tflops only. 

An argument is valid if the conclusion follows from the premises (the statements). 

A premise is always assumed to be true, even though it might not be, e.g. 

London is in France. the first premise 

France is in Africa. the second premise 

Therefore London is in Africa. the conclusion



B Exercise 3.2.1 

1 Which of the following are propositions! 

b Capetown is in South Africa. 

d Be careful with that. 

£ a3 

h Go outside and play. 

i ] is a letter of the alphabet. 

a 

C 

e 

g 
1 

Are you from Portugal? 

Catalan is a Spanish language. 

x=3 

I play foothall. 

Apples are good to eat. 
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2 Form compound statements using the word ‘and’ from the two propositions given 

and state whether the compound statement is true or false. 

a 
b 
C 
d 
e 
t 

B 
h 
i 

] 

t: Teresa is a girl. 

p:x <8 

a: A pentagon has 5 sides. 

I: London is in England. 

k:x <y 

m: 5 is a prime number 

s: A square is a rectangle. 

p: Paris is the capital of France. 

a: 37 is a prime number 

p: parallelograms are rectangles 

3.3 Truth tables 
In probability experiments, a coin when tossed can land on heads or tails. These are 

complementary events, i.e. P(H) + P(T) = 1. 

a: Abena is a girl. 

g x> -1 

b: A triangle has 4 sides. 

e: England is in Europe. 

Ly<z 

n: 4 is an even number 
t: A triangle is a rectangle. 

g: Ghana is in Asia. 

b: 51 is a prime number 

t: trapeziums are rectangles 

In logic, if a statement is not uncertain, then it is either true (T) or false (F). If 

there are two statements, then either both are true, both are false or one is true and 

one is false. 

A truth table is a clear way of showing the possibilities of statements. 

Let proposition p be ‘Coin A lands heads’ and proposition g be ‘Coin B lands 

heads’. The truth table below shows the different possibilities when the two coins 

are tossed. Alongside is a two-way table also showing the different outcomes. Note 

the similarity between the two tables. 
  

  

  

  

          

P q 

i T 

i F 

- T 

F F 

Truth table 

  

  

  

  

    

Coin A Coin B 

H H 

H /3 

T H 

T T       

Two-way table
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Conjunction, disjunction and negation 
Extra columns can be added to a truth table. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

          
  

  

  

  

  

p ~ q (conjunction) means that both p and g must p q pAg 

be true for the statement to be true., T T T 

T | i F 
F|oT F 
F F F 

p v q (inclusive disjunction) means that either p or g, p q pvg 

or both, must be true for the statement to be true. - - . 

T F T 

F T T 

F F F 

p v q (exclusive disjunction) means that either p or g, p q pvgq 

but not both, must be true for the statement to be true. 1 . - 

& F & 

F T T 

F F F 

—p represents a negation, i.e. p must not be true for P q —P 

the statement to be true. T T F 

T | F F 
F T T 

F F T         
B Exercise 3.3.1 

1 Copy and complete the truth table for three propositions 

p, g and r. It may help to think of spinning three coins 

and drawing a table of possible outcomes. 
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2 Copy and complete the truth table below for the three statements p, g and r. 

  

q r —p pvg —p v (pvg)al=pwvr) 

T F T T T 
  

  

  

  

  

  

  

    mm
A
a
l
m
|
 

|
 

—H
A]
| 
|
|
 

-H
]|
D 

              
  

Logical contradiction and tautology 

Logical contradiction 
A contradiction or contradictory proposition is never true. For example, let p be 

the proposition that Rome is in Italy. 

p: Rome is in Italy. 

Therefore —p, the negation of p, is the proposition: Rome is not in Italy. 

If we write p A —p we are saying Rome is in Italy and Rome is not in Italy. This 

cannot be true at the same time. This is an example of a logical contradiction. 

A truth table is shown below for the above statement. 
  

p | =p | PA-p 

T F F 

T F 

  

  

          

Both entries in the final column are F. In other words a logical contradiction must 

be false. 

Show that the compound proposition below is a contradiction. 

(p v q) Al=p) A(=9)] 

Construct a truth table: 

  

  

  

  

  

p g | -p| -9 | PvQ (=p) A (—q) (v ) Al(=p) A(=q)] 
T T F F T F F 

T F F T T F F 

F T T T T F F 

F F T T F T F                 
  

Because the entries in the last column are all false, the statement is a logical 

contradiction.
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Tautology 
The manager of the band Muse said to me recently: ‘If Muse's album “Resistance” is 

a success, they will be a bigger band than UZ2." He paused ‘Or they will not’. 

This is an example of a tautology: ‘either it does or it doesn't’. It is always true. 

A compound proposition is a tautology if it always true regardless of the truth 

values of its variables. 

Consider the proposition: All students study maths or all students do not study 

maths. This is a tautology, as can be shown in a truth table by considering the 

result of p v —p. 
  

p | =P | Pv—p 
T 

F T 

  

  

          

Since the entries in the final column p v —p are all true, this is a tautology. 

Worked example Show that (p v q) v [(=p) A (=g)] is a tautology by copying and completing the 

truth table below. 

  

  

  

  

  

  

p q —-p | —q pvq (—p) A (—q) (p v q) v [(=p) A(=q)] 

iF T F F T F T 

T F F T T F T 
F T T F T F T 

F F T T F Y T               
  

As the entries in the final column (p v g) v [(=p) A (—g)] are all true, the 

statement is a tautology. 

B Exercise 3.3.2 

1 Describe each of the following as a tautology, a contradiction or neither. Use a 

truth table if necessary. 

a pr-q 

b qgnr—q 
c pv—q 

d gv—q 
e [pv(=g)lalgv(=qg)] 

2 By drawing a truth table in each case, deduce whether each of the following 

propositions is a tautology, contradiction or neither. 

a —pa—q 

b —(=p)vp 
C ga-r 

d (p A q} AT 

e (pag)vr 
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3.4 Implication; converse; inverse; 

contrapositive and logical equivalence 

Implication 
‘It is a word introducing a conditional clause. 

Later in your life someone might say to you, ‘If you get a degree, then I will buy 

you a car'. 
  

  

  

  

  

Let us look at this in a truth table. p q g 

p: You get a degree. T T T 
g: I will buy you a car. T ; c 

F T T 

F F T           

The first row is simple: 

You get a degree, | buy you a car, and therefore | have kept my promise. 

The second row too is straightforward: 

You get a degree, | don’t buy you a car, and therefore I have broken my promise. 

The last two rows seem more complicated, but think of them like this. If you do not 

get a degree, then I have kept my side of the bargain whether I buy you a car or not. 

Therefore, the only way that this type of statement is false is if a ‘promise’ is 

broken. 

Logically p = g is true if: 

p is false 

or g 1s true 

or p is false and q is true 

Similarly p = g is only false if p is true and q is false. 

In the following statements, assume that the first phrase is p and the second phrase g. 

Determine whether the statement p = g is logically true or false. 

1 ‘It 5 x 4 = 20, then the Earth moves round the Sun.’ 

As both p and g are true, then p = g is true, i.e. the statement p = g is logically 

correct, 

2 ‘If the Sun goes round the Earth, then I am an alien.’ 

Since p is false, then p = q is true whether I am an alien or not, Therefore the 

statement is logically true. 

This means that witty replies like: 

‘It I could run faster, I could be a professional footballer’ 

“Yes and if you had wheels you'd be a professional skater’ are logically true, since 

the premise p, ‘if you had wheels', is false and therefore what follows is irrelevant.
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B Exercise 3.4.1 

1 In the following statements, assume that the first phrase is p and the second 

phrase is gq. Determine whether the statement p = q is logically true or false. 

a f24+2=5then + 3 =5. 

b If the moon is round, then the Earth is flat. 

¢ If the Earth is flat, then the moon is flat. 

d If the Earth is round, then the moon is round. 

e If the Earth is round, then | am the man on the moon. 

2 Descartes’ phrase ‘Cogito, ergo sum’ translates as ‘I think, therefore [ am’. 

a Rewrite the sentence using one or more of the following: ‘if’, ‘whenever’ , 

‘it follows that’, ‘it is necessary’ , ‘unless’ , ‘only’. 

b Copy and complete the following sentence: 'Cogito ergo sum’ only breaks 

down logically if Descartes thinks, but . . . 

Logical equivalence 
There are many different ways that we can form compound statements from the 

propositions p and g using connectives. Some of the different compound 

propositions have the same truth values. These propositions are said to be 

equivalent. The symbol for equivalence is <. 

Two propositions are logically equivalent when they have identical truth values. 

Use a truth table to show that —(p A g) and —p v —q are logically equivalent. 
  

  

  

  

  

p q Pprq | =lprq) [ —=p | =9 | =PV —Qq 
T T T F F F F 

T F F T F I T 

F T F T T F T 

F F F T T T T                   
Since the truth values for = (p A q) and =p v —q (columns 4 and 7) are identical, 

the two statements are logically equivalent. 

Converse 

The statement ‘All squares are rectangles’ can be rewritten using the word ‘if’ as: 

‘If an object is a square, then it is a rectangle’. p = q. (true in this case) 

The converse is: 

q = p. 'If an object is a rectangle, then it is a square.” (false in this case) 

Inverse 

The inverse of the statement ‘If an object is a square, then it is a rectangle’ 

(b= q) is: 

—p = —q. ‘If an object is not a square, then it is not a rectangle.’ (false in this case)



Worked example 
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Contrapositive 
The contrapositive of the statement ‘If an object is a square, then it is a rectangle’ 

(p=q) is: 

—g = —p. 'If an object is not a rectangle, then it is not a square.” (true in this case) 

Note: 

A statement is logically equivalent to its contrapositive. 

A statement is not logically equivalent to its converse or inverse. 

The converse of a statement is logically equivalent to the inverse. 

So if a statement is true, then its contrapositive is also true. 

If a statement is false, then its contrapositive is also false. 

And if the converse of a statement is true, then the inverse is also true. 

If the converse of a statement is false, then the inverse is also false. 

To summarize: 

given a conditional statement: p =g 
the converse is: q=p 
the inverse is: i =¥ 

the contrapositive is: —{q = —p 

Statement: ‘All even numbers are divisible by 2.’ 

a Rewrite the statement as a conditional statement. 

b State the converse, inverse and contrapositive of the conditional 

statement. State whether each new statement is true or false. 

a Conditional: ‘If a number is even, then it is divisible by 2." (true) 

b Converse: ‘If a number is divisible by 2, then it is an even number.” (true) 

Inverse: ‘It a number is not even, then it is not divisible by 2.” (true) 

Contrapositive: ‘If a number is not divisible by 2, then it is not an even 

number. (true) 

Note: The contrapositive both switches the order and negates. It combines the 

converse and the inverse., 

On a truth table it can be shown that a conditional statement and its 

contrapositive are logically equivalent 

  

  

  

  

  

Implication Contrapositive 

P q —pP —q P=4q —q = —p 

T E F F T T 

T F F T F F 

F ¥ T F T T 

F F F T T T                 
Note: If we have a tautology, we must have logical equivalence. For example, 

‘If you cannot find the keys you have lost, then you are looking in the wrong place.’ 

Obviously if you are looking in the right place then you can find your keys. (So the 

contrapositive is equivalent to the proposition.)
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B Exercise 3.4.2 

1 Write each of the following as a conditional statement and then write its 

converse, inverse or contrapositive, as indicated in brackets. 

Example Being interested in the Romans means that you will enjoy Italy. 

(converse) 

Solution: Conditional statement. If you are interested in the Romans, then you 

will enjoy Italy. 

Converse. If you enjoy Italy, then you are interested in the Romans. 

You do not have your mobile phone, so you cannot send a text. (inverse) 

A small car will go a long way on 20 euros worth of petrol. (contrapositive) 

Speaking in French means that you will enjoy France more. (converse) 

When it rains I do not play tennis. (inverse) 

We stop playing golf when there is a threat of lightning. (inverse) 

The tennis serve is easy if you practise it. (contrapositive) 

A six-sided polygon is a hexagon. (contrapositive) 

You are less than 160 cm tall, so you are smaller than me. (inverse) 

The bus was tull, so I was late. (contrapositive) 

The road was greasy, so the car skidded. (converse) e 
ke
 
E
E
Q
 

E
D
 

R
 

O 
O
M
R
 

2 Rewrite these statements using the conditional ‘if’. Then state the converse, 

inverse and contrapositive. State whether each new statement is true or false, 

Any odd number is a prime number. 

A polygon with six sides is called an octagon. 

An acute-angled triangle has three acute angles. 

Similar triangles are congruent. 

Congruent triangles are similar. 

A cuboid has six faces. 

A solid with eight faces is a regular octahedron. 

All prime numbers are even numbers. 

3.5 Set theory 
The modern study of set theory began with Georg Cantor and Richard Dedekind in an 

1874 paper titled ‘On a characteristic property of all real algebraic numbers’. It is most 

unusual to be able to put an exact date to the beginning of an area of mathematics. 

The language of set theory is the most common foundation to all mathematics 
and is used in the definitions of nearly all mathematical objects. 

A set is a well-defined group of objects or symbols. The objects or symbols are 

called the elements of the set. If an element e belongs to a set §, this is represented 

as e € S. If e does not belong to set § this is represented as e & S. 

a
0
 

g
L
 

o
t
 

e e 1 A particular set consists of the following elements: 
{South Africa, Namibia, Egypt, Angola, ...}. 

a Describe the set. 

b Add another two elements to the set. 

¢ Is the set finite or infinite? 

 



a 
b 
C 

The elements of the set are countries of Africa. 

e.g. Zimbabwe, Ghana 

Finite. There is a finite number of countries in Africa. 

2 Consider the set 

{1, 4. 9: 16, 25, ..} 

a 

b 

C 

el 

Describe the set. 

Write another two elements of the set. 

Is the set finite or infinite? 

The elements of the set are square numbers. 

b e.g. 36, 49 
Infinite. There is an infinite number of square numbers. 

B Exercise 3.5.1 

1 For each of the following sets: 

i) describe the set in words 

ii) write down another two elements of the set. 

F
fl
-
t
_
u
_
.
p
r
u
-
q
 

-,
 

L
M
 
T
 

{Asia, Africa, Europe, ...} 

{2, 4,6, 8,....] 
{Sunday, Monday, Tuesday, ...} 

{January, March, July, ...} 

{1:3.86. 10,...} 

{Mehmet, Michael, Mustapha, Matthew, ...} 

{11,123 17.19,....) 

{8,€ iy} 

{Earth, Mars, Venus, ...} 
A={xl3<x<1l} 

S={!| -5<y<5} 

2 The number of elements in a set A is written as n(A). 

Give the value of n(A) for the finite sets in question 1 above. 

Subsets 

If all the elements of one set X are also elements of another set Y, then X is said to 

be a subset of Y. 

This is written as X C Y. 
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If a set A is empty (i.e. it has no elements in it), then this is called the empty set 

and it is represented by the symbol @. Therefore A = @. 

The empty set is a subset of all sets. For example, three girls, Winnie, Natalie 

and Emma, form a set A. 

A = {Winnie, Natalie, Emma} 
All the possible subsets of A are given below: 

B = {Winnie, Natalie, Emma} 

C = {Winnie, Natalie} 

D = {Winnie, Emma} 

E = {Natalie, Emma]
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F = {Winnie} 

G = {Natalie} 

H = {Emma} 

[ =@ 

Note that the sets B and I above are considered as subsets of A, 

ie AcAand @ C A. 

However, sets C, D, E, F, G and H are considered proper subsets of A. This 

distinction in the type of subset is shown in the notation below, For proper 

subsets, we write: 

CcAandD c Aetc. instead of C Cc Aand D C A. 

Similarly G ¢ H implies that G is not a subset of H 

G @ H implies that G is not a proper subset of H. 

A=1{1,2,3,456,17,8,9, 10} 
a List the subset B of even numbers. 

b List the subset C of prime numbers. 

a B=1{2,4,6,8, 10} 

b G=12,3,5"7T 

B Exercise 3.5.2 

1 P is the set of whole numbers less than 30. 

a List the subset QQ of even numbers. 

b List the subset R of odd numbers. 

¢ List the subset S of prime numbers. 

d List the subset T of square numbers. 

e List the subset U of triangular numbers. 

2 A is the set of whole numbers between 50 and 70. 
a List the subset B of multiples of 5. 

b List the subset C of multiples of 3. 

¢ List the subset D of square numbers. 

3J=1p,q1l 
a List all the subsets of . 

b List all the proper subsets of J. 

4 State whether each of the following statements is true or false. 

a {Algeria, Mozambique} C {countries in Africa} 

b {mango, banana} C {fruit} 

¢ 4l 2, 34 11, 2,3, 4} 

d {1, 2,3, 4 c{l, 2,3, 4} 

e {volleyball, basketball} ¢ {team sport} 

t {4, 6,8, 10} C {4, 6, 8, 10} 

¢ {potatoes, carrots} C {vegetables} 

h {12, 13, 14, 15} € {whole numbers}



Worked examples 
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The universal set 

The universal set (U) for any particular problem is the set which contains all the 

possible elements for that problem. 

The complement of a set A is the set of elements which are in U but not in A. 

The set is identified as A’. Notice that U’ = @ and &' = U. 

1 fU={1,2,34,5¢6,7,89, 10} and A = {1, 2, 3, 4, 5}, what set is represented 

by A'? 

A’ consists of those elements in U which are not in A. 

Therefore A' = {6, 7, §, 9, 10}. 

2 If U is the set of all three-dimensional shapes and P is the set of prisms, what set 

is represented by P'! 

P’ is the set of all three-dimensional shapes except prisms. 

Intersections and unions 

The intersection of two sets is the set of all the elements that belong to both sets. 

The symbol M is used to represent the intersection of two sets. 

ItP=1{1,2,3,4,56,7,89 10land Q = {2, 4, 6, 8, 10, 12, 14, 16, 18, 20} then 

PN Q ={24,6,8, 10} as these are the numbers that belong to both sets. 

The union of two sets is the set of all elements that belong to either or both sets 

and is represented by the symbol U. 

Therefore in the example above, 

PUQ=1{1,2,34561,28,9, 10,12, 14, 16, 18, 20}. 

Unions and intersections of sets can be shown diagrammatically using Venn diagrams. 

Venn diagrams 
Venn diagrams are the principal way of showing sets diagrammatically. They are 

named after the mathematician John Venn (1834-1923). The method consists 

primarily of entering the elements of a set into a circle or circles. 

Some examples of the uses of Venn diagrams are shown below. 

A =12, 4, 6, 8, 10} can be represented as: 
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Elements which are in more than one set can also be represented using a Venn 

diagram. 

P=1{3,6,9 12, 15, 18} and Q = {2, 4, 6, 8, 10, 12} can be represented as: 

  

The elements which belong to both sets are placed in the region of overlap of the 

two circles. 

As mentioned in the previous section, when two sets P and (Q overlap as they do 

above, the notation P N Q is used to denote the set of elements in the intersection, 

ie. PNQ =1{6,12}.Note that 6 €PN Q; 8 & P N Q. 

J =1{10, 20, 30, 40, 50, 60, 70, 80, 90, 100} and K = {60, 70, 80} can be represented 

as shown below; this is shown in symbols as K C J. 

  

X={1,3,67 14tand Y = {3, 9, 13, 14, 18} are represented as: 

X Y 

The union of two sets is everything which belongs to either or both sets 

and is represented by the symbol U. Therefore, in the example above, 

XL Y=4l,3,6,%9:13,.14, 18}k
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a A 

B Exercise 3.5.3 

1 Using the Venn diagram, deduce whether the following statements are true or 

false. € means ‘is an element of’ and & means ‘is not an element of’. 

  

e 50&B t AnB ={l10, 20} 

2 Copy and complete the statement A M B ={...} for each of the Venn diagrams 

a SEA b 20EB 

c 10 A d 50 A 

below. 

B b A    

    

Orange 

    

Yellow 

  

Blue      

    

Green 

  

Indigo 

   Violet 

    

3 Copy and complete the statement A U B = {...} for each of the Venn diagrams 

in question 2 above. 

4 Using the Venn diagram, copy and 

complete these statements. 

a U=1{.) 

b A ={.} 

5 Using the Venn diagram, copy and 

complete the following statements. 

a U=1{.} 
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6 A g 

AN 
c 

a Using the Venn diagram, describe in words the elements of: 

  

i) set A ii) set B iii) set C. 

b Copy and complete the following statements. 

i) ANB=1{.} ii) ANC ={.] iii) BN C ={.} 

ivi ANBNC={.} v) AUB={.]} vi) CU B ={.} 

7 

a Using the Venn diagram, copy and complete the following statements. 

i) A={.]} i) B =1{.]} iii) C' = {...} 

iv) ANB=1{.} v) AUB={.} vi) (AN B) ={.} 

b State, using set notation, the relationship between C and A. 

8§ w X 

a Copy and complete the following statements. 

i) W={.] i) X =1{.] i) Z' = {..} 
iv) WnNZZ={.} v) WnX={.]} vi)YNZ={.] 

b Which of the named sets is a subset of X?
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9 A = {Egypt, Libya, Morocco, Chad} 

B = {Iran, Iraq, Turkey, Egypt} 

a Draw a Venn diagram to illustrate the above information. 

b Copy and complete the following statements. 

i) ANB={.] i) AUB = {.} 

10 P-=42,3,5,7,11, 13, 17} 

2 =411, 13, 15,17, 19} 

a Draw a Venn diagram to illustrate the above information. 

b Copy and complete the following statements. 

D POQ=4.] i) PUQ = {.} 

11 B=1{24,6,8, 10} 
AUB={l,2,3,4,6,8, 10} 
ANB={24 
Draw a Venn diagram to represent the above information. 

12 X=1{a, ¢ d, e fgl 

Y=1{b,cdeh,ikl m 
Z={c,f,1i,j, m| 
Draw a Venn diagram to represent the above information. 

13 P=1{1,417,9,11, 15} 

0 =I5, 10, 15} 

R ={1,4,9 
Draw a Venn diagram to represent the above information. 

Commutative, associative and distributive 

properties of sets 
SetA=1{2,3,4,B=1{1,3,5 Ttand C = 3, 4, 5} 

A B 

AUB=BUA=11,2734)5T} 
ANB=BnNA-= {3} 

Therefore the union and intersection of sets are commutative (the same whichever 

way round the sets are ordered).
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If C is added to the Venn diagram, we get: 

A B 

"A (ANB)NC=AN(BNC)={3) 
(AUB)UC=AU(BUCQC)=1{1,2,3,4,57} 

0 

Therefore the union and intersection of sets are associative (the order of the 

operations does not matter). 

From the Venn diagram above it can also be seen that: 

AUBNC)=(AUBIN(AUCQC) =1{2,3,4,5} 
ANBUC)=ANB)UANC)=1{3,4}. 

Therefore the union is distributive over the intersection of sets. 

Problems involving sets 

T de 1 Inaclassof 3] students, some study physics and some study chemistry. If 22 
study physics, 20 study chemistry and 5 study neither, calculate the number of 

students who take both subjects. 

The information given above can be entered in a Venn diagram in stages. 

The students taking neither physics nor chemistry can be put in first (as shown). 

U 

  

  

T O 

L
     
  

This leaves 26 students to be entered into the set circles. 

If x students take both subjects then: 

U 
  

T Q 

n(P) =22 —x+ x 

n(C) =20 - x + x 

PLIC = 3] «5=:326 
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Therefore 22 —x+x+20-x=126 

  

42 — x =126 
x=16 

Substituting the value of x into the Venn diagram gives: 

U 

P c 

5       
Therefore the number of students taking both physics and chemistry is 16. 

2 In a region of mixed farming, farms keep goats, cattle or sheep. There are 77 

tarms altogether. 19 farms keep only goats, 8 keep only cattle and 13 keep only 

sheep. 13 keep both goats and cattle, 28 keep both cattle and sheep and 8 keep 

both goats and sheep. 

a Draw a Venn diagram to show the above information. 

b Calculate n(G N C N S). 

First of all draw a partly complete Venn G C 

diagram, filling in some of the information 

above. 

We know that:. 

n(Only G) + n(Only C) + n(Only S) =19+ 8 + 13 = 40 

So the number of farms that keep two or more types of animal is 

11 — 40 = 37. 

So, if (G N C N S) = x (i.e. x is the number of farms keeping cattle, sheep 

and goats), then 

13 —x+8—x+28 —x+x =37 

49 — 2x = 37 

49 — 37 = 1Ix 

6 =x
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It is then easy to complete the Venn diagram as shown: 

S 

b As worked out in part a and shown in the diagram, n(G N C N S) = 6. 

B Exercise 3.5.4 

1 In a class of 35 students, 19 take Spanish, 18 take French and 3 take neither. 

Calculate how many take: 

a both French and Spanish 

b just Spanish 

¢ just French. 

2 In ayear group of 108 students, 60 liked football, 53 liked tennis and 10 liked 

neither. Calculate the number of students who liked football but not tennis. 

3 Inayear group of 113 students, 60 liked hockey, 45 liked rugby and 18 liked 

neither. Calculate the number of students who: 

a liked both hockey and rugby 

b liked only hockey. 

4 One vear, 37 students sat an examination in physics, 48 sat an examination in 

chemistry and 45 sat an examination in biology. 15 students sat examinations in 

physics and chemistry, 13 sat examinations in chemistry and biology, 7 sat 

examinations in physics and biology and 5 students sat examinations in all three. 

a Draw a Venn diagram to represent this information. 

b Calculate n(P U C U B). 

¢ Calculate n(P N C). 

d Calculate n(B N C). 

e How many students took an examination in only one subject? 

5 On a cruise around the coast of Turkey, there are 100 passengers and crew. They 

speak Turkish, French and English. 

QOut of the total of 100, 14 speak all three languages, 18 speak French and 

Turkish only, 16 speak English and French only, and 10 speak English and 

Turkish only. 

Of those speaking only one language, the number speaking only French or only 

English is the same and 6 more than the number that speak only Turkish. 

a How many speak only French! 

b How many speak only Turkish ? 

¢ In total, how many speak English?



Worked examples 
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6 In a group of 125 students who play tennis, volleyball or football, 10 play all 

three. Twice as many play tennis and football only. Three times as many play 

volleyball and football only, and 5 play tennis and volleyball only. 

If x play tennis only, 2x play volleyball only and 3x play football only, 

determine: 

a how many play tennis 

b how many play volleyball 

¢ how many play football. 

The analogy of logic and set theory 
The use of No or Never or All ... do not in statements (e.g. No French people are 

British people) means the sets are disjoint, i.e. they do not overlap. 

The use of All or If ... then or No ... not in statements (e.g. There is no nurse 

who does not wear a uniform) means that one set is a subset of another. 

The use of Some or Most or Not all in statements (e.g. Some televisions are 

very expensive) means that the sets intersect. 

The validity of an areument can be tested using 

Venn diagrams. 

It p, g and r are three statements and if p = g and 

g = 1, then it follows that p = r. 

In terms of sets, if A, B and C are all proper 

subsets (C) of the universal set U and if A C B and 

BCCthenACC. 

Diagrammatically this can be represented as 

shown in the Venn diagram opposite: 

  

c u 

B 

      
1 P is the set of French people and Q is the set of British people. 

  Draw a Venn diagram to represent the sets. 

The Venn diagram is as shown, # Q 

ie.PNQ=0 
In logic this can be written p V q, 

i.e. p or g but not both.       

2 P is the set of nurses and ( is the set of people who wear uniform. 

Draw a Venn diagram to represent the sets.   

P is a subset of ( as there are other Q 
people who wear uniforms apart P 

from nurses, i.e. P C Q O 

In logic this can be written p = q. 
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3 P is the set of televisions and (Q is the set of expensive electrical goods. Draw a 

Venn diagram to represent the sets. 

P intersects (Q as there are expensive electrical goods that are not televisions 

and there are televisions that are not expensive. 

In logic the intersection can be written p A q. 

B Exercise 3.5.5 

1 Draw a Venn diagram to illustrate the following sets. 

(J: students wearing football shirts 

P: professional footballers wearing football shirts 

Shade the region that represents the statement ‘Kofi is a professional footballer 

and a student’. How would you write this using logic symbols? 

2 Draw a Venn diagram to illustrate the following sets. 

(Q: students wearing football shirts 

P: professional footballers wearing shirts 

Shade the region that satisfies the statement ‘Maanu is either a student or a 

professional footballer but he is not both’. How would you write this using logic 

symbols! 

3 Draw a Venn diagram to illustrate the following sets. 

P: maths students U: all students. 

Shade the region that satisfies the statement ‘Boamah is not a maths student’. 

How would you write this using logic symbols? 

4 Draw a Venn diagram to illustrate the following sets. 

P: five-sided shapes U: all shapes 

Shade the region that satisfies the statement ‘A regular pentagon is a five-sided 

shape’. How would you write this using logic symbols? 

5 Draw a Venn diagram to illustrate the following sets. 

(J: multiples of 5 U: integers 

Shade the region where you would place 17. How would you write this using logic 

symbols? 

6 Draw a Venn diagram to illustrate the following sets. 

P: people who have studied medicine 

(Q: people who are doctors 

Shade the region that satisfies the statement ‘All doctors have studied medicine’. 

How would you write this using logic symbols? 

7 Illustrate the statement ‘People with too much money are never happy’ using a 

Venn diagram with these sets. 

P: people who have too much money 

(Q: people who are happy 

Shade the region that satisfies the statement ‘People with too much money are 

never happy’. How would you write this using logic symbols?
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Pierre de Fermat 

Worked examples 
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8 Draw a Venn diagram to illustrate the following sets. 

P: music lessons Q: lessons that are expensive 

Shade the region that satisfies the statement ‘Some music lessons are expensive’. 

How would you write this using logic symbols? 

Probability 
Although Newton and Galileo had some thoughts about chance, it is accepted that 

the study of what we now call probability began when Blaise Pascal (1623-1662) 

and Pierre de Fermat (of Fermat's last theorem fame) corresponded about problems 

connected with games of chance. Later Christiaan Huygens wrote the first book on 

the subject, The Value of all Chances in Games of Fortune, in 1657. This included a 

chapter entitled ‘Gambler’s Ruin’. 

In 1821 Carl Friedrich Gauss (1777-1855), one of the greatest mathematicians 

who ever lived, worked on the ‘normal distribution’, a very important contribution 

to the study of probability. 

Probability is the study of chance, or the likelihood of an event happening. In 

this section we will be looking at theoretical probability. But, because probability is 

based on chance, what theory predicts does not necessarily happen in practice. 

Sample space 
Set theory can be used to study probability. 

A sample space is the set of all possible results of a trial or experiment. Each 

result or outcome is sometimes called an event. 

Complementary events 

A dropped drawing pin can land either pin up, U, or pin down, D. These are the 

only two possible outcomes and cannot both occur at the same time. The two 

events are therefore mutually exclusive (cannot happen at the same time) and 

complementary (the sum of their probabilities equal 1). The complement of an 

event A is written A’. 

Therefore P(A) + P(A") = 1. In words this is read as ‘the probability of event A 

happening added to the probability of event A not happening equals 1. 

1 A fair dice is rolled once. What is its sample space! 

The sample space § is the set of possible outcomes or events. Therefore 

S =11, 2, 3, 4,5, 6} and the number of outcomes or events is 6. 

2 a What is the sample space, S, for two drawing pins dropped together. 

b How many possible outcomes are there? 

a S ={UU, UD, DU, DD} 
b There are four possible outcomes. 

3 The probability of an event B happening is P(B) = % Calculate P(B"). 

P(B) and P(B') are complementary events, so P(B) + P(B') = 1. 

P(B)=1-2=4%. 

9
 |
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B Exercise 3.6.1 

Worked example 

  

1 What is the sample space and the number of events when three coins are tossed!? 

2 What is the sample space and number of events when a blue dice and a red dice 

are rolled? (Note: (1, 2) and (2, 1) are different events.) 

3 What is the sample space and the number of events when an ordinary dice is 

rolled and a coin is tossed? 

4 A mother gives birth to twins. What is the sample space and number of events for 

their sex? 

5 What is the sample space if the twins in question 4 are identical! 

6 Two women take a driving test. 

a What are the possible outcomes! 

b What is the sample space! 

7 A tennis match is played as ‘best of three sets’. 

a What are the possible outcomes! 

b What is the sample space! 

8 If the tennis match in question 7 is played as ‘best of five sets’, 

a what are the possible outcomes? 

b what is the sample space! 

Probability of an event 
A favourable outcome refers to the event in question actually happening. The total 

number of possible outcomes refers to all the different types of outcome one can get 

in a particular situation. In general: 

2 number of favourable outcomes 
Probability of an event =   

total number of equally likely outcomes 

n(A) 

n(U)’ 

where P(A) is the probability of event A, n(A) is the number of ways event A can 

occur and n(U) is the total number of equally likely outcomes. 

Therefore 

  This can also be written as: P(A) = 

it the probability = 0, it implies the event is impossible 

it the probability = 1, it implies the event is certain to happen 

An ordinary, fair dice is rolled. 

a Calculate the probability of getting a 6. 

b Calculate the probability of not getting a 6. 

a Number of favourable outcomes = 1 (i.e. getting a 6) 

Total number of possible outcomes = 6 (i.e. gettinga 1, 2, 3, 4, 5 or 6) 

Probability of getting a 6, P(6) = é
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b Number of favourable outcomes = 5 (i.e. getting a 1, 2, 3, 4, 5) 

Total number of possible outcomes = 6 (i.e. gettinga 1, 2, 3, 4, 5 or 6) 

Probability of not getting a six, P(6') = % 

From this it can be seen that the probability of not getting a 6 is equal to 1 

minus the probability of getting a 6, i.e. P(6) = 1 — P(6'). 

These are known as complementary events. 

In general, for an event A, P(A) = 1 — P(A’). 

Exercise 3.6.2 

1 Calculate the theoretical probability, when rolling an ordinary, fair dice, of 

getting each of the following. 
a a score of 1 b ascore of 5 

¢ an odd number d a score less than 6 

e ascore of 7 f ascore less than 7 

a Calculate the probability of: 

i) being born on a Wednesday 

ii) not being born on a Wednesday. 

b Describe the result of adding the answers to a i) and ii) together. 

250 tickets are sold for a raffle. What is the probability of winning if you buy: 

a 1 ticket b 5 tickets 

¢ 250 tickets d O tickets? 

In a class there are 25 girls and 15 boys. The teacher takes in all of their books in 

a random order. Calculate the probability that the teacher will: 

a mark a book belonging to a girl first 
b mark a book belonging to a boy first. 

Tiles, each lettered with one different letter of the alphabet, are put into a bag. If 
one tile is drawn out at random, calculate the probability that it is: 

a an A or P b avowel 

¢ a consonant d an X, Y or Z. 

e a letter in your first name. 

A boy was late for school 5 times in the previous 30 school days. If tomorrow is a 

school day, calculate the probability that he will arrive late. 

7 3 red, 10 white, 5 blue and 2 green counters are put into a bag. 

a If one is picked at random, calculate the probability that it is: 

i) agreen counter 

ii) a blue counter. 

b If the first counter taken out is green and it is not put back into the bag, 
calculate the probability that the second counter picked is: 

i) agreen counter 

ii) ared counter.
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8 A spinning wheel has the numbers 0 to 36 equally spaced around its edge. 

Assuming that it is unbiased, calculate the probability on spinning it of getting: 

d 

C 

c 

g 

the number 5 b an even number 

an odd number d zero 

a number greater than 15 f a multiple of 3 
a multiple of 3 or 5 h a prime number, 

9 The letters R, C and A can be combined in several different ways. 

d 

b 
Write the letters in as many different combinations as possible. 

If a computer writes these three letters at random, calculate the 

probability that: 

i) the letters will be written in alphabetical order 
ii) the letter R is written before both the letters A and C 

ii1) the letter C is written after the letter A 

iv) the computer will spell the word CART if the letter T is added. 

10 A normal pack of playing cards contains 52 cards. These are made up of four 

suits (hearts, diamonds, clubs and spades). Each suit consists of 13 cards. These 

are labelled ace, 2, 3,4, 5,6, 7, 8,9, 10, Jack, Queen and King. The hearts and 

diamonds are red; the clubs and spades are black. 
It a card is picked at random from a normal pack of cards calculate the 

probability of picking: 

a a heart b a black card 

¢ afour d ared King 

e a Jack, Queen or King f the ace of spades 

g an even numbered card h aseven or a club. 

3.7 Combined events 
In this section we look at the probability of two or more events happening: 

combined events. If only two events are involved, then two-way tables can be 

used to show the outcomes. 

You will come across 
some of these ideas 
in the Biology and 

Physics Diploma 
COUISEs. 

Worked example 

  

Two-way tables of outcomes 

b All four outcomes are equally likely, therefore the probability of getting HH is 

C 

Two coins are tossed. Write down all the possible outcomes in a two-way table, 

Calculate the probability of getting two heads. 

Calculate the probability of getting a head and a tail in any order. 

C
o
i
n
 

2 

The probability of getting a head and a tail in any order, i.e. HT or TH, is 

H
e
a
d
 

Ta
il
 

  

  

  

Coin 1 

Head Tail 

HH T™H 

HT T       

b
=
 

)
=
 

+ 

=
 Il
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B Exercise 3.7.1 

Worked example 

  

1 a Two fair tetrahedral dice are rolled. If each is numbered 1-4, draw a two-way 

table to show all the possible outcomes. 

b What is the probability that both dice show the same number! 

¢ What is the probability that the number on one dice is double the number on 

the other? 

d What is the probability that the sum of both numbers is prime? 

2 Two fair dice are rolled. Copy and complete the diagram to show all the possible 

combinations. 

    

What is the probability of getting: or 3.6 

a adouble 3 51 3,5 

b any double N gl 34 

¢ a total score of 11 g 

d a total score of 7 ar 3,3 
e an even number on both dice 2l 3,2 5.2 6,2 

f an even number on at least one dice ik 1121 3.1 41 

g a 6 or a double 
h scores which differ by 3 ‘II é é AIL 5' é 

i a total which is either a multiple of 2 or 57 Dice 1 

Tree diagrams 
When more than two combined events are being considered, two-way tables cannot 

be used and therefore another method of representing information diagrammatically 

is needed. Tree diagrams are a good way of doing this. 

a If a coin is tossed three times, show all the possible outcomes on a tree diagram, 

writing each of the probabilities at the side of the branches. 

b What is the probability of getting three heads? 

¢ What is the probability of getting two heads and one tail in any order? 

d What is the probability of getting at least one head? 

e What is the probability of getting no heads! 

a Toss 1 Toss 2 Toss 3 Qutcomes 

z H  HHH 
1 H 
2 1 

5 T HHT 

H 1 

: 3 H HTH 

TN 
3 T HTT 

: H THH 
- 1 H 

3 T THT 
. 

. 2 H TTH 
: T 

- T TIT
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b To calculate the probability of getting three heads, multiply along the branches: 

P(HHH) =3 x 2 x 3 = = 

¢ The successful outcomes are HHT, HTH, THH. 

P(two heads, one tail any order) 

= P(HHT) + P(HTH) + P(THH) 

1 1 1 1 1 1 1 1 1 1 1 1 

=(Gxgxg)+(zx3x7)+(Fx7x7)=5+5+5= 

X 

o
 | 

Therefore the probability is % 

d This refers to any outcome with either one, two or three heads, i.e. all of them 

except TTT. 

P(TTT) =3 x5 x5 

) P(at least one head) = 

1 
8 

1 -PTTIT)=1 - | 
=
 

o]
 
=a
 

Therefore the probability is % 

e The only successful outcome for this event is TTT. 

Therefore the probability is %, as shown in part d. 

Exercise 3./.2 

1 a A computer uses the numbers 1, 2 and 3 at random to make three-digit 

numbers. Assuming that a number can be repeated, draw a tree diagram to 

show all the possible combinations that the computer can print. 

b Calculate the probability of getting: 

    

i) the number 131 ii) an even number 

iii) a multiple of 11 iv) a multiple of 3 

v) a multiple of 2 or 3 vi) a palindromic number. 

2 a A family has four children. Draw a tree diagram to show all the possible 

combinations of boys and girls. [Assume P(girl) = P(boy).] 

b Calculate the probability of getting: 

i) all girls ii) two girls and two boys 

iii) at least one girl iv) more girls than boys. 

3 a A netball team plays three matches. In each match the team is equally likely 

to win, lose or draw. Draw a tree diagram to show all the possible outcomes 

over the three matches. 

b Calculate the probability that the team: 

i) wins all three matches 

ii) wins more times than it loses 

iii) loses at least one match 

iv) doesn't win any of the three matches. 

¢ Describe why it is not very realistic to assume that the outcomes are equally 

likely in this case.
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4 A spinner is split into quarters. 

  

a If it is spun twice, draw a probability tree showing all the possible outcomes. 

b Calculate the probability of getting: 

i) two greens 

ii) a green and a blue in any order 

iii) a blue and a white in any order. 

Tree diagrams for unequal probabilities 
In each of the cases considered so far, all of the outcomes have been assumed to be 

equally likely. However, this need not be the case. 

e e In winter, the probability that it rains on any one day is % 

  

a Using a tree diagram, draw all the possible combinations for two consecutive 

days. Write down each of the probabilities by the sides of the branches. 

b Calculate the probability that it will rain on both days. 

¢ Calculate the probability that it will rain on the first day but not the second day. 

d Calculate the probability that it will rain on at least one day. 

: Day 1 Day 2 Outcomes Probability 

b : : . 5.5 25 
= Rain Rain, Rain = X% =179 

Hain 
5 

! 2 - : - 5.,2_10 
7 Norain  Rain, No rain ZXS =49 

2 i s 208 40 
3 7 Rain No rain, Rain SXZ =79 

! No rain 

2 - - 2.2 4 7 Norain Norain, No rain SX5 =75 

Note how the probability of each outcome is found by multiplying the 

probabilities for each of the branches. 

b PRR) =2x2== 

¢ P(R,NR)=2x =15 
d The outcomes which satisfy this event are (R, R), (R, NR) and (NR, R). 

Therefore the probability is i—; - i—g + % = %
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B Exercise 3.7.3 

1 A particular board game involves players rolling a dice. However, before a player 

can start, he or she needs to roll a 6. 

a Copy and complete the tree diagram below showing all the possible 

combinations for the first two rolls of the dice. 

Roll 1 Roll 2 Outcomes Probability 

Six Six, Six 
. Si 5 i < 1 B & 

Not six 5%6=138 

Six 

2 Not six< 
Not six 

b Calculate the probability of each of the following. 

i) Getting a six on the first throw 

ii) Starting within the first two throws 

iii) Starting on the second throw 

iv) Not starting within the first three throws 

v) Starting within the first three throws 

¢ If you add the answers to b iv) and v) what do you notice? Explain. 

2 In Italy % of the cars are foreign made. By drawing a tree diagram and writing the 

probabilities next to each of the branches, calculate each of these probabilities. 

a The next two cars to pass a particular spot are both Italian. 

b Two of the next three cars are foreign. 

¢ At least one of the next three cars is Italian. 

3 The probability that a morning bus arrives on time is 65%. 

a Draw a tree diagram showing all the possible outcomes for three 

consecutive mornings. 

b Label your tree diagram and use it to calculate the probability of each of 

the following. 

i) The bus is on time on all three mornings. 

ii) The bus is late the first two momings. 

iii) The bus is on time two out of the three mornings. 

iv) The bus is on time at least twice. 

4 Light bulbs are packaged in cartons of three; 10% of the bulbs are found to be 

taulty. Calculate the probability of finding two faulty bulbs in a single carton. 

5 A volleyball team has a 0.25 chance of losing a game. Calculate the probability 

of the team achieving: 

a two consecutive wins 

b three consecutive wins 

¢ 10 consecutive wins.
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Tree diagrams for probability problems with and 
without ‘replacement’ 
In the examples considered so far, the probability for each outcome remained the 

same throughout the problem. However, this need not always be the case. 

Worked examples [EEIER bag contains three red balls and seven black balls. If the balls are put back 

after being picked, find the probability of picking: 

a two red balls 

b a red ball and a black ball in any order. 

  

This is selection with replacement. Draw a tree diagram to help visualise the 

problem. 

3 
4 10 red 

10 red < 

7 . Tl black 

3 

0 blac 
% black 

a The probability of a red followed by a red, P(RR) = f'—D % 1—3;3 % 

b The probability of a red followed by a black or a black followed by a red is 

¥ .3 5 Ay @t . 3 i 
P(RB) + P(BR) = (fi X fi) + (fi X fi) =700 * T00 — 100" 

2 Repeat question 1, but this time each ball that is picked is not put back in the bag. 

This is selection without replacement. The tree diagram is now as shown. 

5 ed 9 r 

% red < 
L black 
Y 

- % red 

10 black 3 

@ black 

3 2 6 
a P(RR} —fixg—fi+ 

3 7 7 3 21 21 42 

b P(RB) + PBR) = (5 x &) + (5 x 3| =F+ 5 =% 

B Exercise 3.7.4 

1 A bag contains five red balls and four black balls. If a ball is picked out at 

random, its colour is recorded and it is then put back in the bag, what is the 

probability of choosing: 
a two red balls 
b two black balls 

¢ a red ball and a black ball in this order 

d a red ball and a black ball in any order!
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Worked examples 

  

2 Repeat question 1 but, in this case, after a ball is picked at random, it is not put 

back in the bag. 

3 A bag contains two black, three white and five red balls. If a ball is picked, its 

colour recorded and then put back in the bag, what is the probability of picking: 

a two black balls 

b a red and a white ball in any order! 

4 Repeat question 3 but, in this case, after a ball is picked at random, it is not put 

back in the bag. 

5 You buy five tickets for a raftle. 100 tickets are sold altogether. Tickets are picked 

at random. You have not won a prize after the first three tickets have been drawn. 

a What is the probability that you win a prize with either of the next two 

draws! 

b What is the probability that you do not win a prize with either of the next 

two draws! 

6 A bowl of fruit contains one apple, one banana, two oranges and two pears. Two 

pieces of fruit are chosen at random and eaten. 

a Draw a probability tree showing all the possible combinations of the two 

pieces of fruit. 

b Use your tree diagram to calculate the probability that: 

i) both the pieces of fruit eaten are oranges 

ii) an apple and a banana are eaten 

iii) at least one pear is eaten. 

Use of Venn diagrams in probability 
You have seen earlier in this topic how Venn diagrams can be used to represent 

sets. They can also be used to solve problems involving probability. 

n(A) 
Probability of event, A, P(A) = w0) 

1 In asurvey carried out in a college, students were asked for their favourite 

subject. 

15 chose English 
8 chose Science 

12 chose Mathematics 

5 chose Art 

If a student is chosen at random, what is the probability that he or she likes 

Science best?
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This can be represented on a Venn diagram as: 

{ Science | 

  

There are 40 students, so the probability is % = % 

2 A group of 21 friends decide to go out for the day to the local town; 9 of them 

decide to see a film at the cinema, 15 of them get together for lunch. 

a Draw a Venn diagram to show this information if set A represents those 

who see a film and set B those who have lunch. 

b Determine the probability that a person picked at random only went to 

the cinema. U 

A B 

  

a 9+ 15 = 24; as there are only 21 people, 

this implies that 3 people see the film and 

have lunch. This means that 

9 — 3 = 6 only went to see a film and 

15 = 3 = 12 only had lunch.       
b The number who only went to the cinema is 6, as the other 3 who saw a 

film also went out for lunch. Therefore the probability is % = % 

B Exercise 3.7.5 

1 In a class of 30 students, 20 study French, 18 study Spanish and 5 study neither. 

a Draw a Venn diagram to show this information. 
b What is the probability that a student chosen at random studies both 

French and Spanish? 

  

2 In a group of 35 students, 19 take Physics, 18 take Chemistry and 3 take neither. 

What is the probability that a student chosen at random takes: 

a both Physics and Chemistry 

b Physics only 

¢ Chemistry only? 

3 108 people visited an art gallery; 60 liked the pictures, 53 liked the sculpture, 10 
liked neither. 

What is the probability that a person chosen at random liked the pictures but 

not the sculpture?
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Worked example 

  

4 In a series of examinations in a school: 

37 students took English 
48 students took French 
45 students took Spanish 
15 students took English and French 
13 students took French and Spanish 

1 students took English and Spanish 

5 students took all three, 
a Draw a Venn diagram to represent this information. 

b What is the probability that a student picked at random took: 

i) all three 
ii) English only 

iii) French only? 

Laws of probability 

Mutually exclusive events 
Events that cannot happen at the same time are known as mutually exclusive 

events. For example, if a sweet bag contains 12 red sweets and 8 yellow sweets, let 

picking a red sweet be event A, and picking a yellow sweet be event B. If one sweet 

is picked, it is not possible to pick a sweet which is both red and yellow. Therefore 

these events are mutually exclusive. 

This can be shown in a Venn diagram: 

  

u 
A B 

  

      
P(A) = 3=  whilst P(B) = 5. 

As there is no overlap, P(A U B) = P(A) + P(B) = 2= + = = &3 = 1. 

i.e. the probability of mutually exclusive event A or event B happening is equal to 

the sum of the probabilities of event A and event B and the sum of the probabilities 

of all possible mutually exclusive events is 1. 

In a 50 m swim, the world record holder has a probability of 0.72 of winning. The 

probability of her finishing second is 0.25. 

What is the probability that she either wins or comes second! 

Since she cannot finish both first and second, the events are mutually exclusive, 

Therefore P(1st U 2nd) = 0.72 + 0.25 = 0.97.
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Combined events 
If events are not mutually exclusive then they may occur at the same time. 

These are known as combined events. 

For example, a pack of 52 cards contains four suits: clubs (), spades (4 ), hearts 

(¥) and diamonds ( ¢ ). Clubs and spades are black; hearts and diamonds are red. 

Each suit contains 13 cards. These are ace, 2, 3, 4, 5, 6, 7, 8, 9,10, Jack, Queen and 

King. 

A card is picked at random. Event A represents picking a black card; event B 

represents picking a King. 

In a Venn diagram this can be shown as: 
  

AY 2 3¥ 4% 5¥ 6¥ 7¥ 8¥ ov 1ovJ vy Qv | U 

      

    
    
    

A Ad 24 34 
44 54 64 
74 84 04 

104 J& Qe 

    A% 24 34 44 5¢ G4 T4 B¢ 94104 J¢ O+ 
  

P(A)=22=7 and P(B)=<=+5 
3 

However P(A U B) # % + % because K# and Kt belong to both events A and B 

and have therefore been counted twice. This is shown in the overlap of the Venn 

diagram. 

Therefore, for combined events, P(A U B) = P(A) + P(B) — P(A N B) 

i.e. the probability of event A or B is equal to the sum of the probabilities of A and 

B minus the probability of A and B. 

In a holiday survey of 100 people: 

12 people have had a beach holiday 

16 have had a skiing holiday 

12 have had both. 

What is the probability that one person chosen at random from the survey has had 

either a beach holiday (B) or a ski holiday (S)? 

PB)=%& P(S)=-= PBNS)=:5 

  

) 16 12 _ 76 
Therefore P(B U S) = 155 + 155 — 755 = To5
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Worked examples 

  

Independent events 
A student may be born on 1 June, another student in his class may also be born on 

| June. These events are independent of each other (assuming they are not twins). 

If a dice is rolled and a coin spun, the outcomes of each are also independent, 

i.e. the outcome of one does not affect the outcome of another, 

For independent events, the probability of both events occurring is the product 

of each occurring separately, i.e. 

P(A N B) = P(A) x P(B) 

1 I spin a coin and roll a dice. 

a What is the probability of getting a head on the coin and a five on the dice! 

b What is the probability of getting either a head on the coin or a five on 

the dice, but not both? 

a PH =3 PG5)=1% 
Both events are independent therefore P(H M 5) = P(H) x P(5) 

=
 x 

b
 
|
—
 

1 

12 

b P(H U 5) is the probability of getting a head, a five or both. 

Therefore P(H U 5) — P(H N 5) removes the probability of both events 

occurring. 

The solution is P(H U 5) — P(H N 5) = P(H) + P(5) — P(H N 5) 

1 1 1 

2 The probabilities of two events X and Y are given by: 

P(X) =0.5,P(Y) =04, and P(X NY) = 0.2. 

Are events X and Y mutually exclusive? 

Calculate P(X U Y). 

¢ What kind of events are X and Y? 

o
 

= 

a No: if the events were mutually exclusive, then P(X M Y) would be O as 

the events could not occur at the same time, 

b P(XUY) =P(X) + P(Y) -P(XNY) 
=05+04-0.2 
= 0.7 

¢ Since P(X NY)= P(X) x P(Y), i.e. 

0.2 = 0.5 x 0.4, events X and Y must be independent.



  

Worked example 
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Conditional probability 
Conditional probability refers to the probability of an event (A) occurring, which is 

in turn dependent on another event (B). 

For example, a group of ten children play two tennis matches each. The table 

below shows which matches the children won and lost. 

  

  

  

  

  

  

  

  

  

  

  

Child First match Second match 

1 Won Won 

2 Lost Won 

3 Lost Won 

B Won Lost 

5 Lost Lost 

6 Won Lost 

7 Won Won 

8 Won Won 

9 Lost Won 

10 Lost Won 
  

Let winning the first match be event A and winning the second match be event B. 

An example of conditional probability would be as follows: calculate the probability 

that a boy picked at random won his first match, if it is known that he won his 

second match, 

Because we are told that the boy won his second match, this will affect the final 

probability. This is written as P(A | B), i.e. the probability of event A given that 
event B has happened. 

P(A|B) = _Pff;(g)flfi 

or P(A|B) = % where n is the number of times that event happens. 

Using the table above, for a child picked at random: 

a Calculate the probability that the child lost both matches. 

b Calculate the probability that the child won his first match. 

¢ Calculate the probability that a child won his first match, if it is known that he 

won his second match. 

a P(A' N B) = —“(i(S)B') = 

b P(A)=%—E—D-% 

¢ PAIB) =22 D 
Note: The answers to b and ¢ are different although both relate to the probability 

of a child winning his first match.
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Worked example 

  

Venn diagrams are very useful for conditional probability as they show n(A M B) 

clearly. 

In a class of 25 students, 18 play football, 8 play tennis and 6 play neither sport. 

a Show this information on a Venn diagram. 

b What is the probability that a student chosen at random plays both sports! 

¢ What is the probability that a student chosen at random plays football, given 

that he also plays tennis? 

a 18 + 8 + 6 = 32. As there are only 25 students, 7 must play both sports. 

  

U 

6       

_nENT) _ 7 b PENT) =St =1, 

¢ BE|T =S 10 1 
n(T) 

Exercise 3.7.6 

1 The Jamaican 100 m women’s relay team has a 0.5 chance of coming first in the 

final, 0.25 chance of coming second and 0.05 chance of coming third. 

a Are the events independent! 

b What is the team’s chance of a medal! 

2 I spin a coin and throw a dice. 

a Are the events independent! 

b What is the probability of getting: 

i) a head and a factor of 3 

ii) a head or a factor of 3 

iii) a head or a factor of 3, but not both? 

3 What is the probability that two people picked at random both have a birthday 

in June?
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4 Amelia takes two buses to work. On a particular day, the probability of her 

catching the first bus is 0.7 and the probability of her catching the second bus is 

0.5. The probability of her catching neither is 0.1. 

a Are the events independent! 

b If A represents catching the first bus and B the second: 

i) State P(A U B)'. 
ii) Find P(A U B). 
ii1) Given that P(A U B) = P(A) + P(B) — P(A N B), calculate 

P(A N B). 
iv) Calculate the probability P(A | B), i.e. the probability of Amelia 

having caught the first bus, given that she caught the second bus. 

5 The probability of Marco having breakfast is 0.75. The probability that he gets a 

litt to work is 0.9 if he has had breakfast and 0.8 if he has not. 

a What is the probability of Marco having breakfast then getting a lift? 

b What is the probability of Marco not having breakfast then getting a lift? 

¢ What is the probability that Marco gets a lift? 

d If Marco gets a lift, what is the probability that he had breakfast! 

6 Inés has a driving test on Monday and a Drama exam the next day. The 

probability of her passing the driving test is 0.73. The probability of her passing 

the Drama exam is 0.9. The probability of failing both is 0.05. 

Given that she has passed the driving test, what is the probability that she also 

passed her Drama exam! 

7 An Olympic swimmer has a 0.6 chance of a gold medal in the 100 m freestyle, a 

0.7 chance of a gold medal in the 200 m freestyle and a 0.1 chance of no gold 

medals. Given that she wins the 100 m race, what is the probability of her 

winning the 200 m race! 

8 a How many students are in your class!? 

b How likely do you think it is that two people in your class will share the same 

birthday? Very likely? Likely? Approx 50—50? Unlikely? Very unlikely? 

¢ Write down everybody’s birthday. Did two people have the same birthday? 

Below is a way of calculating the probability that two people have the same 

birthday depending on how many people there are. To study this it is easiest to 

look at the probability of birthdays being different. When this probability is less 

than 50%, then the probability that two people will have the same birthday is 

greater than 50%. 
When the first person asks the second person, the probability of them not 

having the same birthday is % (i.e. it is % that they have the same birthday). 

When the next person is asked, as the events are independent, the probability 

of all three having different birthdays is: 

364 363 
E) X fi) = 90.2% 

When the next person is asked, the probability of all four having different 

birthdays is: 

364) ., (363) ., (362) _ og 49 
(3&5):’{ 365)" 3&5) = 98.4% 

and so on....
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d Copy and complete the table below until the probability is 50%. 

  

Number of people Probability of them not having the same birthday 
  

364 

  

  

  

  

  

  

  

3 20t _ a7 
365 

3 (-3553) % (?‘l?i) = 9929 
365 365 

4 (?_i‘i) i (-E“E) i (153) - 98.4% 
365 365 365 

5 

10 

15 

20 

etc. 
  

e Explain in words what your solution to part d means. 

B Student assessment 1 

1 Describe the following sets in words. 

g {1,337} 
Bl T 
£ {149, 18; 25, 

d {Arctic, Atlantic, Indian, Pacific} 

2 Calculate the value of n(A) for each of the sets 

shown below. 

a A is the set of days of the week 

b A is the set of prime numbers between 50 

and 60 

¢ A = {x|xisan integer and —9 < x < -3} 

d A is the set of students in your class 

3 Copy this Venn diagram three times. 

  

U 
A B 

      
a On one copy shade and label the region 

which represents A M B. 

b On another copy shade and label the region 

which represents A U B. 

¢ On the third copy shade and label the region 

which represents (A N B)'. 

4 If A =1{w, o, r, k}, list all the subsets of A with 

at least three elements. 

5 fU={1,2,3,4,5,6,7, 8}and P = {2, 4, 6, 8}, 

what set is represented by P'! 

6 A hexagonal spinner is divided into equilateral 

triangles painted alternately red and black. 

What is the sample space when the spinner is 

spun three times! 

7 lf p is the proposition “The Amazon river is in 

Africa’, write the proposition —p in words. 

8 What is meant by p v g7 

9 Calculate the theoretical probability of: 

a being born on a Saturday 

b being born on the 5th of a month in a non- 

leap year 
¢ being born on 20 June in a non-leap year 

d being born on 29 February. 

10 A coin is tossed and an ordinary, fair dice is 

rolled. 

a Draw a two-way table showing all the 

possible combinations. 
b Calculate the probability of getting: 

i) aheadanda6 

ii) a tail and an odd number 

iii) a head and a prime number.
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B Student assessment 2 

1 IfA = {2, 4, 6, 8}, write all the proper subsets of 5 The Venn diagram below shows the number of 

A with two or more elements. elements in three sets P, Q and R. 

2 X = {lion, tiger, cheetah, leopard, puma, P a 

jaguar, cat} 

Y = {elephant, lion, zebra, cheetah, gazelle} 

Z = {anaconda, jaguar, tarantula, mosquito} 

a Draw a Venn diagram to represent the above 

information. 

b Copy and complete the statement 

XY}k 

¢ Copy and complete the statement 

YNZ= {0k 

d Copy and complete the statement 

XYY ME=4,.L 
R 

3 U is the set of natural numbers, M is the set of 

even numbers and N is the set of multiples of 5. If n(P U Q U R) = 93 calculate: 

a Draw a Venn diagram and place the numbers a x 
1,2,3,4,56,17,8,9, 10 in the appropriate b n(P) 

places in it. ¢ n(Q) 

b If X =M N N, describe set X in words. d n(R) 

4 A group of 40 people were asked whether they e n(P NQ) 

like tennis (T) and football (F). The number f n(QNR) 

liking both tennis and football was three times g (P NR) 

the number liking only tennis. Adding 3 to the h n(R U Q) 
: i n(PNQ). 

number liking only tennis and doubling the 

answer equals the number of people liking only 6 What is meant by p A g? 

football. Four said they did not like sport at all. 

a Draw a Venn diagram to represent this 

information. p q pAg pvq 

b Calculate n(T N F). 

¢ Calculate n(T N F'). 

d Calculate n(T' N F). 

7 Copy and complete the truth table below. 
  

  

  

- 

  

M
 

            - 

  

8 What is a tautology? Give an example. 

O A goalkeeper expects to save one penalty out of 

every three. Calculate the probability that he: 

a saves one penalty out of the next three 

b fails to save any of the next three penalties 

¢ saves two out of the next three penalties.
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B Student assessment 3 

1 The probability that a student takes English is 

0.8. The probability that a student takes English 

and Spanish is 0.25. 
What is the probability that a student takes 

Spanish, given that he takes English? 

2 A card is drawn from a standard pack of cards. 
a Draw a Venn diagram to show the following: 

A is the set of aces 

B is the set of picture cards 
C is the set of clubs 

b From your Venn diagram find the following 

probabilities. 
i) P(ace or picture card) 

ii) P(not an ace or picture card) 
iii1) P(club or ace) 

iv) P(club and ace) 

v) P(ace and picture card) 

3 Students in a school can choose to study one or 

more science subjects from Physics, Chemistry 

and Biology. 
In a year group of 120 students, 60 took 

Physics, 60 took Biology and 72 took Chemistry; 

34 took Physics and Chemistry, 32 took 
Chemistry and Biology and 24 took Physics and 

Biology; 18 took all three. 

a Draw a Venn diagram to represent this 
information. 

b If a student is chosen at random, what is the 
probability that: 

i) the student chose to study only one 

science subject 
ii) the student chose Physics or Chemistry, 

and did not choose Biology? 

4 A class took an English test and a Maths test. 
40% passed both tests and 75% passed the 

English test. 

What percentage of those who passed the 
English test also passed the Maths test? 

5 A jar contains blue and red counters. Two 

counters are chosen without replacement. The 
probability of choosing a blue then a red 

counter is 0.44. The probability of choosing a 
blue counter on the first draw is 0.5. 

What is the probability of choosing a red 

counter on the second draw if the first counter 
chosen was blue! 

6 In a group of children, the probability that a 

child has black hair is 0.7. The probability that 

a child has brown eyes is 0.55. The probability 

that a child has either black hair or brown eyes 

is 0.85. 
What is the probability that a child chosen at 

random has both black hair and brown eyes! 

7 A ball enters a chute at X. 

  

LA | !B | |Lc] 

a What are the probabilities of the ball going 

down each of the chutes labelled (1), (ii) 

and (iii)? 

b Calculate the probability of the ball landing 

in: 

i) tray A 

ii) tray C 

iii) tray B. 

Examination questions 

1 A fitness club has 60 members. 35 of the 

members attend the club’s aerobics course (A) 

and 28 members attend the club’s yoga course 

(Y). 17 members attend both courses. A Venn 

diagram is used to illustrate this situation. 

  

     



a Write down the value of g. [1] 

b Find the value of p. [2] 

¢ Calculate the number of members of the 

fitness club who attend neither the aerobics 

course (A) nor the yoga course (Y). [2] 

d Shade, on a copy of the Venn diagram, 

A NnY. [1] 

Paper 1, May 10, Q6 

Police in a town are investigating the theft of 

mobile phones one evening from three cafés, 

‘Alan’s Diner’, ‘Sarah’s Snackbar’ and ‘Pete’s Eats’. 

They interviewed two suspects, Matthew and 

Anna about that evening. 

Matthew said: “I visited Pete’s Eats and 

visited Alan's Diner and I did not visit Sarah’s 

Snackbar.” 

Let p, g and r be the statements: 

p: I visited Alan’s Diner 

g: I visited Sarah’s Snackbar 

r: | visited Pete’s Eats 

a Write down Matthew's statement in 

symbolic logic form. [3] 

What Anna said was lost by the police, 

but in symbolic form it was 

(gvr)=-p 
b Write down, in words, what Anna said.  [3] 

Paper 1, May 11, Q4 

Part A 

The following Venn diagram represents the 

students studying Mathematics (A), Further 

Mathematics (B) and Physics (C) in a school. 

50 students study Mathematics 

38 study Physics 

20 study Mathematics and Physics but not 

Further Mathematics 

10 study Further Mathematics but not Physics 

12 study Further Mathematics and Physics 

6 study Physics but not Mathematics 

3 study none of these three subjects. 
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A 

a Copy and complete the Venn diagram.  [3] 

b Write down the number of students who 

study Mathematics but not Further 

      

Mathematics. [1] 

¢ Write down the total number of students 

in the school. [1] 

d Write down n(B U C). [2] 

Part B 

Three propositions are given as 

p: It is snowing 

q: The roads are open 

r: We will go skiing 

a Write the following compound statement in 

symbolic form. 

‘It is snowing and the roads are not open.” [2] 

b Write the following compound statement in 

words. 

  

  

  

  

  

  

  

  

  

(Cprgq)=r 3] 
¢ Copy and complete the truth table. [3] 

P lag | r | P |7Prg |(CPAq) =T 

T ¥ T 

T i F 

il F T 

T F |F 
F T T 

E| T | F 
FlF [T 
FlE|F                 

Paper 2, Nov 09, Q2
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11 | put out three -ards face down, one¢ 

which is an ace. | know the position of 
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turn it over. | then turn over a card 

which is not the ace. you are then 

offered the opportunity to change your 

pick to the remaining card. Desigh @ 

probability experiment for many trials as 

a class activity. Why does the probability 
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4.1 

Statistical applications 

Syllabus content 
4.1 The normal distribution. 

The concept of a random variable; of the parameters i and o; of the bell 

shape; the symmetry about x = u. 

Diagrammatic representation. 

Normal probability calculations. 

Expected value. 

Inverse normal calculations. 

4.2 Bivariate data: the concept of correlation. 

Scatter diagrams; line of best fit, by eye, passing through the mean point. 

Pearson’s product—moment correlation coefficient, r. 

Interpretation of positive, zero and negative, strong or weak correlations. 

4.3 The regression line for y on x. 

Use of the regression line for prediction purposes. 

4.4 The y? test for independence: formulation of null and alternative 

hypotheses; significance levels; contingency tables; expected frequencies; 

degrees of freedom; p-values. 

The normal distribution 
You will have seen in Topic 2 that data can be grouped and graphed as a frequency 

histogram. The frequency histogram below shows the mass (kg) of 100 randomly 

chosen adults. 
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Mass (kg) 

It is likely that both the mean and median mass will fall in the modal class, 60-70. 

 



You will come across 
the normal 
distribution in the 
Biology and Physics 
Diploma courses. 
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The shape of the distribution is approximately symmetrical about the mean, 

median and modal class. 

As the class intervals become smaller, the frequency distribution may look as 

follows: 
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It a smooth curve is plotted through the centre of the top of each column, this can 

represent the shape of the distribution if the class interval was ‘infinitely’ small, as shown. 
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This is approximately the typical bell-shaped curve of a normal distribution curve, 

  

  

  

  

  

  

  

            

20 

15 / \ 

5 
L 

o 

E 
5 

\ 
0 2 \-.               -   

0O 10 20 30 40 50 Mean 80 90 100 
Median 

Mode



160 STATISTICAL APPLICATIONS 
  

  

In a normal distribution curve, the mean, median and mode all coincide with the 

bell's peak. Its height and width will depend on the spread of the distribution. The 

greater the spread of the distribution, the shallower its peak. Similarly, data that has 

little spread,will have a more pronounced peak. 

In the normal distributions below, one represents the height of 200 students 

chosen randomly in a school, the other represents the heights of 200 students in 

one year of the same school. 

A 
  

  

/\ 
A 

H 
LRCNE 

Discuss which distribution above is likely to belong to the heights of all the 

students in the school. 

Two parameters affect the shape of a normal distribution curve, the mean value 

(1) — also known as the expected value, and the standard deviation (o). Open the 

‘4.1 Normal distribution 1’ GeoGebra file on the website. Observe how the shape of 

the normal distribution curve changes as ¢ and o change. 

The area under the normal distribution curve represents the whole ‘population’ 

in question. Note: the word ‘population’ does not necessarily have to mean people. 

The population can represent anything from which data is collected, e.g. the mass 

of 100 oranges, the lifespan of 1500 batteries, the heights of 500 sunflowers, etc. 

From the shape of a normal distribution curve it can be deduced that most of the 

population lies close to the mean. The further from the mean a value is, the less 

likely it is to occur in the population. 

Open the ‘4.1 Normal distribution 2’ GeoGebra file on the website. The shape of 

the normal distribution curve can be changed by altering the parameters ¢ and o, 

The percentage of the population that falls within 1, 2 and 3 standard deviations of 

the mean is given. 
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B Exercise 4.1.1 
Using the GeoGebra files mentioned on the previous page as a resource, answer the 

following questions. 

1 What effect does increasing the expected value 4 have on the shape and position 

of a normal distribution curve? 

2 What effect does increasing the standard deviation o have on the shape and 

position of a normal distribution curve! 

3 Two normal distribution curves, A and B, are shown below. 

A 

  

|   

a Which curve shows the distribution with the greater mean? Justify your 

Answer. 
b Which curve shows the distribution with the greater standard deviation? 

Justify your answer. 

4 Approximately what percentage of the population falls: 

a within one standard deviation of the mean! 

b within two standard deviations of the mean? 

¢ within three standard deviations of the mean! 

5 The normal distribution curve below represents the heights of a large group of people. 

  

— | — - 
  

The mean height of the population is 130 cm and the standard deviation 10 cm. 

a Copy the diagram and label on the horizontal axis: 

i) the mean height of 130cm 

ii) the height 145cm. 
b Justify your choices in part a above.
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6 The normal distribution curve below represents the mass (kg) of a large group of 

young adults. The expected value (mean) is 65 kg. The standard deviation is 7 ke. 

  

| I | | 

a Copy the diagram and shade the region that represents the part of the 

population with a mass greater than 65 kg. 

b A person is picked at random from the population. What is the probability 

that he/she has a mass greater than 65 kg? 

¢ What is the probability that a person picked at random has a mass between 

58 kg and 72 kg! Justify your answer. 

d What is the probability that a person picked at random has a mass less 

than 51 kg? Justify your answer. 

So far most of the calculations and diagrams have dealt with cases where the value in 

question is a multiple of the standard deviation. However, this need not be the case. 

T St i The lengths (cm) of a certain type of snake are recorded. It is found that the 

distribution of the lengths follows a normal distribution with an expected value 

(mean) of 125 em and a standard deviation of 10 cm. 

a Draw a normal distribution curve showing the above data. 

b A snake is chosen at random from the population. 

What is the probability that its length is less than 138 cm? 

  

  | | | | | | | | | | 5 

80 90 100 110 120 130 140 150 160 170 

Note: the peak of the curve coincides with the mean value of 125 cm. 

Also, as over 99% of the data falls within three standard deviations of the 

mean, the ‘tails’ of the curve are drawn to just over 30 cm from the mean.
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b It is always good practice to draw a normal distribution curve to show the 

area that is being calculated. 

  

  | — | | -] . 

80 90 100 110 120 130 140 150 160 170 

One standard deviation above the mean would be a length of 135 cm, two 

standard deviations would be 145 cm. The length in question is 138 cm, 

which falls between the two. Your GDC is able to calculate this probability. 
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    The final screen gives the 

probability P(Length < 138) 

        Note: The lower bound in this case is not a fixed value, as in theory a 

length could go as low as zero. In other cases the lower bound could 

be a large negative number. Care therefore needs to be taken when 

choosing lower (or upper) bounds.    
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Note: The lower bound in this case is not a fixed value, as in theory a 

length could go as low as zero. In other cases the lower bound could 

be a large negative number. Care therefore needs to be taken when 

choosing lower (or upper) bounds.     
  

B Exercise 4.1.2 

1 The results (%) of people sitting a Maths exam can be considered to be normally 

distributed with a mean of 60% and a standard deviation of 12%. 

a Sketch the normal distribution curve for the information given above, 

labelling the horizontal scale clearly. 

b An A grade is awarded to students achieving at least 80%. What 

percentage of students achieved an A grade? 

¢ A fail is awarded for a score of 45% or less. What percentage of students 

tailed the exam! 

d A C grade is awarded to students achieving between 60% and 70%. What 

percentage of students achieved a C grade! 

2 The time taken for competitors to run a 10 km race is recorded. The distribution 

is found to be normal with parameters ¢t = 52 minutes and ¢ = 4 minutes. 

a A competitor is picked at random. What is the probability that he finishes 

the race in under 45 minutes? 

b What is the probability that a competitor picked at random takes longer 

than 1 hour to finish the race? 

¢ 5500 competitors complete the race. How many completed the race in 

under 40 minutes!
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3 Two different brands of batteries, X and Y, have the same mean lifespan of 

45 hours when tested. However the results of brand X have a standard deviation 

of 8 hours, whilst those of brand Y have a standard deviation of 2 hours. Assume 

the lifespans of both batteries are normally distributed. 

a On the same graph, sketch the distributions of each brand, labelling them 

clearly. 

b A battery of brand X is picked at random. What is the probability that it 

lasts longer than 60 hours? 

¢ A battery is picked at random and tested. It lasts less than 40 hours. Which 

brand is it most likely to belong to? Justify your answer. 

d Is it possible for a brand Y battery to last more than 55 hours? Justify your 

answer. 

4 The lengths of telephone calls at a call centre are assumed to be normally distributed 

with a mean length of 6 minutes and a standard deviation of 2.5 minutes. 

a A telephone call is picked at random. What is the probability that it lasted 

longer than Y minutes! 

b What is the probability that a call lasts between 5 and 6 minutes!? 

¢ Sketch the distribution and label the horizontal axis clearly. 

d With reference to your sketch, describe why the assumption that the 

lengths of calls are normally distributed is incorrect. 

5 500 g cereal packets are filled by a machine. The masses (g) of cereal in the 

packets are normally distributed with an expected mass of 510 g and a standard 

deviation of 4 g. 

a What is the probability that a packet picked at random will have a smaller 

mass than that stated on the packet! 

b The company fills 1.8 million packets a year. How many packets would be 

expected to have less than 500 ¢ of cereal in them? 

6 The masses (kg) of pumpkins are recorded. The masses are normally distributed 

with the following parameters: i = 5.6kg and o = 1.2 ke. 

The pumpkins are labelled ‘large’, ‘medium’ and *small’ according to their 

mass. A pumpkin with a mass greater than 6.6 kg is labelled ‘large’. A pumpkin 

with a mass less than 4kg is labelled ‘small’; the rest are labelled ‘medium’. 

a What is the probability that a pumpkin selected at random is large? 

b What is the probability that a pumpkin selected at random is small? 

¢ If 8400 pumpkins are labelled medium, how many pumpkins are there 

altogether? 

Inverse normal calculations 

The calculations so tar for the normal distribution have involved finding the 

probability of an event happening (e.g. the probability that a mass is greater or less 

than a particular value). The probability relates to the area under the relevant part 

of the curve. 

It is important though to be able to work backwards. These are known as inverse 

normal calculations.
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The heights of a group of boys are normally distributed with a mean of 175 cm and 

a standard deviation of 7 cm. The college basketball team is looking for new 

players. It is only considering boys whose heights fall in the top 10% of the 

population. 

What is the minimum height that a boy must be in order to be considered for the 

basketball team! 

It is always good practice to draw a normal distribution curve to display the 

Worked example 

  

information clearly. 

  

  | g | | | L X | | g 

145 150 1565 160 165 170 175 180 185 190 195 195 195 210 

The minimum height required is indicated as ‘x’ on the graph, as 10% of the data 

falls above this value. 

Your GDC will calculate this value for you, 
  

  

  

  

    
  

  

Casio 

sEropn M 
m tc: select the ] 

‘stat’ mode E "F 
GRAFH |[DYHA |TAELE |[RECUR 

_A:%fl _Q_Hflé 
G-Solv e CONICS EIEUFI FEGH T'-.-'HA 

@ to select "dist <Ba?20" ¥4 my 

Trace 

«™m to select ‘norm’ 
lnverse Hnrmal 
Tail iRight 

: s - Area =El. 1 
vwindow to select the ‘InvN' inverse tf }'_',5 

" ‘normal option. Save RestNone 
HLLC     
  Enter the direction of the tail, area, 

standard deviation and mean as 

shown. 

Inverse Normal 
@ +=183.9765861 

The final screen gives the value of x. 

  

    

  

    
  

Note: the ‘tail’ in this instance is to the right as the top 10% is being 

considered. However, the same value for x could be calculated using 

the tail in the left and an area of 90%.   
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Texas 
  

  

to select ‘Distr’ 

  

?HIE OFAL 
s normal Fdf 
hormalcdf g 

. 4: ;nu?-&-rflmi 
N 4 I = 1. E3 to select mruNc:rm the inverse A i 

normal option. 68 Lodf( 
rXEpdf     
  

  

Enter the numbers (0.9, 175, 7) D 

The numbers refer to (the area 

measured from the left tail, mean, 

standard deviation). 

%HUHDFN{.Q:I?E:? 

      

  

%HUHDFN(.?:I?E:? 

18335.97HE361 
The probability is displayed on the screen. 

    
    

  

Note: The area is always measured from the left tail.     
  

B Exercise 4.1.3 

1 The amount of time people spend travelling to work each day is considered to 

be normally distributed with a mean of 45 minutes and a standard deviation of 

13 minutes. 

a Sketch a normal distribution curve to illustrate this data. 
b 20% of the population arrive at work within x minutes of leaving home. 

Calculate the value of x. 

¢ 60% of the population arrive at work within y minutes of leaving home. 

Calculate the value of y. 

2 Exam results are normally distributed with a mean of 50 and a standard deviation 

of 15. 
a The examination board awards an A grade to the top 15% of students. 

What is the minimum score necessary for an A grade! 

b A fail is awarded to the bottom 12% of students. What is the maximum 

score that is still considered a fail? 

¢ A C grade is awarded to the middle 15% of students. What range of scores 

is awarded a C grade? 

3 The lengths (cm) of cucumbers are normally distributed with an expected value 
of 25cm and a standard deviation of 5 cm. A supermarket rejects cucumbers 

whose lengths fall in the top 8% and the bottom 20%. 

a Sketch the normal distribution curve and shade the region representing the 

cucumbers that are rejected. 

b Calculate the minimum length of cucumber accepted by the supermarket. 

¢ Calculate the maximum length of cucumber accepted.
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4.2 

You will come across 
bivariate data in the 

Biclogy, Physics, 
Chemistry and Social 
Sciences Diploma 

Courses. 

4 The mean adult length of a species of alligator is 2.3 m with a standard deviation 

of 15cm. Find an interval which is symmetrical about the mean within which 

99% of the lengths of the alligators lie. 

5 The mass (g) of chicken eggs at a farm are recorded and found to be normally 

distributed with # = 59 and ¢ = 3. 140 eggs have a mass of less than 52 g. 

a How many eggs were recorded at the farm! Give your answer to the 

nearest 10. 

b The heaviest 400 eggs are labelled ‘super size’. What is the minimum mass 

needed for an egg to be labelled ‘super size'? 

Scatter diagrams, bivariate data and 
linear correlation 
When we record information about two different aspects (or variables) of a data 

item, such as height and mass of children or temperature and number of ice creams 

sold on particular days, we are collecting bivariate data. We can use the value of 
the two variables for a data item as the coordinates of a point to represent it on a 

graph called a scatter diagram (or scatter graph). Scatter diagrams are particularly 

useful if we wish to see if there is a relationship between the two variables. How the 

points lie when plotted indicates the type of relationship between the two variables. 

The heights and weights (masses) of 20 children under the age of five are recorded. 

The heights were recorded in centimetres and the weights in kilograms. 

  

  

  

                          

    

Height 32 34 45 46 52 59 b3 B4 71 73 

Mass 5.834 | 3.792 | 9.037 | 4.225 |10.149] 6.188 | 9.891 | 16.010( 15.806 | 9.929 

Height 86 87 a5 96 96 101 108 109 117 121 

Mass 11.132 | 16.443 | 20.895 | 16.181 | 14.000 | 19.459 ) 15.928 | 12.047 | 19.423| 14.331 

a Plot a scatter diagram for the data above. 

b Comment on any relationship that you see. 

a 
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Worked example 
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b The points tend to lie in a diagonal direction from bottom left to top right. This 

suggests that as height increases then, in general, weight increases too. Therefore 

there is a positive correlation between height and weight. 

Lines of best fit 

If the scatter diagram shows that there is a relationship between the two variables, 

we can use a line of best fit to estimate the value of one variable given a value of 

the other variable. To do this we draw a straight line passing through the data, i.e. 

a line of best fit. It will pass through the point (x, ¥) and leaves approximately half 

the points above the line and half the points below it. It does not need to pass 

through the origin. 

Using the data about the height and weight of children in the previous example, 

estimate the weight of a child with a height of 80 cm. 

We have to assume that this child will follow the trend set by the other 20 

children. To deduce an approximate value for the weight, we draw a line of best fit 

through the data, passing through the point (x, ¥). 

% =T71.75,5 = 12.535 
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The line of best fit can now be used to give an approximate solution to the 

question. If a child has a height of 80 cm, you would expect his/her weight, by 

reading from the graph below, to be in the region of 13 kg. 
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Your GDC and graphing software can plot scatter diagrams and analyze them. 

For example, plot the following data for an ice cream vendor on a scatter 

diagram and, if appropriate, draw a line of best fit. 

  

Temperature (°C) 15|24 |18 |24 |19 |26 | 22|24 |27 28|30 |25]22 |17 
  

Numberof icecreamssold | 8 |34 (20|38 |28 |37 132129 |33|35|44 |28 30|25                                   

  

  

  

      

   

  

    

  

  

    

Casio 

SET UP at____V , . : . 

@ to select the stat. mode. $u§| i .:’. Lt A bt 
2 e u 

Enter the temperature data in List 1 and the ?.| ;:| o 

number of ice creams sold in List 2. Wmm%fi 
  

  

     
   

StatGrarhl 

     

Trace 

«7Th to access the statistical graphing menu. 

15 

YList 
Fresuency 

é to check the setup. 
o Mark Tyre 

The graph type is ‘scatter’ with the x values BRI [oF - 

List2 
11 

  

from List 1 and the y values from List 2. Each 
  

data value is to be counted once.       

  

  

  

    
Trace Wi I 

¢ to plot the scatter diagram. 

Trace 
Lir’gatfie?fi?fifi#fli 

" to select the graph calculation menu. b =-9.0814921 
re=Q. 73396558 

sei Mse=2i. 256241 
7 as the line of best fit required is [CoFT [oha 

linear. The following screen summarizes the 

properties of the line of best fit in the form A 

y = ax + b. . " . 

- - - -~ 

& to plot the line of best fit. i et f et         

Note: The screen which gives the properties of the line of best fit also 

gives the value of r. This represents the product-moment correlation 

coefficient which is dealt with later in this topic.      
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Texas 
  

  
  

m to enter the data into lists. 

Enter the temperature data in List 1 and the 

number of ice creams sold in List 2. 

) n to enter the statistical 

plot setup. 

Turn ‘Plot 1" to 'On’. Choose the scatter 

diagram and ensure the x values are from 

List 1 and the y values from List 2. 

  

'l LE Fr 

\ ) to set scale the scale for each axis. 

‘o ",l to plot the scatter diagram. 

to select the ‘Calc’ menu. 

to find the linear equation of the line 

of best fit through the points. 

wlo| |wlo 
to calculate the equation of the line of best 

fit with x values from List 1 and y values 

from List 2. 

n to display the equation in the form 

y = ax + b. 
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Autograph 
  

On the 2D-graph page option, click on 

a. to enter the data. 

Enter the temperature in the x column 

and the number of ice creams sold in 

the y column. 

Click "OK’ to graph the data. 

To identify the coordinate (x, y), select 

‘Object’ followed by ‘centriod’. 

To draw a linear line of best fit, select 

‘Object’ followed by ‘Best fit'. A straight 

line is a polynomial of order 1. 

Click 'OK’ to graph the line of best fit. 

Select the line. Its equation will appear 

at the base of the screen.     

Deata 

X ¥ 
8 

24 M 
18 20 
24 30 
19 e 
% n 
x a 
24 24 

Polyramial 

Order: | 1 5 

f*”fj 1 

. ,:f'f:‘ 1 

PGl 

Straight Line: y=1 .708x-9.081 
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Click 'View' — 

‘Spreadsheet’ to open a 

spreadsheet. 

Enter the temperature 

in column A and the 

number of ice creams 

sold in column B. 

Highlight the data. 

Select “Two Variable 

Regression Analysis’ 

from the drop-down 

menu. 

The scatter graph 

appears in a new 

window. Select the 

‘Linear’ option from the 

regression model list. 

A line of best fit is 

plotted and its 

equation appears at the 

base of the screen.     
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Types of correlation 
There are several types of correlation depending on the arrangement of the points 

plotted on the scatter diagram. These are described below. 

YA 

    
Y
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A strong positive correlation. 

The points lie tightly around the line of best fit. 

As x increases, so does ¥. 

A weak positive correlation. 

Although there is direction to the way the points are 

lying, they are not tightly packed around the line of 

best fit. 

As x increases, y tends to increase too. 

No correlation. 

There is no pattern to the way in which the points 

are lying, i.e there is no correlation between the 

variables x and y. As a result, there can be no line of 

best fit. 

A strong negative correlation. 

The points lie tightly around the line of best fit. As x 

increases, y decreases. 

A weak negative correlation. 

The points are not tightly packed around the line of 

best fit. As x increases, y tends to decrease.
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B Exercise 4.2.1 

1 State what type of correlation you might expect, if any, if the following data was 

collected and plotted on a scatter diagram. Justify your answer. 

a A student’s score in a Mathematics exam and their score in a Science 

exam 

A student’s hair colour and the distance they have to travel to school 

The outdoor temperature and the number of cold drinks sold by a shop 

The number of goals your opponents score and the number of times you win 

A person’s height and the person’s age 

A car’s engine size and its fuel consumption 

T
 

o
L
 

n 
O
 

2 The table shows the readings for the number of hours of sunshine and the 

amount of rainfall in millimetres for several cities in Europe. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

City Hours of sunshine Rainfall (mm) 

Athens 12 6 

Belgrade 10 61 

Copenhagen 8 71 

Dubrovnik 12 26 

Edinburgh 5 a3 

Frankfurt 7 70 

Geneva 10 b4 

Helsinki 9 68 

Innsbruck 7 134 

Krakow /i 111 

Lisbon 12 3 

Marseilles 1 11 

Maples 10 19 

Oslo 7 82 

Plovdiv 11 37 

Reykjavik 6 50 

Sofia 10 68 

Tallinn 10 68 

Valletta 12 0 

York 6 62 

Zurich 8 136 
  

a Plot a scatter diagram of hours of sunshine against amount of rainfall. Use a 

spreadsheet or graphing software if possible. 

b What type of correlation, if any, is there between the two variables? 

Comment on whether this is what you would expect.
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3 The United Nations keeps an up-to-date database of statistical information on 

its member countries. The table below shows some of the information available. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

Country Life expectancy Adult illiteracy Infant mortality 

at birth rate rate (per 1000 
(years, 2005-2010) (%, 2009)  births, 2005-2010) 

Female Male 

Australia 84 79 1 5 

Barbados 80 74 0.3 10 

Brazil 76 69 10 24 

Chad 50 47 68.2 130 

China 75 71 6.7 23 

Columbia i 69 7.2 19 

Congo 55 53 18.9 79 

Cuba 81 77 0.2 5 

Egypt 72 68 33 35 

France 85 78 1 g 

Germany 82 1l 1 4 

India 65 62 34 55 

Israel 83 79 29 5 

Japan 86 79 1 3 

Kenya G5 54 26.4 64 

Mexico 79 74 7.2 17 

Nepal 67 66 435 42 

Portugal 82 75 5.1 4 

Russian Federation 73 60 0.5 12 

Saudi Arabia 75 71 15 19 

South Africa 53 50 12 49 

United Kingdom 82 77 1 5 

United States of America 81 77 1 6 
  

a By plotting a scatter diagram, deduce if there is a correlation between the 

adult illiteracy rate and the infant mortality rate. 

b Are your findings in part a above what you expected!? Justify your answer. 

¢ Without plotting a scatter diagram, comment on whether you think there 

is likely to be a correlation between male and female life expectancy at 

birth. Explain your reasons. 

d Plot a scatter diagram to test if your predictions in part ¢ were correct.
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4 The table below gives the average time taken for thirty students in a class to get 

to school each morning and the distance they live from the school. 

  

Distance(km) | 2 |10[18|15| 3 |4 | 6 | 2 |25]|23| 3 | 5|7 |8 | 2 
  

  

  

Time (mins) 511713238 8 |14|15]| 7 131|375 |18|13]|15] 8 

Distance(km) [ 1915|111 |9 | 2 |3 |4 |3 |14|14]| 4 12|12 7 |1 

Time (mins) 27140123 |130|10(|10]1 8 | 9 |15]|23]| 9120127 |18 4                                   
  

Plot a scatter diagram of distance travelled against time taken. 

Describe the correlation between the two variables. 

¢ Describe why some students who live further away may get to school 

quicker than some of those who live nearer. 

d Draw a line of best fit on your scatter diagram. 

e A new student joins the class. Use your line of best fit to estimate how far 

away she might live if she takes, on average, 19 minutes to get to school 

each morning. 

o
=
 

Pearson’s product—-moment correlation coefficient 
Karl Pearson was a statistician and one of the few mathematicians who launched a 

totally new field. In his case, he joined the zoologist Walter Weldon to study what 

he called ‘biometry’; that is, he applied statistical analysis to animal evolution, 

among other areas. 
Pearson’s product —moment correlation coefficient, r, measures the correlation 

between two variables x and . 

The range of valuesforris -1 <sr =<1 

where  —1 indicates a perfect negative correlation between x and y. 

0 indicates no correlation between x and vy 

| indicates a perfect positive correlation between x and vy. 

The value for r can be calculated by the following formula 

  r = 

Xy 

where s_ represents the covariance of x and y (a measure of how much two 

variables change together) 

s, represents the standard deviation of x 

s, represents the standard deviation of vy. 

Note: You will be given the value of the covariance s _ if the formula is needed in 

an examination. However, it can be calculated using the formula 

(Zx)(Zy) 
Xy — - 

§ == 

¥ n 
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Worked example The table below shows the position of a football team in the English Premier 

League and the goal difference, that is the difference between the goals scored and 

goals conceded. 

  

  

Position 1 2 3 = 5 6 7 8 9 
  

Goal difference +23 +20 +21 +18 +14 +16 +11 +9 +3 
  

Position 10 1 i 13 14 15 16 17 18 
  

Goal difference 0 iy -4 -11 -9 -10 -14 -17 -33                         

a Ifsw = —77.14, calculate 

i) s 

) 5 
iii) 1. 

b Interpret the value of r. 

a i) s = %—Eziwherei= % 

g, = % - 9.50¢ =5.19 

i) s, = % — 3%, where y = % 

5y = % — 1.94% = 15.25 

A —77.14 e _i i i 

i) r= 3, T <153 0.975 

b 7 is very close to —1, implying a strong negative correlation. In this case this is 

misleading, as one would expect that the higher the position in the table the 

greater the goal difference. However, in this case a higher position in the table is 

represented by a lower number, i.e. the top position is 1 rather than 18.
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The values for s, s, and r can be calculated using the GDC. 

  

Casio 
  

SETUP  Mat__V 

™o O 
Enter the position data in List 1 and the 

goal difference data in List 2. 
Zoom 

(7 to access the calculations menu. 

to select the stat. mode. 

  

G=T 

@ to check the setup. 

The data has 2 variables (position and goal 

difference). They are in List 1 and List 2 

respectively and each data value is to be 

counted once. 

& 
Zoom 

(T to perform the statistical calculations 

with two variables. 

The screen summarizes the results. Where S, 

is Xo,and S, is yo,. 

To access the value of r from this screen, 
QUIT V-Window 

press followed by @ to select 

the regression menu. 
Trace 

7 to choose the linear regression ‘X’ 

option. 

The equation of the line of best fit is given, 

including the value of r.   

  

List IJL:st @ LSt LSt N 
  

  

    

  

  
1 

GRPHACALCJTEST JTHTRJDIST IS 
  

  

1Uar XLisL 3L1 
1Uar Fres 3 

ar 15 
2Uar Fres 

     
  

  

887   
  

  

X Qi
 

3 - 

==
 
A
R
 

  

  

  
2-Uariable 

Z  =1.94444444 1 

  
  

  

LinearRea 

v=ax+h   

a =-2. 
b =2 
r"' - 

ré=Qg 

MSe=1 

O 
a, 

9 

86584 
16993 
97911 

. 308841 
2.85775 =

L
A
 

1 
4 

1 
2 
7 

[COFY   
    

  

  

 



180 STATISTICAL APPLICATIONS 
  

  

Texas 
  

H m to enter the data into lists. 

Enter the position data in List 1 and the goal 

difference in List 2. 

E . to select the ‘Calc” menu. 

Yoo O S 
m to perform statistical calculations on 

  

the 2—variable data with x values in List 1 

and y values in List 2 fl 

The screen summarizes the results for both 

sets of data. s, iso,and s is o, 

  

Access the equation for the line of best fit 

and the value of r from this screen by 

- . to select the ‘Calc’ menu. 

tt:: select ‘LinReg (ax + b)’ and type 

SIEOCICE 
to calculate the equation of the straight line 

and give the value of r. 
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E—UaPEStats 

  

  

  
53—15 BEE998767 
au=15, 24724947 

#Exu='135£ 

  

  

  

Linkeg 
gy=3x+h 
a=-2.865841873 

re=, 228541553 
r=-.3r211128083 

        Note: The calculator gives two types of standard deviation, . ando,. 

The standard deviation you will need on this course is o,, even 

though the formula for standard deviation uses the notation s . 

If r is not displayed on the screen, ‘DiagnosticOn’ needs to be set. 

This is done via 

‘DiagnosticOn’. 

  

and scrolling down to select 
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Autograph 
  

  

On the 2D-graph page option, Data 

7 

£3 

20 

21 

18 

14 

16 

11 

9 

click on a to enter the data. 

Enter the team’s position in the 

X column and the goal 

difference in the y column. 

~ 

1 

2 

3 

i 

5 

6 

7 

8 

/| Show Statistics | 

/| Perform Autoscale 

Ensure both the ‘Show 

Statistics’ and ‘Perform 

Autoscale’ options are selected. 

Click ‘OK’ to graph the data. 

Both the graph and the 

statistics window are shown on 

  

the screen. 

Number of points, n: 18 

Mean, x: 9.5 

Mean, y: 1.944 
The value of the e s ae i 

product-moment correlation Standard Deviation, y: 15.25 

coefficient r is one of the SO I - 
3 Spearman's Ranking Coeff: -0,9897 

statistics ShDWl"I. y-on-x Regression Line: y=-2.866x+29.17 

x-on-y Regression Line: x=-0.3318y+10.15     
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GeoGebra 
  

Click '"View" — 'Spreadsheet’ to 

open a spreadsheet. 

Enter the team’s position in 

column A and the goal 

difference in column B. 

Highlight the data. 

Select "Two Variable Regression 

Analysis’ from the drop-down 

menu. 

The scatter graph appears in a 

new window. 
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Click on 'Options’ and select 

'‘Show statistics’. 

The product-moment 

correlation coefficient r is one 

of the statistics shown.     '3 Regreczion Anatysic 

' Stalistics = 
  

1] _IB 
  

Meank | 9.5 
  

| Wleany | 10444 
  

Sx | 53005 
  

oY | 15.5800 

r|-0.9751 
  

g | aday 

Sax | 4845 
  

I | 4704594544 
    Say |-13885     
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B Exercise 4.2.2 

You are expected to use a GDC to calculate the value of the product—moment 

correlation coefficient. 

1 The table below shows the height of women in an Olympic high jump event and 

the maximum height they jumped. 

  

Height of competitor(m) | 1.76 | 1.83 | 1.74 | 1.75|1.80|1.81|1.73|1.80|1.78 | 1.82 
  

        Height jumped (m) 1831206|1.75]|1.88|2.04|202|1.78(1.90)|1.78|1.90                   

a Plot a scatter diagram of the results. 

b Calculate X, the mean height of the competitors, and ¥, the mean height 

jumped. 

¢ Draw a line of best fit on your scatter diagram. 

d Write down the value of r, the product—moment correlation coefficient, 

and comment on its value. 

2 The table below shows the percentage scored by a group of students in a mock 

English examination and what they scored in the final examination. 

  

Mock % 72 |68 |83 |81 |54 |59|77|82|69|81)|32|54|37]|88]28 
  

Final % 75|66 |90 | 81|48 |52 |81 |85]|70|90 |27 5234|896 |17                                     

a Plot a scatter diagram of the results. 

b Calculate x, the mean practice score, and ¥, the mean final score. 

¢ Draw a line of best fit on your scatter diagram. 

d Write down the value of r, the product—moment correlation coefficient, 

and comment on its value, 

3 The same group of students also took a mock and final examination in 

Mathematics. Their percentage scores are in the table below. 

  

Practice % |72 |68 |84 |78 |53 |59 |77 |82 |55|62]|30)|51|40]88 |43 
  

Final % /6|71 |90 |80 |58 |81 (7790|5467 |50|58|60]87 |64                                     

a Calculate r and comment on its value. 

b Comment on any differences between r calculated in this question and the 

previous question.
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4 The product—moment correlation coefficient was calculated for data on each of 

the relationships listed below. 

B The distance someone travels to work and the time it takes 

B A group of students’ results in an Art examination and their results in a 

Mathematics examination 

® The value of a second-hand car and its age 

The size of a pumpkin and its weight 

a Which relationship is likely to have the following values of r! Justify your 

answers. 

i) 098 

ii) 0.2 

iii) —0.8 

b Estimate a value for r for the relationship not chosen in part a above, 

Justity your answer, 

5 For the students in your class, measure in centimetres their height and the 

length of their right foot. 

a Plot a scatter diagram of the results. 

b Calculate x, the mean height, and ¥, the mean foot size. 

¢ Draw a line of best fit on your scatter diagram. 

d Write down the value of r, the product—moment correlation coefficient, 

and comment on its value. 

e Would you expect the value of r be very different if the data had been 

collected from a class of 11-year-old students? Justify for your answer. 

4.3 The regression line for y on x 
vou will come across  Lines of best fit were drawn by eye in the earlier part of this work on correlation. 

  

these graphical Another, more accurate, line is called a regression line for y on x. This line is the 

techniques in the optimum line of best fit. 
Chemistry Diploma _ i _ 

s The tormula for the regression line for y on x is 

5 _ xy — 
—y= X — X Y =Y=1 }1( ) 

X 

where X is the mean of x 

y is the mean of vy 

s, is the standard deviation of x 

Sy is the covariance.
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P Al [he table below shows the number of hours 20 students spent studying Spanish in 

the month before an examination and their percentage score. 

  

  

Hours of study 21 32 13 40 15 26 27 18 19 10 
  

Exam mark (%) 62 90 58 78 &0 66 56 62 68 50 
  

Hours of study 21 22 33 44 25 46 17 28 19 20 
  

Exam mark (%) 74 70 76 80 63 95 =7 69 58 64                         
  

s 
a Find the correlation coefficient r, where r = —, 

55 
Xy 

b Find the equation of the regression line for y on x. 

¢ Estimate the score for the student who studies 30 hours in the month before the 

  

examination. 

_ 2Zx 496 v A% 1378 
HI—?—fi—24+8T—T—2——68+8 

s = [2X_ a2 (1114 940 geg 
x n 20 

  

i i =\/%- 68.82 = 11.40 

B oy (Zx)(2y) 35747 — 496 x 1376 

5, = - o 80.86 

Sy 80.86 

5,5, 0,68 x 11.40 

Note: The values for x, 3, 2x%, Zy%, Zxy, S5, 5 and r can all be taken from your 

calculator, once the data has been entered in two lists as shown before. 

    

  = 0.733. Therefore r = 

  

5 

b N _fi = (SI;I (I—:T:} 

80.86 
Y= 68+8 = W {I — 24+8) 

vy = 0.863 (x — 24.8) + 68.8 

vy = 0.863x + 47.39 

Note: As there are many stages to these calculations, there is the possibility of 

rounding errors. The full answer at each stage should be saved in the memory 

of your calculator. 

The equation of the regression line for y on x can be calculated on your GDC as 

shown before.
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¢ As the equation for the regression line has been calculated, this can now be used 

to estimate further values. 
Substitute x = 30 into the equation of regression line: 

y = 0.863x + 47.39 

y = 0.863 x 30 + 47.39 = 73.29 

Therefore the estimated score for a student who studied 30 hours is 73%. 

Autograph and GeoGebra have the facility to produce the equation of the 

regression line for ¥y on x efficiently as shown below. 

  

Autograph 
On the 2D-graph page option, click on 

a. to enter the data. 

  

Enter the hours of study in the x column 

and the percentage score in the y 

column. 

Click 'OK’ to graph the data. 

To plot the regression line for y on x, A , = 

click ‘Object’ and select "y-on-x — 

Regression Line’. 

Its equation will appear at the base of y-on-x Regression Line: y=0,8633x+47 39 

the screen.        
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GeoGebra 
  

Click 'View' — 

‘Spreadsheet’ to open a 

spreadsheet. 

Enter the hours of study in 

column A and the exam 

mark in column B. 

Highlight the data. 

Select 'Two Variable 

Regression Analysis’ from 

the drop-down menu. 

The scatter graph appears 

in a new window. 

Select ‘Linear’ from the 

Regression Model drop- 

down menu. 

The equation of the 

regression line will appear 

under the graph.     
  

I'lflwl Porsprcives Opiions Tools W 

| Axes 
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When the predicted value falls within the range of the given data, then estimates 

are generally valid (interpolation). However, when the predicted value falls outside 

the range of the data (extrapolation), it is susceptible to large errors as 

there is the assumption that the data continues to behave linearly outside the 

given range. 

 



188 STATISTICAL APPLICATIONS 
  

For example, if using the data above we attempted to predict the examination 

score for a student who studied for 100 hours in the month prior to the exam, the 

extrapolation may produce invalid results as the data ranges from 10 to 46 hours of 

study, and 100 hours is clearly outside of this range. 

Substituting x = 100 into the equation gives: 

vy =0.863 x 100 + 47.39 = 133.7 

This indicates a score of 134%, which is clearly not possible. 

Note: In GeoGebra there is the additional facility of evaluating values from the 
regression line. 

Evaluate: x= 100 ly= (13372 | 

B Exercise 4.3.1 

Use your GDC to answer the following questions. 

1 A group of club cyclists take part in a 25 kilometre race. The table below shows 

the time taken and the mean number of hours’ training per week done by each 

cyclist in the ten weeks prior to the race. 

  

Hours training 12120 3 | 6 |28|22|16| 9 | 1 | 1124|1713 9 
  

Race time (mins) | 80 |55 |90 |86 |52 |66 |70 |80 |88 |74 |56 |69 |74|78                                   

a Calculate the correlation coefficient r. 

b Calculate the equation of the regression line for y on x. 

¢ Estimate how long, to the nearest minute, the race would have taken for 

someone who trained, on average, 18 hours per week. 

d Comment on the validity of your answer to part ¢ above. 

2 The score (out of 161) for ten students in an I() test at the age of 11 was 

compared with their percentage in an IB Mathematics examination. The results 

are shown below. 

  

IQ score 90 (100 | 1051 88 | 96 | 125 [ 130 | 142 | 128 | 105 
  

IB exam score 52 66 L8 50 60 86 90 97 a4 73                           

a Calculate the correlation coefficient r. 

b Calculate the equation of the regression line for y on x. 

¢ Two further students had IQ results of 95 and 155. Predict their respective 

IB scores. 

d Comment on the validity of your answers to part ¢ above.
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3 The table shows the salary and the number of years experience of a group of 

firefighters. 

  

Salary $(000s) 32| 27140 | 40 | 36| 32 | 25|30 |27 |40 37| 33 
  

Years of experience 7 4 120118 | 11 7 1 5 3 |17 | 15| 12                               
a Calculate the correlation coefficient r and comment on its value. 

b Calculate the equation of the regression line for y on x. 

¢ Estimate the salary of a firefichter with ten years’ experience. Comment on 

the validity of your estimation. 

d A firefighter has a salary of $100000. Estimate his age using your equation 

of the regression line from part b. Comment on the validity of your answer. 

4 The air temperature was taken at various heights by a meteorological balloon. 

The results are shown below. 
  

Height (000s m) A4 8 12 | 16 | 20 | 24 | 28 | 32 | 36 | 40 
  

            Temperature (°C) 3 4 | 20| 32| 40| 46| 48 | -51 | -57 | -60               
a Calculate the correlation coefficient . Comment on its value. 

b Calculate the equation of the regression line for y on x. 

¢ Estimate the height of the balloon if the outside temperature is recorded as 

—70 °C. Comment on the validity of your answer. 

4.4 The y? test for independence 
You may use this in 

Biology, Psychology 
and Geography 

Diploma courses. 

A chi-squared (y?) test for independence is used to assess whether or not paired 

observations, expressed in a contingency table (two-way table), are independent. 

For example: 

Volunteers are testing a new drug in a clinical trial. It is claimed that the new 

drug will result in a more rapid improvement rate for sick patients than would 

happen if they did not receive the drug. 

The observed results of the trials are presented in the contingency table below. 

  

  

  

  

Improved Did not improve Total 

Given drug 55 40 a5 

Not given drug 42 43 85 

Total 97 83 180 
  

It is difficult to tell from the results whether or not the drug had a significant 
positive effect on improvement rate. Although the results show that more 

volunteers improved than did not improve when given the drug, it is not certain 

whether the difference in results is significant enough to justify the claim. In order 

to verify the claim, a chi-squared (¥*) test for independence can be carried out. 

The first step is to set up a null hypothesis (H;). The null hypothesis is always 

that there is no link between the variables and it is contrasted against an 
alternative hypothesis (H,) which states that there is a link between the variables. 

The null hypothesis is treated as valid unless the data contradicts it.
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In the example above: 

  

Hg: There is no link between patients being given the drug and improvement rates. 

H,: There is a link between patients being given the drug and improvement rates. 

The observed results need to be compared with expected or theoretical population 

results. 

Of the 180 people in the sample, 95 were given the drug. So, from this we 
95 

estimate that, in the population, the probability of being given the drug is 755. 

A total of 97 patients in the trial improved. From the null hypothesis, we would 

expect % of these to have been given the drug, i.e. the expected number of 

improved patients who had been given the drug is % x 97 = 51.19. 

The next step is to draw up a table of expected frequencies for a group of 180 

patients under the null hypothesis that having the drug is independent of 

  

  

    

  

    

  

improvement. 

Improved Did not improve Total 

X Given drug P X3 5119 D X 83 _ 4381 95 
180 180 

Not given drug B3 K I o AEE B5 K83 o 58,18 85 
180 180 

Total a7 a3 180 
  

Note: The full answer to each calculation should be stored in your calculator’s 

memory. 

The formula for calculating y? is as follows: 

(f, - £)* . _ S Jeb 
X =2 JrE 

_ 2 (55 = 51.19) 5, 

, where f_are the observed frequencies 

f_ are the expected frequencies 

2 (40 — 43.81) i (42 — 45.81)* (43 - 39.19)* 
  

e Therefore y* = E1 19 

= 1.299 

43.81 581 T 3019 

The importance of this number depends on two other factors: 

B The percentage level of significance required (p) 

® The number of degrees of freedom of the data (v). 

The level of significance refers to the percentage of the data you would expect to be 

outside the normal bounds. 

The number of degrees of freedom of the data relates to the amount of data that 

is needed in order for the contingency table to be completed once the totals for 

each row and column are known. In the example above, if any one of the four 

pieces of data are known, the rest can be deduced. 

In general, if the data in a contingency table has ¢ columns and r rows, then the 

number of degrees of freedom, v = (¢ — 1)(r — 1).
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The result for ¥* above needs to be compared with the result in a y* table. (This 

is provided in the information booklet in your examination.) 

  

    

P 0.005 0.01 0.025 0.05 0.1 0.9 0.95 0.975 0.99 0.995 

v=1 0.00004  0.0002 0.0017 0.004 0.016 2.706 3.841 L.024 6.635 7.875 

2 0.010 0.020 0.051 0.103 0.211 4.605 .9 7.378 8.210 10.587 

3 0.072 0.115 0.216 0.352 0.584 6.251 7.815 9348 11.345 12.838 

4 0.207 0.297 0.484 0.711 1.064 1779 9488 11.143 13.277 14.860 

5 0.412 0.554 0.821 1.145 1.610 0,236 11.070 12.883 15.086 16.750 

& 0.676 0.872 1.237 1.635 2.204 | 10.645 12.592 14.449 16.812 18.548 

7 0.989 1.239 1.690 2.167 Z2.833 12.017 14.67 16.013 18.475  20.278 

2 1.344 1.646 2.180 2733 3.480 13.362 15.507 17.535 20,080  21.955 

Q 1.735 2.088 2.700 3.325 4.168 14.864 16.919 19.203 21.666 23.580 

10 2.156 2.558 3.247 3.940 4 865 15.987 18.307 20483 23.209 2G.188 

11 2.603 3.053 3.816 4,575 C.578 17.275 19675 21920 24725 26,757 

12 3.074 3.5/ 4.404 L.266 6.304 | 18,548 21.026 23337 26.217 28300 

p= P{X = l'::l 

i 
i P 

i 
i A 

  

  

All the values in this table are known as critical values. The highlighted value of 

3.841 is the critical value for the 5% level of significance for data with 1 degree 

of freedom. 

Owr calculation of ¥2 gave a value of 1.299. As 1.299 < 3.841, the null 

hypothesis is supported, i.e. there is no evidence of a link between being given the 

drug and improvement rates in patients. 

If the calculated value of % is greater than the critical value then the null 

hypothesis is rejected. 

The table above has values for 1 degree of freedom (v = 1). Sometimes it is felt 

that these estimates are not sufficiently accurate and a different method known as 

Yates' continuity correction can be used. However, this method is beyond the scope 

of this book. 

The value of y% can be calculated using your GDC for the example above.
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Casio 
  

The observed data needs to be entered as a 

matrix. 

  

SET UP List Ul Trace 

@ ) to enter the matrix 

menu. @ to select matrix A. The 

  

  

  dimensions refer to the number of rows x 

  

  

      

  

    
     

      

  

columns of the matrix, i.e. 2 x 2 @ : A . 
i 55 Ilfl] 

Enter the observed data in matrix A. =" 

Now the ¥ test can be applied: 43 
(30 (AP (W [EvTT 

SET UP Mat v V-Window 

@ to access the test 

menu within the statistics mode. e : 
V-Window Egggflgs : Hgne 

@ to select "CHI". BRRCULE 

_ (M3t [ 
Select the observed matrix as A. Select the 

destination of the expected matrix as B. @ 5 
%€ Tesl 

245 df T2 22 The value of ¥4 is displayed as 1.29915596. T 

To check the expected values matrix B from -     this screen: 

G=T ] 

m @ to select matrix B Bi[fi = 
2LYS. B0S 39. 185U 

@ to display the expected matrix B. mifigq‘““‘* 
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Texas 
  

  

The observed data needs to be entered as a 

matrix. 

to enter the edit mode. 

n to edit matrix A. Enter the dimensions 

   
of matrix A as rows x columns, i.e. 2 x 2. 

[ 
Enter the observed data into matrix A. 

Now the y? test can be applied: 

H t:::- select the 

"Tests” option within the statistics menu. 

Scroll down to select ‘C; y2—Test'. fl 

The default is for the observed data to be in 

matrix A and the expected matrix to be 
entered into matrix B. 

Select ‘Calculate’. n 

The result for ¥ is displayed on the screen. 

    

To check the expected values of matrix B 
from this screen: 

  

CICA 
The matrix is displayed on the screen. Scroll 
across to view all the expected results. 

  

  

MATRIX[A] 2 X2 
Lo 0 
Lo 0 

  

  

  

MATRIXIA] 2 X2 
i Cimm 

  

  

  

Xe=-Test 
Observed: [A] 
Expected: [Er]_. 
Calculate A 

  

  

  

Xé-Test 
xe=1.2991559&£1 
E?l%5436?44?2 
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A television presenter on a motoring show claimed that ‘men like cars with big 

engines and women do not’. In order to test the validity of this claim, data is 

collected from a random sample of men and women about the engine size of the 

cars that they own. This is presented in the contingency table below. 

  

  

  

                        

  

  

  

                      

Engine size (litres) 1.6 1.8 2.0 2.3 2.8 3.0 5.0 | Total 

Male (f,) 24 16 18 26 B B 3 100 

Female (f)) 21 17 27 20 11 4 0 100 

Total 45 33 45 46 19 9 3 200 

a Set up a null and alternative hypothesis. 

b Construct an expected frequency contingency table. 

¢ Calculate the value of ¥2. 
d State the number of degrees of freedom of the data. 

e State, giving reasons, whether the presenter’s statement was statistically valid at 

a 10% level of significance. 

a H, Choice of engine size is independent of gender. 

H, Choice of engine size is dependent on gender. 

b 

Engine size (litres) 16 1.8 201231281 3.0]5.0|Total 

Male (f,) IR e | 003 ek laate) g | 65 |4 TE | Tob 
200 

Female (f) 22.5 16.5 225|123 195145115 | 100 

Total 45 33 45 146 | 19| 9 3 | 200 

2z s P slo—1° (242250 (16 - 16,5) OISR e 
fe 225 16.5 L5 * 

d v=(2-1)(7-1)=6 
e Look at the ¥ table. 

p= P{,:'( < l:'j 

p 0.005 001 0025 005 0.1 09 095 0875 099 0995 

v=1 | 0.00004 00002 0001 0004 0016 | 2706 3.841 5024 6635 7.875 
2 0010 0020 0051 0103 0211 | 4605 5091 7378 9210 10597 
3 0072 0115 0216 0352 0584 | 6251 7.815 0348 11.345 12.838 
4 0207 0297 0484 0711 1064 | 7779 9488 11.143 13277 14.860 
5 0412 0554 0831 1145 1610 | 9236 11.070 12883 15086 16.750 
6 0676 0872 1237 1.635 2204 |[[0845] 12502 14449 16812 18548 
7 0989 1239 1600 2167 2.833 | 12017 1467 16013 18475 20278 
8 1344 1646 2180 2733 3490 | 13.362 15507 17.535 20.090 21.955 

  

  

  

  

    
As the y? value of 6.398 is less than the critical value of 10.645, the null 
hypothesis is supported, i.e. the presenter’s statement is not supported by 

statistical evidence.
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B Exercise 4.4.1 

Check your answers using a GDC. 

1 A survey of cyclists and non-cyclists was carried out to see whether their 

opinions differed as to whether helmets should be compulsory for cyclists. 

The results of the survey are given below. 

  

  

  

  

Helmet compulsory Helmet voluntary Total 

Cyclist 65 235 300 

MNon-cyclist 185 115 300 

Total 250 350 600 
  

Set up a null and alternative hypothesis. 

Construct an expected frequency contingency table. 

Calculate the value of ¥?. 

State the number of degrees of freedom of the data. 

State, giving reasons, whether the null hypothesis is supported or rejected 

at a 5% level of significance. 

T 
o
.
h
 

o
o
 

2 Patients were given a new cancer drug. The patients selected for the trial were not 

expected to live for more than three months. For comparison purposes, a second 

group of similar patients were given a placebo (a tablet which contains no drug). 

The results of the trial are given in the contingency table below. 

  

Alive after 3 months Mot alive after 3 months Total 
  

  

  

Given drug 87 53 140 

Given placebo 65 65 130 

a Set up a null and alternative hypothesis. 

b Construct an expected frequency contingency table. 

¢ Calculate the value of ¥ 

d State the number of degrees of freedom of the data. 

e State, giving reasons, whether the null hypothesis is supported or rejected 

at a 1% level of significance.
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3 A survey was carried out to establish whether or not smoking is related to high 

blood pressure. 

The blood pressure of a random sample of smokers and non-smokers was taken 

and the results are summarized in the contingency table below. 

  

  

  

  

High blood pressure Normal blood pressure Total 

Non-smoker 84 46 130 

Smoker 362 108 470 

Total 446 154 600 
  

Set up a null and alternative hypothesis. 

Construct an expected frequency contingency table. 

Calculate the value of ¥2. 

State the number of degrees of freedom of the data. 

State, giving reasons, whether the null hypothesis is supported or rejected 

at a 1% level of significance. 

T 
L
u
n
 
o
W
 

4 A survey is done to see if the type of holiday preferred by French people is gender 

dependent. 

The results of the survey carried out on a random sample of French people are 

shown below. 

  

  

  

  

Beach Walking Cruise Sail Ski Total 

Male 62 51 22 31 44 210 

Female 89 37 45 28 51 250 

Total 151 88 67 59 95 460 
  

Set up a null and alternative hypothesis. 

Construct an expected frequency contingency table. 

Calculate the value of y?. 

State the number of degrees of freedom of the data. 

State, giving reasons, whether the null hypothesis is supported or rejected 

at a 10% level of significance. 

T 
L
 o
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5 A music magazine carried out a survey to see if a person’s preference in music 

was dependent on their age. The results from a random sample of people are 

shown below. 

  

  

  

  

  

Music Rock Pop Blues lazz Classical Total 

Age 

0-19 40 52 11 17 9 129 

20—39 18 46 18 33 16 131 

40+ 12 14 28 24 11 89 

Total 70 112 57 74 36 349 
  

a Set up a null and alternative hypothesis. 

b Calculate the value of y?. 

¢ State the number of degrees of freedom of the data. 

d State, giving reasons, whether the null hypothesis is supported or rejected 

at a 5% level of significance. 

B Student assessment 1 

1 State what type of correlation you might expect, if any, if the following data was collected and plotted 

on a scatter diagram. Justify your answer. 

a The age of a motorcycle and its second-hand selling price 

b The number of people living in a house and the number of rooms the house has 

2 Two normal distribution curves, A and B, are shown below. 

A 

  = = o 

Which of the two curves has: 

a the greater mean? Justify your answer. 

b the greater standard deviation?! Justify your answer.
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3 The lifespan of a brand of light bulb is said to be normally distributed with ¢ = 600 days and ¢ = 100 days. 

a Sketch a normal distribution curve to show the above data. Label the horizontal axis clearly. 

b Calculate the percentage of light bulbs expected to last for longer than 650 days. Shade and label 

this region on your sketch. 

4 A department store decides to investigate whether there is a correlation between the number of pairs 

of gloves it sells and the outside temperature. Over a one-year period it records, every two weeks, how 

many pairs of gloves are sold and the mean daytime temperature during the same period. The results 

are given in the table below. 

  

Mean temp. (°C) 3 |6 |8 |10]10|11112|14|16 16|17 | 18] 18 
  

Number of pairsofgloves | 61 | 52 | 49 | 54 | 52 | 48 | 44 | 40 | 51 | 39| 31 | 43 | 35 
  

Mean temp. (°C) 19 119 20|21 |22 |22 |24 | 25| 25| 26 | 26 | 27 | 28 
                                Number of pairsofgloves | 26 | 17 | 36 | 26 | 46 | 40 | 30 | 25 | 11 | 7 3 2 0 
  

a Plot a scatter diagram of mean temperature against number of pairs of gloves. 

b What type of correlation is there between the two variables! 

¢ How might this information be useful for the department store in the future! 

5 A group of dogs with kidney problems were given a new drug. A control group were not. The results 

were as follows. 

  

  

  

  

Improved Did not improve Total 

Given drug 162 98 260 

Not given drug 104 46 150 

Total 266 144 410 
  

Set up a null and alternative hypothesis. 

Construct an expected frequency contingency table. 

Calculate the value of ¥*. 

State the number of degrees of freedom of the data. 

State, giving reasons, whether the null hypothesis is supported or rejected at a 5% level of 

significance. 

T 
.
 

n 
o
o
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B Student assessment 2 

1 State what type of correlation you might expect if the following data was collected and plotted on a 

scatter diagram. Justify your answers. 

a The amount someone earns and the amount they spend 

b A person's age and the number of brother and sisters they have 

2 The durations of songs on a girl's mp3 player are normally distributed with an expected value of 

3.8 minutes and a standard deviation of 0.4 minutes. 

a What percentage of songs last between 3.6 and 4.1 minutes! 

b Sketch a tully labelled normal distribution curve to show the results obtained in part a above. 

3 In a school long jump competition, the lengths jumped are considered normally distributed with a 

mean of 2.8 m and a standard deviation of 1.1 m. 

a What percentage of students manage to jump further than 4.0 m? 

b Sketch the normal distribution curve, labelling the horizontal axis clearly and shading the region of 

the curve represented in part a above. 

¢ Explain, with reference to your sketch and the data given, why the data cannot be truly normally 

distributed. 

4 The popularity of a group of professional football players and their yearly salary is given in the table 

below. 
  

  

  

  

Popularity 1 2 4 4 5 6 7 8 9 10 

Salary ($ million) 4.8 3.6 4.5 3.1 1.7 6.3 2.9 31 4.1 1.8 

Popularity 11 12 13 14 15 16 17 18 19 20 

Salary ($ million) 45 3.1 £.7 3.9 6.2 5.8 4.1 5.3 7.2 6.5                           

a Calculate the equation of the regression line for y on x. 

b Calculate the value of the correlation coefficient r. 

¢ The statement is made in a newspaper ‘Big money footballers are not popular with fans’. Comment 

on this statement in the light of your results above. 

5 A vote was taken for or against a ban on foxhunting. The results for town and country dwellers are 

recorded in the contingency table below. 

  

  

  

  

Town dwellers Country dwellers Total 

Ban foxhunting 4240 1263 5503 

Allow foxhunting 1360 2537 3897 

Total 5600 3800 9400 
  

a Set up a null and alternative hypothesis. 

b Calculate the value of . 

¢ State whether the null hypothesis is supported or rejected at a 1% level of significance. 

Justify your answers.
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Examination questions 

1 Tony wants to carry out a ¥ test to determine whether or not a person’s choice of one of the 

three professions; engineering, medicine or law is influenced by the person’s sex (gender). 

a State the null hypothesis, H,, for this test. [1] 

b Write down the number of degrees of freedom. [1] 

Of the 400 people Tony interviewed, 220 were male and 180 were female. 80 of the people 

had chosen engineering as a profession. 

¢ Calculate the expected number of female engineers. [2] 

Tony used a 5% level of significance for his test and obtained a p-value of 0.0634 correct to 

3 significant figures, 

d State Tony's conclusion to the test. Give a reason for this conclusion. [2] 

Paper 1, May 10, Q10 

2 The heat output in thermal units from burning 1 kg of wood changes according to the wood's 

percentage moisture content. The moisture content and heat output of 10 blocks of the same type of 

wood each weighing 1 kg were measured. These are shown in the table, 
  

Moisture content % (x) 8 15 22 30 34 45 50 60 74 82 
  

Heat output (y) 80 77 74 69 68 61 61 55 50 45                           

a Draw a scatter diagram to show the above data. Use a scale of 2 cm to represent 10% on the 

x-axis and a scale of 2 cm to represent 10 thermal units on the y-axis. [4] 

b Write down 

i) the mean percentage moisture content, X; 

  

  

  

  

  

  

  

  

  

  

  

ii) the mean heat output, 3. [2] 

¢ Plot the point (%, §) on your scatter diagram and label this point M. [2] 

d Worite down the product—moment correlation coefficient, r. [2] 

The equation of the regression line y on x is y = —0.470x + 83.7. 
e Draw the regression line y on x on your scatter diagram. 2] 

f Estimate the heat output in thermal units of a 1 kg block of wood that has 

25% moisture content. [2] 

g State, with a reason, whether it is appropriate to use the regression line y on x to 

estimate the heat output in part f. [2] 

Paper 2, May 11, Q1 

3 Part A 

In a mountain region there appears to be a Number of trees (x) Depth of snow in cm (y) 

relationship between the number of trees a5 30 

growing in the region and the depth of snow in 
) i o 50 

winter, A set of 10 areas was chosen, and in 

each area the number of trees was counted and o8 e 

the depth of snow measured. 27 25 

The results are given in the table opposite. 44 30 

28 5 

60 35 

25 20 

73 45 

47 25 
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a Use your graphic display calculator to find 

i) the mean number of trees; 

ii) the standard deviation of the number of trees; 

iii) the mean depth of snow; 

iv) the standard deviation of the depth of snow. [4] 

The covariance, S = 188.5. 

b Write down the product—moment correlation coefficient, r. [2] 

¢ Write down the equation of the regression line of y on x. [2] 

d If the number of trees in an area is 55, estimate the depth of the snow. [2] 

e 1) Use the equation of the regression line to estimate the depth of snow in an area 

with 100 trees. 

ii) Decide whether the answer in e i) is a valid estimate of the depth of snow in the area. 

Give a reason for your answer. [2] 

Part B 

In a study on 100 students there seemed to be a difference between males and females in their choice 

of favourite car colour. The results are given in the table below. A y* test was conducted. 

  

  

  

  

Blue Red Green 

Males 14 6 8 

Females 31 24 17 

a Write down the total number of male students. [1] 

b Show that the expected frequency for males, whose favourite car colour is blue, is 12.6. [2] 

The calculated value of ¥* is 1.367. 
¢ 1) Worite down the null hypothesis for this test. 

ii) Write down the number of degrees of freedom. 

iii) Write down the critical value of ¥* at the 5% significance level. 

iv) Determine whether the null hypothesis should be accepted. Give a reason for your answer. [5] 

Paper 2, Nov 09, Q4
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Geometry and trigonometry 

Syllabus content 
Revision: Coordinates in two dimensions: points; lines; midpoint; distance 

between two points. 

5.1 Equation of a line in two dimensions: the forms y = mx + ¢ and 

ax + by + d = 0. 

Gradient; intercepts, 

Points of intersection of lines. 

Lines with gradients m, and m,. 

Parallel lines m = m,. 

Perpendicular lines m; x m, = —1. 

5.2 Use of sine, cosine and tangent ratios to find the sides and angles of 

right-angled triangles. 

Angles of elevation and depression. 

5.3 Use of the sine rule: —2 b = 
sinA  sinB  sinC’ 
  

Wt —a 
Use of the cosine rule: a? = b? + ¢ — 2bc cosA; cosA = — 

Use of area of a triangle: %ab sinC. 

Construction of labelled diagrams from verbal statements. 

5.4 Geometry of three-dimensional solids: cuboid; right prism; right pyramid; 

right cone; cylinder; sphere; hemisphere and combinations of these solids. 

The distance between two points, e.g. between two vertices or vertices with 

midpoints or midpoints with midpoints. 

The size of an angle between two lines or between a line and a plane. 

5.5 Volume and surface areas of the three-dimensional solids defined in 5 .4.
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Introduction 
On 22 October 1707 four English war ships, The Association (the flagship of 
Admiral Sir Clowdisley Shovell) and three others, struck the Gilstone Ledges off 

the Scilly Isles and more than two thousand men drowned. Why! Because the 

Admiral had no way of knowing exactly where he was. He needed two coordinates 

to place his position on the sea. He only had one, his latitude. 

The story of how to solve the problem of fixing the second coordinate 

(longitude) is told in Dava Sobel’s book Longitude. The British Government offered 

a prize of £20000 (millions of pounds at today’s prices) to anyone who could solve 

the problem of how to fix longitude at sea. 

Cartesian coordinates, using (x, y) coordinates, are named after Descartes. 
René Descartes (1596—1650) was a French philosopher and mathematician. He is 

considered one of the most original thinkers of all time. His greatest work is The 

Meditations (published in 1641) which asked ‘How and what do I know? 

His work in mathematics formed a link between algebra and geometry. He 

believed that mathematics was the supreme science in that the whole phenomenal 
world could be interpreted in terms of mathematical laws. 

In this topic we will look at fixing positions in one and two dimensions, the 

properties of triangles and the geometrical properties of common three-dimensional 

shapes. 

Revision of coordinates 
To fix a point in two dimensions (2D), its position is given in relation to a 

point called the origin. Through the origin, axes are drawn perpendicular to each other. 

The horizontal axis is known as the x-axis, and the vertical axis is known as the y-axis. 

YA 
5   

  4 

  

R
 

W
 

  

                

™12 3 4 5« 

The x-axis is numbered from left to right. The y-axis is numbered from bottom to top. 

The position of point A is given by two coordinates: the x-coordinate first, 

tollowed by the y-coordinate. So the coordinates of point A are (3, 2).
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Worked example 

A number line can extend in both directions by extending the x- and y-axes 

below zero, as shown in the grid below. 
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—   

Points B, C, and D can be described by their coordinates: 

Point B is at (3, =3) 

Point C is at (=4, =3) 

Point D is at (-4, 3) 

Calculating the distance between two points 
To calculate the distance between two points, the coordinates need to be given. 

Once these are known, Pythagoras’' theorem can be used to calculate the distance. 

The coordinates of two points are (1, 3) and (5, 6). Draw a pair of axes, plot the 

given points and calculate the distance between them. 

  

  

  

  

  

  

  

                      

YA 
8 

7 

5 (5, 6) 

8 /,/ 

4 > 2 " 

3{13} 4 2 1 

.1 

0 o 
1 2 3 4 5§ 6 7T 8xX 

By dropping a perpendicular from the point (5, 6) and drawing a line across 

from (1, 3), a richt-angled triangle is formed. The length of the hypotenuse of 

the triangle is the length we wish to find.
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Using Pythagoras’ theorem, we have: 

The distance between the two points is 5 units. 

To find the distance between the points directly from the coordinates, use the 

formula: 

  

d="(x, —x,)" + (y, — y,)* 

I e  Without plotting the points, calculate the distance between the points (1, 3) and 

(3, 6). 

  

  

d =4 (1 =5)2+ (3-6)2 

= V(4 + (-3)? 
= 425 
=5 

  

The distance between the two points is 5 units. 

The midpoint of a line segment 
To find the midpoint of a line segment, use the coordinates of its end points. To 

find the x-coordinate of the midpoint, find the mean of the x-coordinates of the 

end points. Similarly, to find the y-coordinate of the midpoint, find the mean of 

the y-coordinates of the end points. 

e rfey 1 Find the coordinates of the midpoint of the line segment AB where A is (1, 3) and 

  

  

  

B is (5, 6). 

; ih  wmai 1+5 
The x-coordinate at the midpoint will be Tha 3 

: ko . 3+6 
The y-coordinate at the midpoint will be TR 4.5 

So the coordinates of the midpoint are (3, 4.5). 

2 Find the coordinates of the midpoint of a line segment PQ), where P is (-2, =5) 

and Q is (4, 7). 

  

  

The x-coordinate at the midpoint will be _2;— % 1 

; ik e g -5+ 7 
The y-coordinate at the midpoint will be T 1 

So the coordinates of the midpoint are (1, 1).
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B Revision exercise 

1 i) Plot each of the following pairs of points. 

ii) Calculate the distance between each pair of points. 

iii)Find the coordinates of the midpoint of the line segment. 

a (5,6)(1,2) b (6,4) (3, 1) 

¢ (1;:4) 15, 8) d (0,0) (4, 8) 
e (2,1)(4,7) t (0,7)(=3,1 
g (-3,-3) (-1,5) h (4,2) (-4,-2) 
i (=3,5)(4,5) i (2,0)(2,6) 
k (-4,3) (4,5) [ (3,6) (-3, -3) 

2 Without plotting the points: 

i) calculate the distance between each of the following pairs of points 

ii) find the coordinates of the midpoint of the line segment. 

a (1,4) (4, 1) b (3,6)(7,2) 
¢ (2,6)(6,-2) d (1,2) (9, -2) 
e (0,3)(-3,6) f (-3,-5) (-5, -1) 
g (-2,6)(2,0) h (2, -3) (8;1) 

i (6,1)(-6,4) i (=2,2) (4,-4) 
ke (=5, =3) (6, —=3) 1 (3,6)(5,-2) 

5.1 Straight lines 

You will come across 

this in the Economics 

Diploma course. 

Lines are made of an infinite number of points. This section deals with those points 

which form a straight line. Each point on a straight line, if plotted on a pair of axes, 

will have particular coordinates. The relationship between the coordinates of the 

points on a straight line indicates the equation of that straight line. 

Gradient 

The gradient of a straight line refers to its ‘steepness’ or ‘slope’. The gradient of a 

straight line is constant, i.e. it does not change. The gradient can be calculated by 

considering the coordinates of any two points (xy, ¥,), (x;, ¥,) on the line. It is 

calculated using the following formula: 

vertical distance between the two points 
Gradient = 

horizontal distance between the two points 
  

By considering the x- and y-coordinates of the two points this can be rewritten as: 

Gradient = "N 
X =X
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1 The coordinates of two points on a straight line are (1, 3) and (5, 7). Plot the 

two points on a pair of axes and calculate the gradient of the line joining them. 

  

  

  

  

  

    

  

                    
  

Gradient=m=1= gi 

- (5,7) 

6 

5 4 

4 

° (1,3) 4 o |11 

1 

073 2 3 4 5 6 7 8x 

Note: It does not matter which point we choose to be (x,, y,) or (x,, y,) as 

the gradient will be the same. In the example above, reversing the points: 

Gradient = % = :—j = 

2 The coordinates of two points on a straight line are (2, 6) and (4, 2). Plot the 

two points on a pair of axes and calculate the gradient of the line joining them. 

A (2.6 

\ 
  

  

  

4 

  

  

- 
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W
 

e 
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=
 

                      

o
 - 

1 2 3 4 5 6 7 8x 

To check whether or not the sign of the gradient is correct, the following guideline 

is useful: 

A line sloping this way A line sloping this way 

has a positive gradient has a negative gradient 

Parallel lines have the same gradient. Conversely, lines which have the same 

gradient are parallel. If two lines are parallel to each other, their gradients m, 

and m, are equal: i.e. m; = m,.
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L,, L,, L, all have the same gradient so are parallel. 

The x-axis and the y-axis on a graph intersect at right angles. They are 

perpendicular to each other. In the graph below, L, and L, are perpendicular to 

  

each other. 
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L.                               
  

3 The gradient m, of line L, is % and the gradient m, of line L, is — 3 

The product of mm, gives the result -1, i.e. % X (—% = —1, 

If two lines are perpendicular to each other, the product of their gradients is —1, i.e. 

mm, = —1. 

Therefore the gradient of one line is the negative reciprocal of the other line, i.e. 
-1 

Pl m— 1 
mny
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B Exercise 5.1.1 

1 With the aid of axes if necessary, calculate: 

i) the gradient of the line joining the following pairs of points 

ii) the gradient of a line perpendicular to this line. 

  

a (5,6) (1, 2) b (6,4)(3,1) 

¢ (1,4) (5, 8) d (0,0)(4,8) 
e (2,1)(4,7) t (0,7 (=31 
g {—3;=8)(=1,5) h (4,2) (-4, —2) 
i (-3,5)(45) 1 (2,0) (2, 6) 
k (-4,3) (4,5) 1 (3,6) (-3, -3) 

2 With the aid of axes if necessary, calculate: 

i) the gradient of the line joining the following pairs of points 

ii) the gradient of a line perpendicular to this line. 

a (1,4) (4, 1) b (3,6)(7,2) 
c (2,6)(6, —2) d (1,2)(, -2) 
e (0,3)(-3,6) t (-3, -5) (-5, -1) 
g (—2,6)(2,0) h (2,-3)(8,1) 
i (6,1)(-6,4) i (=2,2) (4, -4) 
k (=5, =3) (6, =3) 1 (3,6) (5 -2) 

Equation of a straight line 
The coordinates of every point on a straight line all have a common relationship. 

This relationship, when expressed algebraically as an equation in terms of x and/or 

y, is known as the equation of the straight line. 

  

Worked examples [ By looking at the coordinates of some of the points on the line below, determine 

the equation of the straight line. 

  

  

  

  

  

  

  
  

  

                      

  

  

X y g‘* 

2 4 = 
2 

3 4 
1 

4 4 
071 2 3 4 5 6 7 8X 

5 4 

6 4         

Some of the points on the line have been identified and their coordinates 

entered in the table. By looking at the table it can be seen that the only rule 

that all the points have in common is thaty = 4. 

Hence the equation of the straight line is y = 4.
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2 By looking at the coordinates of some of the points on the line below, determine 

the equation of the straight line. 

  

  
  

  

  

  

    

  
  

          

  

    

1 2 7 

2 4 6 / 
5 

3 6 % / 

4 8 3 

2t 
'/                   

o
 T 

1 2 3 4 5 6 7 8x 

Once again, by looking at the table it can be seen that the relationship 

between the x- and y-coordinates is that each y-coordinate is twice the 

corresponding x-coordinate. 

Hence the equation of the straight line isy = 2x. 

B Exercise 5.1.2 

1 For each of the following, find the coordinates of some of the points on the line 

and use these to find the equation of the straight line. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

                                          

    

    

    

    

    

    

    

                                          

  

a y b yi 
8 8 

7 . 

6 6 

5 5 

4 4 

3 3 

2 2 

. 1 

e 0 1 23 465 86 7 8% 

c yi d Yi 
8 8 

7 & 

6 6 

5 2 

4 4 

3 3 

o 2 

1 1 

{}123455?3’; 0123455?313'



Straight lines 213 
  

    

  
  

    

  
  

    

    

  
  

                                            

  
  

  
  

    

  
  

    

  
  

  
  

                                                    

ey, t y) 
8 8 
7 7 
6 6 
5 5 
4 4 
3 3 
2 2 & 
1 1= 

™2 3 4 5 6 7 8x 01 2 3 4 5 6 7 8x 

< YA h 7 

T T 

6 6 
5 5 
4 4 
3 3 
2 2 

"4-3-2-101 2 3 4 5% "4 3-2 10 1 2 3 4 5x 

2 For each of the following, find the coordinates of some of the points on the line 

and use these to find the equation of the straight line. 

  
  

  

  

  
  

  

  

  
  

  
  

  

  

  

  

  
  

  

  

a 17\ b YA 
6 6 

5 5 

4 4 

3 3 

2 2 

1 1 

B BAT o 2 5% H/s 2 T of 2 §x 

oy . 
-3 -3                                               
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3 For each of the following, find the coordinates of some of the points on the line 

and use these to find the equation of the straight line. 
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4 a For each of the graphs in questions 2 and 3, calculate the gradient of the 

straight line. 

b What do you notice about the gradient of each line and its equation? 

¢ What do you notice about the equation of the straight line and where the line 

intersects the y-axis! 

5 Copy the diagrams in question 2. Draw two lines on the diagram parallel to the 

given line. 

a Worite down the equation of these new lines in the form y = mx + c. 

b What do you notice about the equations of these new parallel lines! 

6 In question 3 you identified the equation of the lines shown in the form 

vy = mx + ¢. Change the value of the intercept ¢ and then draw the new line. 

What do you notice about this new line and the first line?
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Worked examples 

  

In general the equation of any straight line can be written in the form: 

    

  

y=mx+c Y 

where m represents the gradient of the 

straight line and ¢ the intercept with the 

y-axis. This is shown in the diagram. o alifonitid 

By looking at the equation of a R 

straight line written in the form y = mx 

+ ¢, it is therefore possible to deduce the + 

line’s gradient and intercept with the y- i 

axis without having to draw it. l 

0 

1 Find the gradient and y-intercept of these straight lines. 

a y=3x-—12 b y=-2x+6 

a Gradient = 3 b Gradient = -2 

y-intercept = —2 y-intercept = 6 

2 Find the gradient and y-intercept of these straight lines. 

a 2y=4x+ 2 b y—-2x=—4 

c —4y+1lx=4 dT13=—x+2 

a 2y = 4x + 2 needs to be rearranged into gradient—intercept form 

(ie.y =mx + c): 

y=1x+1 

Gradient = 2 

y-intercept = 1 

b Rearranging y — Zx = —4 into gradient—intercept form, gives: 

y=1x -4 

Gradient = 2 

y-intercept = —4 

¢ Rearranging —4y + 2x = 4 into gradient —intercept form, gives: 

1 
y=3x-1 

Gradient = % 

y-intercept = —1 

y+ 3 
3 

y+3=—-4x+ 8 
y=—4x + 5 

Gradient = —4 

y-intercept = 5 

d Rearranging   = —x + 2 into gradient—intercept form, gives: 

s 
Y



B Exercise 5.1.3 

For the following linear equations, find both the gradient and y-intercept in each 

cdse. 

1 a 

d 

g 

d 

y=2x+1 

}'=%x+4 

= —x 

y—3x=1 

y+2x+4=0 

l4+y=x 

Iy=4x -6 

%}‘=—1fi:+3 

by — 6 = 11x 

x—~y=4 

d 12 - 3y = 3x 

Ox — 2 = —y 
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y=3x+5 c y=x-12 

y==3x+6 fjp=-%x+l 

=—:{—2 i ="'(2:':_2) 

}‘+%I—2=D c y+3=-Ix 

Bx—6+y=0 i —(Bx+1)+y=0 

Iy=x+8 c%}‘=x—2 

3y — 6x =0 f 3y+x=1 
4y -8+ 2x=0 i 2y-(4x-1)=0 

x—y+6=0 c —2y=06x+12 

5x — Ty = 1 f —2y+1=2x 
“3x 4+ 7= -7y i (4 —3) = =2y 

¥=3 _ y - X _ = 7 C 3 0 

_ Ly -1 
= x 

6 -2y ooo— (g 29) 
3 =2 1 5x =1 

—:q:;l.l-z}‘=?+l 

1_1 
y X 

Ix —3y+4 
7 = 4 

X 1 

St T Py e 
_(1_3}1}_(_:{_23)__2 

4+ x — v -
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The equation of a line through two points 
The equation of a straight line can be deduced once the coordinates of two points 

on the line are known. 

Calculate the equation of the straight line passing through the points (-3, 3) and 

(5, 5). 

Plotting the two points gives: 

  

=~ -
 

  

  

  

(5,5)     

  

\-
F-
 

h
 
P
~
 

    o EE NN e 

  

A 
S 

m
é
:
.
 

                            e 

—-4-3-2-101 2 3 4 5 X 

The equation of any straight line can be written in the general form y = mx + ¢. 

Here we have: 

. 2 
Gradient = 5_—(_3) = g = 

The equation of the line now takes the form y = %x + c. 

Since the line passes through the two given points, their coordinates must 

satisty the equation. So to calculate the value of ¢, the x- and y-coordinates of 

one of the points are substituted into the equation. 

Substituting (5, 5) into the equation gives: 

Thereforec = 5 — 1% 5 =1
0 

The equation of the straight line passing through (=3, 3) and (5, 5) is: 

y = %x + 3% 

We have seen that the equation of a straight line takes the form y = mx + c. It can, 

however, also take the form ax + by + d = Q. It is possible to write the equation 

vy = mx + ¢ in the form ax + by + d = 0 by rearranging the equation. 

15 
In the example above, y = lx - 3E can be rewritten as y = e, 757 i 
Multiplying both sides of the equation by 4 produces the equation 4y = x + 15. 

This can be rearranged to —x + 4y — 15 = 0, which is the required form with 

=-1,b=4andc = -15.
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B Exercise 5.1.4 

Worked examples 

  

Find the equation of the straight line that passes through each of the following 

pairs of points. Express your answers in the form: 

i) y=mx+c 
i) ax+ by +d = 0. 

1 a(l,1)(47) b (1, 4) (3, 10) c (1,5)(2,7) 
d (0, -4) 3, -1) e (1,0) (2, 10) t (0, 4)(1,3) 
g (3, —-4) (10, -18) h (0, -1) (1, -4) i (0,0)(10,5) 

2 a (=5,3)(2,4) b (-3,-1)(4,4) ¢ (-7,-3) (-1,0) 
d (2,5) (1, -4) e (-3,4) (5,0) t (6,4)(-1,7) 
g (—5,2)(6,2) h (1, -3) (-2, 6) i (6, —4) (6, 6) 

Drawing straight-line graphs 
To draw a straight-line graph only two points need to be known. Once these have 
been plotted the line can be drawn between them and extended if necessary at both 

ends. It is important to check your line is correct by taking a point from your graph 

and ensuring it satisfies the original equation. 

1 Plot the liney = x + 3. 

  

  

  

  

  

  

  

  

                        

YA 

8 y=x+3 
7 

6 

5 

4 

3 

2 

1 

071 2 34 56 7 8x 

To identify two points, simply choose two values of x. Substitute these into 

the equation and calculate their corresponding y-values. 

When x =0,y = 3. 

Whenx=4,y=1. 

Therefore two of the points on the line are (0, 3) and (4, 7). 

The straight line y = x + 3 is plotted as shown. 

Check using the point (1, 4). 

Whenx =1,y =x + 3 = 4, so (1, 4) satisfies the equation of the required line.
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2 Plot the liney = —2x + 4. 

  

  

  

  
  

  

  

  

  

  L
o
 

o
 

  

  

B2 110 1&\;!? 

y=—2x+4 
  

                      
  

Whenx =2,y =0. 

Whenx = -1,y = 6. 

The coordinates of two points on the line are (2, 0) and (-1, 6), and the line 

is plotted as shown. 

Check using the point (0, 4). 

When x =0,y = —2x + 4 = 4, 50 (0, 4) satisfies the equation of the required line. 

Note that, in questions of this sort, it is often easier to rearrange the equation into q g q 

gradient—intercept form first. 

B Exercise 5.1.5 

1 Plot the following straight lines. 

  

  

ay=12x+3 by=x-4 ¢ y=3x-12 

d y=-2x e y=—-x—1 f’j=-—%x+4 

g —y=3x-3 h 2y =4x-12 i y—4=3x 

2 Plot the following straight lines. 

a —Ix+y=4 b —4x + 2y=12 c 3y=06x-3 

d Ix=x+1 e dy—6x=9 f 2y+x=8 

g x+y+2=0 h 3x+2y-4=0 i 4=4y — Ix 

3 Plot the following straight lines. 

x+y _ Y _ D ol a — =] bx+2—1 c 3+3 1 

% y o ox =X+ q) 
dj'l-l'f_?’ E§+j—0 fT—l 

b i e S 1 ) Lo + _ 3 = —1 h2x+3_2_D i —2(x+7vy)+4=—y
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Solving simultaneous equations 
The process of solving two equations and finding a common solution is known as 

solving equations simultaneously. Simultaneous equations can be solved 

algebraically by elimination or by substitution. 

By elimination 
The aim of this method is to eliminate one of the unknowns by either adding or 

subtracting the two equations. 

Solve the following simultaneous equations by finding the values of x and vy which 

satisfy both equations. 

a Ix+y=9 

S5x —y =17 

b 4x++y =13 

x+y=38 

a dx+y=9 (1) 
Sx —y =1 (2) 

By adding equations (1) + (2) the variable y is eliminated: 

8x =16 

x=12 

To find the value of v, substitute x = 2 into either equation (1) or (2). 

Substituting x = 2 into equation (1): 

Ix+vy=9 

6+y=9 

y=3 

To check that the solution is correct, substitute the values of x and ¥y into 

equation (2). If it is correct then the left-hand side of the equation will equal 
the right-hand side. 

b 4x +y =123 (1) 
x+7y=38 (2) 

By subtracting the equations i.e. (1) = (2), the variable vy is eliminated: 

By substituting x = 5 into equation (2), y can be calculated: 

x+y=28 

54+4y=8 

y=3
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Worked example 

  

Check by substituting both values into equation (1): 

dx +y = 23 
20+3=123 

23 =23 

By substitution 
The same equations can also be solved by the method known as substitution. 

Solve these simultaneous equations by finding the values of x and y which satisfy 

both equations. 

a Ix+y=9 

S5x =y =17 

b 4x +vy=123 

x+vy=38 

a Jx+y=9 (1) 
Sx —y =17 (2) 

Equation (2) can be rearranged to give y = 5x — 7. This can now be substituted 

into equation (1): 

3x+(5x-17)=9 
3x+5x-7=9 

Bx —7=9 
8x =16 

R 

To find the value of y, x = 2 is substituted into either equation (1) or () as 
before giving y = 3. 

b 4x +vy =123 (1) 

x+vy=28 (2) 

Equation (2) can be rearranged to give y = 8 — x. This can be substituted into 

equation (1): 

4x + (8 — x) =23 
dx + 8 —x =123 

Ix+8 =23 

3x = 15 
¥ 85 

y can be found as before, giving a result of y = 3. 

Graphically 
Simultaneous equations can also be solved graphically by plotting the lines on the 
same pair of axes and finding the point of intersection. The Casio GDC can solve 

simultaneous equations algebraically. This gives the point of intersection if the graphs 

do not need to be drawn. Currently the Texas GDC cannot solve simultaneous 

equations algebraically. However, both GDCs can solve them graphically.
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Using a GDC or graphing software, find the point of intersection of the lines given 

by the equations below, either algebraically or a graphical method. 

3x+y=9 and S5x-—-y=17 

Method 1: Solving algebraically using the equation solve facility 

  

  

  

    

Casio 

cathe | [RHRTD LR PR WE) to select the R R 

equatmn mode from the menu CONICS ":E',,.:".'"l F'F:EH TUH I 

screen Py 
? LINK HEII!IH'.F 5”‘!“'STEH 

Trace 

T to select ‘Simultaneous’. —d—-—a—d 
  

  

anAtbnyY=LUn 
  

  

  

  

  

      

mace 1o select the number of 3 b e 

' | - 0 o unknowns as 2. z[ : u n] 

Enter the equation 3x + y = 9 into 

the first row of the matrix where a is om0 (EW[CR [EoTT g 
the coefficient of x, b is the 

coefficient of y and ¢ the constant. anX+bn¥=Ln 5 
[ 3 g 

Enter the equation 5x — y = 7 into z[ 5 1| -|] 

the second row of the matrix. 
Trace 

7 to solve the equations [Folw (EW[CLr [EpIT 

simultaneously. anX+tbny=Ln 

¥ 
| 

2 
[REFT 
      

Note: The calculator requests the equations in the form ax + by = ¢ 

notax + by + d = 0.       

The point of intersection of the lines with equations 3x + y = 9 and 5x — y = 7 is 

(2.3
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Method 2: Solving graphically 

  

Your GDC and graphing software can solve simultaneous equations graphically. 
Firstly, rearrange each equation into gradient—intercept form, i.e. y = mx + ¢ 

Ix+y=9 5y==-3x+9 

Sx—y=T-oy=5x~-17 

Then use the GDC or graphing software to plot both lines and find the point of 
intersection. 

  

Casio 
  

SET UpP 

mmu o to select the graph mode. 

Enter the equations y = -=3x + 9 

and y = 5x — 7 

  

fi to graph both equations. 

G-Solv G-Solv 

  

from the ‘graph solve’ menu. 

The results are displayed on the screen. 

  

  

  

  

m @TH @p to select ‘intersect’ 
  

  
  

  

  

  

  

    
  

  

n to graph the equations 

5|multaneuusly 

.1 p m to calculate the 

Using the cursor select the first ‘curve’, 

then when prompted select the second 

‘curve’. Finally move the cursor over the 

point of intersection. 

The calculator will give the   
  

Y1=-3KX+9 
Y2=0K-T >:/\ 

7 Sisea 
n=eg V=3 

Texas 

FTAT MO py ) Floti Flotz Flots 
\ ) to enter the equations W:EEE%Q ’ 

W — 

y=-3x+9andy=5x -7 e 

  

  

coordinates of the point of intersection. 
  

F7 N 
  

  

coordinates of the point of intersection.     b Il'l':ll'l"itfllfll'l 

  

  

  

   



  

Select =-l- and enter the equations 

3x+y=9and 5x -y =7. 

Select both graphs and click on 

‘Object’ followed by ‘Solve 

o) = g(x)". 

The results are displayed in the 

results box by selecting [53 . 
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Equation Solver: 

Solution: x=2, y=3 

    

  

Enter the equations 3x + y = 9 and 

5x — y = 7 in turn into the input box. 

Type ‘Intersect [a, b]" in the input 

box. 

The point of intersection is marked 

on the graph and its coordinates 

appear in the algebra window. 

  
    

  

    Note: The letters ‘a” and ‘b’ are in the command ‘Intersect [a, b]’ as 

GeoGebra automatically assigns the lines the labels ‘a’ and 'b’. 
  

The point of intersection of the lines with equations 3x +y = 9 and 5x — y = 7 is 

(2,3 
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B Exercise 5.1.6 

Solve these simultaneous equations either algebraically or graphically. 

l ax+y=6 b x+y=11 c x+y=5 

X =y = x=y=1=0 x—y=7 

Ix+y=11 Ix+y =17 5x +vy =129 
Ix—vy =28 3x —y=13 S5x —y =11 

3x+ 2y =13 6x + 5y = 62 x+2y=3 
4x =2y + 8 4x — 5y =8 8x—2y=6 

Ox + 3y = 24 Ix—y=-3 3x =5y + 14 
x—3y=-14 4x +y = 14 6x + 5y = 58 

Ix+y=14 5x + 3y = 29 4x + 2y = 50 

x+y=9 x+ 3y =13 x+ 2y =20 

x+vy=10 2x + 5y = 28 x+ 6y=-2 
Ix=—y + 22 4x + 5y = 36 3x + 6y = 18 

x—y=1 3x — 2y =8 ix — 3y =126 
Ix —y=6 Ix —2y=4 Ix — 3y =1 

x=y+1 8x — 2y = =12 4x —y = -9 
Ix =y =17 3x = Iy= -7 Ix—vy=-—18 

x+y=-17 Ix + 3y = —18 5= 3y=9 
XxX—y=-3 Ix=3y+6 Ix+3y=19 

Ix + 4y = 42 4x — 4y =0 x—=3y=-=125 

Ox — 4y = —10 8x + 4y =12 5x — 3y = =17 

Ix + 3y =13 I2x + 4y = 50 
Ix—4y+8=0 2x +y = 20 

x+vy=10 S5x + 2y = 28 

=122 —-x 5x + 4y = 36 

—4x = 4y 3x =19 + 2y 3x + 2y =12 
4x — 8y =112 =3x+5y=5 —3x + 9y = =12 

Ix + 5y =129 —5x + 3y =14 —Ix+8y=6 

Ix+vy=13 S5x + 6y = 58 Ix=3 —x 

Further simultaneous equations 
If neither x nor y can be eliminated by simply adding or subtracting the two 

equations then it is necessary to multiply one or both of the equations. The 

equations are multiplied by a number in order to make the coefficients of x (or v) 

numerically equal.
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eI  Solve these simultaneous equations 

a 3x+ 2y=122 

x+y=9 

b 5x-3y=1 
Ix+4y =18 

a 3x+2y=122 (1) 

x+y=9 (2) 

To eliminate y, equation (2) is multiplied by 2: 

3x + 2y =122 (1) 
Ix + 2y = 18 (3) 

By subtracting (3) from (1), the variable y is eliminated: 

x=4 

Substituting x = 4 into equation (2), we have: 

x+y=9 

4 +y=9 

y =5 
Check by substituting both values into equation (1): 

Ix+2y= 122 

12 + 10 = 22 
21 =7} 

b 5x —3y=1 (1) 
3x + 4y =18 (2) 

To eliminate the variable vy, equation (1) is multiplied by 4 and equation (2) is 

multiplied by 3. 

20x — 12y =4 (3) 

Ox + 12y = 54 (4) 

By adding equations (3) and (4) the variable v is eliminated: 

29% =58 

x =2 

Substituting x = 2 into equation (1) gives: 

3x+4y=18 

6 +4y=18 

4y = 12 

y.=3 

Check by substituting both values into equation (1): 

S5x — 3y =1 

10 -9=1 

1=1
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Lord Melson would 

have used 

trigonometry in 

navigation 

Exercise 5.1.7 

Solve these equations either algebraically or graphically. 

1 a 2x+y=1 b 5x + 4y =11 c x+y=71 
3x+ 2y=112 x+2y=9 Ix + 4y = 13 

d 2x —3y=-3 e 4x=4y + 8 f x+5y=11 
3x + 2y =15 x+ 3y =10 Ix -2y =10 

2 ax+y=5 b 2x—2y=6 ¢ 2x+3y=15 
3x—2y+5=0 x—5y=-=5 2y =15 - 3x 

d x—6y=0 e 2x — 5y =-11 f x+vy=5 
3x =3y =15 3x + 4y = 18 Ix — 2y = =2 

3 aid3v=9+12x b x+4y=13 ¢ Ix=3y-19 

3x+2y=6 3x=3y=9 3x + 2y =17 

d 2x—5 =-8 e Sx —2y=20 f 8y=3 —x 

—3x — 2y = -16 2x + 5y =29 dx—2y=9 

4 a d4x+2y=5 b 4x +vy =14 ¢ 10x —y=-2 
3x+ 6y=6 bx — 3y =3 —15x + 3y =9 

d =2y =05 - 2x e x+3y=06 f 5x—3y=-05 

6x+3y=6 Ix — 9y =1 Ix+2y=35 

Right-angled trigonometry 
Trigonometry and the trigconometric ratios developed from the ancient study of the 

stars. The study of richt-angled triangles probably originated with the Egyptians and 
the Babylonians, who used them extensively in construction and engineering. 

The ratios, which are introduced in this chapter, were set out by Hipparchus of 

Rhodes about 150 BC. 

Trigonometry was used extensively in navigation at sea, particularly in the sailing 

ships of the eighteenth and nineteenth centuries, when it formed a major part of the 

examination to become a lieutenant in the Royal Navy. 

The trigonometric ratios 
There are three basic trigonometric ratios: sine, cosine and tangent and you should 

already be familiar with these. 
Each of the trigonometric ratios relates an angle of a right-angled triangle to a ratio of 

the lengths of two of its sides. 

The sides of the triangle have names, two of A 
which are dependent on their position in relation 

  

to a specific angle. Q hypotenuse 

The longest side (always opposite the right angle) E 
is called the hypotenuse. The side opposite the angle = 

is called the opposite side and the side next to the angle 

is called the adjacent side. B adjacent C
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Note that, when the chosen angle is at A, the sides 

labelled opposite and adjacent change., 

ad
ja
ce
nt
 

  

Tangent 

The tangent ratio is: 

_ length of opposite side 

= length of adjacent side 

  

  

B adjacent C 

  

WIVCGRYENHE 1 Calculate the size of angle BAC. 

fan x° = D[J.pDEltE 

adjacent 

- _11) 
X = tan (5 

x = 38.7 (3 s.1.) 

/BAC = 38.7° (3 s.f.) 

4 
5 

2 Calculate the length of QR. Q . 

tan 42° =% 

6 X tan41° = p 

p=1540 (3 s.t) 

QR = 540cm (3 s.f.) 

p cm 

    

  

Sine 

The sine ratio is: 

o length of opposite side 

SV = length of hypotenuse 
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It 1 Calculate the size of angle BAC. 

  

_ _opposite ] 

Rt hypotenuse 12 

x = sin—l(%) 

x = 35.7 (3 s.f) 

ZBAC = 35.7° (3 s.f) 

2 Calculate the length of PR. 

sin 18° = 11 
q 

g x sin 18° =11 

11 

1= 5n18° 

g = 35.6 (3 5.f.) 

PR =35.6cm (3 sf.) 

Cosine 

The cosine ratio is: 

cos 7 = length of adjacent side 

length of hypotenuse 
  

ULILCLESENIESN 1 Calculate the length XY. 

  

cos 62° = M = % 
hypotenuse 70 

r = 20 X cos 62° 

z =939 (3sf) 

XY =93%cm (3 s.f.) 

2 Calculate the size of angle ABC. 

adjacent 
EOS s 

hypotenuse 

cos x = 7= 

R -.:05—1(5;3) 
12 

x = 63.8 (3s.1.) 

ZABC = 63.8° (3 s.t.) 

Z Cm 

  

    

A 

xfl 

12 cm 

- 

B 7cm C 

P 11 cm Q 
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Pythagoras’ theorem 
Pythagoras’ theorem states the relationship 

between the lengths of the three sides of a 

right-angled triangle: 

fl1=b2+flz 

IEHCEYE ol 1 Calculate the length of the side BC. 
       

    

Using Pythagoras' theorem: B 

al=b+c 

a’ = 8 + 6 

at =64 + 36 = 100 

a= 100 

a= 10 

BC = 10m 

  

2 Calculate the length of the side AC. 

Using Pythagoras’ theorem: 

at =bt+ ct 
P SN M, ) 

bt =144 = 375=119 

b= 119 

b =109 (3 s.t.) 

AC=109m (3 s.f.) 

  

  

Angles of elevation and depression 
The angle of elevation is the angle above the horizontal through which a line of 

view is raised. The angle of depression is the angle below the horizontal through 

which a line of view is lowered. 

UL CRESENLIEE | The base of a tower is 60 m away from a 
point X on the ground. If the angle of 

elevation of the top of the tower from 

X is 40° calculate the height of the tower. 

Give your answer to the nearest metre, 

h 
tan 40° = G0 l€——60 m——> 

h = 60 x tan 40° = 50 

The height is 50 m., 

  

< 
- 

| 

  

 



232 GEOMETRY AND TRIGONOMETRY 
  

2 An aeroplane receives a signal from a point X 

on the ground. If the angle of depression of 

point X from the aeroplane is 30°, calculate the 

height at which the plane is flying. 

Give your answer to the nearest 0.1 kilometre. 

h 
sin 30° = Z 

  

  

h =6 xsin30° = 3.0 

The height is 3.0 km. 

B Exercise 5.2.1 

1 Calculate the unknown length in each of the diagrams. 

  

         

  

        

a b C 

P 12em Q X 14.6 cm Y J 

| 15° = 

X cm y cm 

7 : 

R L 164cm K 

d e f 

A A A 

13.7 cm 
ccm X cm 

B 9.2 cm C 81° r 
B B acm C 

  

2 Calculate the size of the marked angle x° in each of the following diagrams. 

a b C 

L N P B 5cm A 
  

  

8.1cm 52.3cm 

8 cm 
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3 Calculate the unknown length or angle in each of the following diagrams. 

a b C 

  

  

6 cm 

    

  

4 A sailing boat sets off from a point X and heads towards Y, a point 17 km north. 

At point Y it changes direction and heads towards point Z, a point 12 km away 

on a bearing of 090°. Once at Z the crew want to sail back to X. Calculate: 

a the distance ZX 

b the bearing of X from Z. 

5 An aeroplane sets off from G on a bearing of 024° towards H, a point 250km 

away. At H it changes course and heads towards | on a bearing of 055° and a 

distance of 180km away. 

N 
J 
® 

H 

  

° 
G     
  

How far is H to the north of G! 

How far is H to the east of G? 

How far is | to the north of H! 

How far is | to the east of H? 

What is the shortest distance between G and |7 

What is the bearing of G from ]! -
~
 
o
 
o
 

angle of elevation of their tops from a 

point X on the ground is 40°. If the 20 m 
horizontal distance between X and the \/ 

small tree is 8 m and the distance between 

the tops of the two trees is 20 m, calculate: 

a the height of the small tree 

b the height of the tall tree 

¢ the horizontal distance between the 

trees. 40° '\ X 
e——8 m— 

6 Two trees are standing on flat ground. The \
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7 PORS is a quadrilateral. The sides RS and QR - 

are the same length. The sides QP and RS are 

parallel. 

Calculate: 12 cm 

a angle SQR 

b angle PSQ) 

¢ length PQ) 

d length PS 

e the area of PQRS. 

  

9 cm 

8 Two hot air balloons are 1 km apart in the air. 

If the angle of elevation of the higher from 

the lower balloon is 20°, calculate: 

a the vertical height between the two g 

balloons o Jan 

b the horizontal distance between the e 

two balloons. [ - 

Give your answers to the nearest metre., 

  

9 A plane is flying at an altitude of 6 km directly over the line AB. It spots two 

boats A and B on the sea. If the angles of depression of A and B from the plane 

are 60° and 30° respectively, calculate the horizontal distance between A and B. 

  

10 Two people A and B are standing either side of a transmission mast. A is 130 m 

away from the mast and B is 200 m away. If the angle of elevation of the top of 

the mast from A is 60°, calculate: 

a the height of the mast to the nearest metre 

b the angle of elevation of the top of the mast from B. 

  

  

<—130 m—»tt— 200m—— |
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5.3 Trigonometry and non-right-angled 
triangles 

Angles between 0° and 180° 
When calculating the size of angles using trigonometry, there is often more than 

one possible solution. Most calculators, however, will give only the first solution. 

To be able to calculate the value of a second possible solution, we need to look at 

the shape of trigonometrical graphs in more detail. 

The sine curve 

The graph of y = sinx is plotted below for x in the range 0 < x < 360°, where x is 

the size of the angle in degrees. 

  

s 
Y       _‘I o 

The graph of y = sinx has: 

B a period of 360° (i.e. it repeats itself every 360°) 

B a maximum value of 1 (at 90°) 

B a minimum value of =1 (at 270°). 

sin 30° = 0.5. Which other angle between 0° and 180° has a sine of 0.57 

  

Worked example 

YA 

  

  

  
From the graph above it can be seen that sin150° = 0.5. 

sinx = sin(180° — x)
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B Exercise 5.3.1 

1 Write down each of the following in terms of the sine of another angle between 

0° and 180°. 

a sin60° b sin80° & sy 
d sin140° e sinl28° f sinl67° 

2 Write down each of the following in terms of the sine of another angle between 

0° and 180°, 

a sin35° b sin50° ¢ sin30° 

d sin48° e sin 104° f sinl27° 

3 Solve these equations for 0° < x = 180° Give your answers to the nearest degree. 

a sinx = 0.33 b sinx =0.99 ¢ sinx = 0.09 

d sinx = 0.95 e sinx =0.22 f sinx = 0.47 

4 Solve these equations for 0° = x < 180°. Give your answers to the nearest degree. 
a sinx = 0.94 b sinx =0.16 ¢ sinx = 0.80 

d sinx = (0.56 e sinx = (.28 f sinx =0.33 

The cosine curve 

The graph of vy = cos x is plotted below for x in the range 0 < x < 360°, where x is 

the size of the angle in degrees. 

  

  

YA 

2l 

90 180° 70° 360° 

~14 

As with the sine curve, the graph of y = cos x has: 

B a period of 360° 
B a maximum value of 1 (at 0° and 360°) 

B a minimum value of —1 (at 180°). 

Note that cos x° = —cos(180 — x)°. 

GG ENIE 1 cos 60° = 0.5. Which angle between 0° and 180° has a cosine of —0.5? 

  

  

  

  

From the graph above it can be seen that cos 120° = —0.5 as the curve is 

symmetrical.
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2 The cosine of which angle between 0° and 180° is equal to the negative of cos 50°7 

Yi 

2] 

/1' 0° \i:\ - 

; | ; S 

_‘l_- 

cos 130° = —cos 50° 

  

Exercise 5.3.2 

1 Write down each of the following in terms of the cosine of another angle 

between 0° and 180°. 

a cos 20° b cos 85° ¢ cos 32° 

d cos95° e cos 147° f cos 106° 

2 Write down each of the following in terms of the cosine of another angle 

between 0° and 180°. 

a cos 98° b cos 144° ¢ cos 160° 
d cos 143° e cos171° f cos 123° 

3 Worite down each of the following in terms of the cosine of another angle 

between 0° and 180°. 

a —cos 100° b cos 90° ¢ —cos 110° 

d —cos 45° e —cos 122° f —cos 25° 

4 The cosine of which acute angle has the same value as: 

a cos 125° b cos 107° ¢ —cos 120° 

d —cos 98° e —cos 92° f —cos110° 

The sine rule 

With right-angled triangles we can use the 

basic trigonometric ratios of sine, cosine and 

tangent. The sine rule is a relationship which 

can be used with non-right-angled triangles. 

The sine rule states that: 

a b ¢ 
sin A sinB sinC 
  

  

  

It can also be written as: 

sin A _ sinB _sinC 
a b C 
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It 1 Calculate the length of side BC. 

  

Using the sine rule: 

    

  

  

    

  

  

  

a _ b 

sin A sin B 

a4 6 

sin 40°  sin 30° 

PO, S - 0 6 cm a = T x sin 40 

a=1.71 (3 s.1.) 

BC = 7.7lem (3 s.£.) 

2 Calculate the size of angle C. B 

Using the sine rule: 

sin A _ sin L 

a C 

sin 60° _sin C 

6 6.5 y 

o ¢ o 85 x sin 60° A c 
6 

C = sin—1(0.94) 

C =69.8° (3sf.) 

B Exercise 5.3.3 

1 Calculate the length of the side marked x in each of the following. Give your 

answers to one decimal place. 
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2 Calculate the size of the angle marked 6° in each of the following. Give your 

answers to one decimal place. 

a b 
5cm 

8 cm » 

    
3 Triangle ABC has the following dimensions: 

AC = 10cm, AB = 8cm and angle ACB = 20°. 

a Calculate the two possible values for angle ABC. 

b Sketch and label the two possible shapes for triangle ABC. 

4 Triangle POQR has the following dimensions: 

PQ = 6cm, PR = 4cm and angle PQR = 40°. 

a Calculate the two possible values for angle (QQRP. 

b Sketch and label the two possible shapes for triangle POR. 

The cosine rule 

The cosine rule is another relationship which can be used with non-right-angled 

triangles. 

  

The cosine rule states that: 

at=b* + ¢t — 2bc cosA
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It e 1 Calculate the length of the side BC. 

  

Using the cosine rule: 

at = b2+ ¢t — 2bc cos A 

al =924 72— (2 x9 % 7 % cos50°) 

= 81 + 49 — (126 x cos50°) = 49.0 

a= 490 

a = {.00 (3 sf) A 9cm » 

BC = 7.00cm (3 s.f.) 

2 Calculate the size of angle A. 

Using the cosine rule: 

at = bt + ¢t — 2bc cos A 

  

  

Rearranging the equation gives: 

  

b +cl-a? 
cos A = — 5 

152 + 122 - 20¢ 
cos A = % 15 < 12 = (.086 

A = cos~1(-0.086) 

A =949°(3sf.)   
B Exercise5.34 

1 Calculate the length of the side marked x in each of the following. Give your 

answers to one decimal place. 

b 
10cm 

   15em 
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2 Calculate the angle marked 6° in each of the following. Give your answers to 

one decimal place. 

  

a b C 

2 mm 

40 m 

20m ® 
8 > mm 9cm | 15¢cm 

4 mm 
25 m 

ED‘     

  

  

d o° 4{:m o 

15¢cm 

7 cm 

18 cm a° 

10cm 
15cm 

3 Four players W, X, Y and Z are on a rugby pitch. 

The diagram shows a plan view of 

their relative positions. 

Calculate: 
a the distance between players X and Z 

b angle ZWX 

angle WZX 

angle YZX 

the distance between players W and Y. 

™ 

  

o
 

Z 

o 

4 Three yachts A, B and C are racing off the ‘Cape’. Their relative positions are 

shown in the diagram. 

Calculate the distance between B and C to the nearest 10 m. 
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5 A girl standing on a cliff top at A can see A 

two buoys X and Y, 200 m apart, floating on s @ 
the sea. The angle of depression of Y from I " 

A is 45°, and the angle of depression of X \ ke 

from A is 60° (see diagram). |{ ‘*.‘ " 

It A, X, Y are in the same vertical plane, \ s, “*..‘ 

calculate: 

a the distance AY <200 M- 

b the distance AX 

¢ the vertical height of the cliff. 

  

6 There are two trees standing on one side of a river bank. On the opposite side is 

a boy standing at X. 

Using the information given, calculate the distance between the two trees, 

  

    
The area of a triangle 
The area of a triangle is given by the formula: 

Area = %bh 

where b is the base and h is the vertical height of the triangle.    
  

" 
n 

From trigonometric ratios we also know that: : 
e 

. h i 
sin C = — h: 

a B 

. 
Rearranging, we have: l_E 

h =asinC A e b >   

Substituting for h in the original formula gives another formula for the area of a 

triangle: 

Area = %ab sinC
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B Exercise 5.3.5 

  

1 Calculate the area of the following triangles. Give your answers to one decimal 

  

  

place. 

a b 

14 cm 

C d 

.40 cm 

35 cm 

    

  

2 Calculate the value of x in each of the following. Give your answers correct to 

one decimal place. 

a b 

  

8 cm   

9cm 

   

  

area = 20 cm@ 

  

  
area = 50 cm2
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3 ABCD is a school playing field. The following lengths are known: 

OA =83m, 0B =122m, OC = 106 m, OD = 78m 

Calculate the area of the school playing field to the nearest 100 m2. 

  

C 

4 The roof of a garage has a slanting length of 3 m and makes an angle of 120° at 

its vertex. The height of the garage is 4 m and its depth is 9 m. 

    
o o    

4m 

Calculate: 

a the cross-sectional area of the roof 

b the volume occupied by the whole garage. 

5.4 Geometry of three-dimensional solids 
Egyptian society around 2000 BC was very advanced, particularly in its 

understanding and development of new mathematical ideas and concepts. One of 

the most important pieces of Egyptian work is called the ‘Moscow Papyrus’ — so 

called because it was taken to Moscow in the middle of the nineteenth century. 

 



Worked examples 
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The Moscow Papyrus was written in about 1850 BC 

and is important because it contains 25 mathematical 

problems. One of the key problems is the solution to 

finding the volume of a truncated pyramid. Although 

the solution was not written in the way we write it 

today, it was mathematically correct and translates into 

the formula: 

(a* + ab + b?)h 
V= 3 -~ a— 

  

  

The application of trigonometry first to triangles and then to other two-dimensional 

shapes led to the investigation of angles between a line and a plane, and then turther 

to the application of trigonometry to three-dimensional solids such as the cuboid, 

pyramid, cylinder, cone and sphere. 

Trigonometry in three dimensions 

1 The diagram shows a cube of edge length 3 cm. 

a Calculate the length EG. 

b Calculate the length AG. 

¢ Calculate the angle EGA. 

d Calculate the distance from the midpoint X of AP to the midpoint Y of BC. 

  

  

a Triangle EHG (below) is right angled. Use Pythagoras' theorem to 

calculate the length EG. 

   
H 3cm G 

EG? = EH? + HG? 

EGI=324+31=18 

EG= 18cm
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b Triangle AEG (below) is right angled. Use Pythagoras’ theorem to 

calculate the length AG. 

A B 

3cm    
E V18 cm G 

H 3cm G 

AG? = AF? + EG? 

AG? =32+ (\18)2 

AGI=9 + 18 

AG = ficm 

¢ To calculate angle EGA, use the triangle EGA.: 

A 

3cm 

      
E 18cm G 

3 
tan G = — 

18 

Angle G (EGA) = 35.3° (3 s.f.) 

d To calculate the distance from X 15 B 
X to Y, use Pythagoras' theorem: - 

XY? = XB? + BY? 

XY2 =1.52 4+ 1.52 

XYz =45 

XY =2.12cm 

1.5¢cm 
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2 In the cuboid ABCDEFGH, AB is H 

12c¢m, AD = 9cm and BF = 5cm. 

a i) Calculate the length AC. 

ii) Calculate the length BE. g 
iii) Calculate the length HB. 

b X is the midpoint of CG and 9cm 

Y is the midpoint of GH. e R RS F 

i) Calculate the length XY. =l 5cm 
ii) Calculate the length XA. A 12 em = 

a 1) To calculate AC, consider triangle ABC. 

Triangle ABC is right angled, so use Pythagoras'theorem: c 

ACI= AB? + AC 

ACL =122 4+ 92 

AC! = 144 + 81 

AC? =225 

AC = 15cm 

» 
< 

  

  

  
      

9cm 

    

  

ii) To calculate BE, consider triangle ABE. 

Triangle ABE is right angled, so use Pythagoras'theorem: 

BE? = AB? + BE? 
BE? = 122 + 52 

BE? = 169 

BE = 13cm 

  

  

iii) To calculate HB, consider triangle EBH. 

Triangle EBH is right angled, so use Pythagoras'theorem: 

    

HB? = EH? + BE? H 
HB? = 9% + 13? 
HB? = 81 + 169 
HB = 15.8cm 9om 

E L B 
13 cm
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b i) To calculate XY, consider the triangle XYG with a right angle at G. 

XY? = XG? + Y(G? 
XY =252 + 6 
XY? =6.25 + 36 

XY = 442.25 = 6.5cm 

ii) To calculate XA consider the 

triangle AXZ. 
  

  

    
  

  

XZ =9cm 

Calculate AZ using triangle ABZ. 

A7 = AB! + BZ? 
A7l =122 + 2.52 
A7 = 144 + 6.25 

AZ =415025=123cm 

Then find XA, using triangle AXZ. 

AXEI = A7 + X7? 

AX? = 150.25 + 81 

AX? =231.25 

AX =152cm 

B Exercise 5.4.1 

  

Give all your answers to one decimal place. A B 

1 a Calculate the length HF. D : c 

b Calculate the length of HB. ’ 

¢ Calculate the angle BHG. i 

d Calculate XY, where X and Y are the 4cm E 

midpoints of HG and FG respectively. e [ ; GI'IF'I       

2 a Calculate the length CA. 

b Calculate the length CE. 

¢ Calculate the angle ACE. 
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3 a Calculate the length EG. 

b Calculate the length AG. 

¢ Calculate the angle AGE. 

4 a Calculate the angle BCE. 

b Calculate the angle GFH. 

5 The diagram shows a right pyramid where A is 

vertically above X. 

a i) Calculate the length DB. 

ii) Calculate the angle DAX. 

b i) Calculate the angle CED. 

ii) Calculate the angle DBA. 

6 The diagram shows a right pyramid where A 

is vertically above X. 

a i) Calculate the length CE. 

ii) Calculate the angle CAX. 

b i) Calculate the angle BDE. 

ii) Calculate the angle ADB.   

  

12 cm 

7 cm   
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7 In this cone the angle YXZ = 60°, 

a Calculate the length XY. 

b Calculate the length YZ. 

¢ Calculate the circumference of the base. 

      

   

     

8 In this cone, the angle XZY = 40°. 

a Calculate the length XZ 

b Calculate the length XY. 

9 In the diagram, RS = 19.2cm, SP = 16 cm and 

TQ = 7.2cm. X is the midpoint of VW. Y is the 
midpoint of TW. 

Calculate the following, drawing diagrams of 

right-angled triangles to help you. 

a PR b RV 
¢ PW d XY 

e SY 

10 One corner of this cuboid has been sliced off 

along the plane (QTU. 

WU = 4cm. 

a Calculate the length of the three sides of 

the triangle QTU. 

b Calculate the three angles ), T and U in 

triangle QTU. 

¢ Calculate the area of triangle QTU. 

The angle between a line and a plane 
To calculate the size of the angle between the line AB and B 
the shaded plane, drop a perpendicular from B. It meets 

the shaded plane at C. Then join AC.



Worked example 

  

Geometry of three-dimensional solids 251 
  

The angle between the lines AB and AC represents the angle between the 

line AB and the shaded plane. 

The line AC is the projection of the line AB on the shaded plane. 

ABCDEFGH is a cuboid. A B 

a Calculate the length CE. 

b Calculate the angle between the 

line CE and the plane ADHE. 4 cm 

  

H 5cm G 

a First use Pythagoras’ theorem to calculate the length EG: 

  

  

  

  

EG? = EH? + HG? 
EG: =27+ 52 

EG? =29 

EG = @ cm 

Now use Pythagoras’ theorem to calculate CE: 

  

  

    

  

  
H 5cm G 

CE? = EG* + CG? 

it = (V) + # 
CE2=129 + 16 

CE = "\/Ecm 

CE =6.71cm (3 s.t.)
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H s5em G 

To calculate the angle between the line CE and the plane ADHE use the 

richt-angled triangle CED and calculate the angle CED. 

= 5 
SN = 4 5 

5 = sin-1|—== E sSin ( m 

E =48.2° (3 s.t.) 

B Exercise 5.4.2 

1 Write down the projection of each line 

onto the given plane. 

a TR onto RSWV 
b TR onto PQUT 

¢ SU onto PQRS S e 
d SU onto TUVW = = 
e PV onto QRVU : bt 
f PV onto RSWV w % 

  

    

  

2 Write down the projection of each line 

onto the given plane. 

a KM onto [JNM 

b KM onto JKON 

¢ KM onto HIML 

d IO onto HLOK 

e 1O onto JKON 

tf 10O onto LMNO 

  

3 Write down the angle between the given 

line and plane. 

a PT and POQRS 

b PU and POQRS 

¢ SV and PSWT 

d RT and TUVW 
e SU and QRVU 

f PV and PSWT  
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4 a Calculate the length BH. 

b Calculate the angle between the line 

BH and the plane EFGH. 

5 a Calculate the length AG. 

b Calculate the angle between the line 

AG and the plane EFGH. 

¢ Calculate the angle between the line 

AG and the plane ADHE. 

  

  

    

6 The diagram shows a right pyramid where A is 

vertically above X. 

a Calculate the length BD. 

b Calculate the angle between AB and 

CBED.   
     

    

7 The diagram shows a right 

pyramid where U is vertically 

above X. 

a Calculate the length WY. 

b Calculate the length UX. 

¢ (Calculate the angle 

between UX and UZY. s J 4 
-*--’.-_t -. cm 

Z 6om Y 

A 10 cm B 

8 ABCD and EFGH are square faces lying 

parallel to each other. 

Calculate: 

the length DB 

the length HF 

the vertical height of the object 

the angle DH makes with the plane 

ABCD. 

o
L
 

n 
o
o
t
 

o 
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9 ABCD and EFGH are square faces lying A 12 em 

parallel to each other. 

Calculate: 

a the length AC 

b the length EG 

¢ the vertical height of the object 

d the angle CG makes with the plane 

EFGH. 

  

  

L) 5.5 Volume and surface area of 
— three-dimensional solids 

A prism is any three-dimensional object which has a constant cross-sectional area 

Below are a few examples of some of the more common types of prism: 

e 
Circular prism Triangular prism 

    

Rectangular prism 

(cuboid) (cylinder) 

When each of the shapes is cut parallel to the shaded face, the cross-section is 

constant and the shape is therefore classified as a prism. 

  Volume of a prism = area of cross-section X length 

  

The surface area of a prism is the sum of the areas 

of its faces. The surface area of a cuboid can be 

calculated as: 

Surface area of a cuboid = 2(wl + lh + wh) 

  
  
  

  

other prisms it is best to visualize 

the net of the solid. A cylinder is 

made up of one rectangular piece 

and two circular pieces. i 

To calculate the surface area of 

h    

™ 

    Area of circular pieces = 2 x mr! 
Area of rectangular piece = Inr X h 

Total surface area = 2nr? + 2nrh 

= 2mr(r + h) 

 



Volume and surface area of three-dimensional solids 255 
  

et e 1 Calculate the volume and surface area of the L-shaped prism shown. 

  

2cm 

  

  
  

6cm 
l _____ Z f‘*lflm 

  

The cross-sectional area can be split into two rectangles: 

Area of rectangle A = 5 x 2 = 10cm? 

Area of rectangle B=5 x 1 = 5cm? 

Total cross-sectional area = 10cm? + 5cm? = 15cm? 
Volume of prism = 15 x5 =75 
The volume of the prism is 75 cm’. 
The surface area of the prism = 2 X cross-sectional area + areas of other faces 

=2x154+(6+2+5+3+1+5)%x5 

=2% 15+ 22 x5 = 140cm? 
The surface area of the prism is 140 cm?”. 

2 Calculate the volume and surface area of the cylinder shown. Give your answers 

to one decimal place. 

  

Volume of a prism = area of cross-section X length 
= mrth 
=nx3x7 
= 63n 

= 1979 (1 d.p.) 

The volume is 197.9 cm?. 

Total surface area = 2mr(r + h) 

=2xx3x(3+17) 
= b6m x 10 

= 60x 

= 188.5 (1 d.p.) 

The total surface area is 188.5 cm?.
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B Exercise 5.5.1 

1 Calculate the volume and surface area of each of the following prisms. Where 

necessary, give your answers to one decimal place. 

a A cuboid with these dimensions: w = 6cm, | = 23 mm, h = 2cm. 

b A cylinder with a radius of 3.5 cm and a height of 7.2 cm. 

¢ A triangular prism where the base length of the triangular face is 5 cm, the 

perpendicular height is 24 mm and the length of the prism is 7 cm. 

  

2 The diagram shows a plan view of a cylinder inside a box the shape of a cube. If 

the radius of the cylinder is 8 cm, calculate: 

a the height of the cube 

b the volume of the cube 

¢ the volume of the cylinder 

d the percentage volume of the cube not occupied by the cylinder. 

  

    

3 A chocolate bar is made in the shape of a triangular prism. The triangular face of 

the prism is equilateral and has an edge length of 4 cm and a perpendicular 

height of 3.5 cm. The manufacturer also sells these in special packs of six bars 

arranged as a hexagonal prism. If the prisms are 20 cm long, calculate: 

a the cross-sectional area of the pack 

b the volume of the pack 

¢ the surface area of the pack. 

  

4 cm 

4 A cuboid and a cylinder have the same volume. The radius and height of the 

cylinder are 2.5 cm and 8 cm respectively. If the length and width of the cuboid 

are each 5 cm, calculate its height to one decimal place. 

5 A section of steel pipe is shown in the 

diagram. The inner radius is 35 cm and 

the outer radius 36 cm. Calculate the 

volume of steel used in making the pipe 

if it has a length of 130m. 
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6 Two cubes are placed next to each other. The length of each of the edges of the 

larger cube is 4cm. If the ratio of their surface areas is 1 :4, calculate: 

a the surface area of the small cube 

b the length of an edge of the small cube. 

  

  

          
  

—4 Cm— 

7 A cube and a cylinder have the same surface area. If the cube has an edge length 

of 6cm and the cylinder a radius of 2 cm calculate: 

a the surface area of the cube 

b the height of the cylinder 

¢ the difference between the volumes of the cube and the cylinder. 

8 Two cylinders have the same surface area. 

The shorter of the two has a radius of 3 cm 3 om 1+--'|E::-14.I 
and a height of 2 cm, and the taller cylinder e 

has a radius of 1 cm. Calculate:; 7 

a the surtace area of (one of) the 2cm hem 
cylinders ¥ 

b the height of the taller cylinder |     
¢ the difference between the volumes of 

the two cylinders. 

Q0 Two cuboids have the same surface area. 

The dimensions of one of the cuboids are 

length = 3 cm, width = 4cm and height = 2cm. 

Calculate the height of the other cuboid if its length is 1 cm and its width is 4 cm. 

Volume and surface area of a sphere 
The volume of a sphere is given by the following formula: 

Volume of sphere = %mj 

The surface area of a sphere is given by the following formula: 

Surface area of sphere = 4nr 

  

1 Calculate the volume and surface area of 

the sphere shown, giving your answers to 

one decimal place. 
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Volume of sphere = %nra 

=% X n X33 

=:113.1 

The volume is 113.1 cm?. 

Surface area of sphere = 4nr? 

=4 xnx 32 

= 113.1 

The surface area is 113.1 cm?. 

2 Given that the volume of a sphere is 150 cm?, calculate its radius to one decimal 

  

place. 

= %mf' 

3V 
73 = 4_1'[ 

3 x 150 
rl= T 35.8 

r="A35.8 =33 

The radius is 3.3 cm. 

B Exercise 5.5.2 

1 Calculate the volume and surface area of each of the following spheres. The 

radius r is given in each case. 

a r=6cm b r=95cm c r=82cm d r=0.7cm 

2 Calculate the radius of each of the following spheres. Give your answers in 

centimetres and to one decimal place. The volume V is given in each case. 

a V=720cm’ b V=02Im’ 

3 Calculate the radius of each of the following spheres, given the surface area in 

each case. 
a A=16.5cm? b A=120 mm? 

4 Given that sphere B has twice the volume of 

sphere A, calculate the radius of sphere B. 

  

5 (Calculate the volume of material used to I<—5.5 cm—> 

make the hemispherical bowl shown, if the €5 cm-—> 

inner radius of the bowl is 5 cm and its outer 

radius 5.5 cm. 

 



6 

10 

11 
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The volumes of the material used to make the sphere and hemispherical bowl 

shown are the same. Given that the radius of the sphere is 7 cm and the inner 

radius of the bowl is 10 cm, calculate the outer radius rcm of the bowl. 

i G- 

=10 cmis= 

   
A ball is placed inside a box into which it 

will fit tightly. If the radius of the ball is 

10cm, calculate: 

a the volume of the ball 

b the volume of the box 

¢ the percentage volume of the box 

not occupied by the ball. 

  

A steel ball is melted down to make eight smaller identical balls. If the radius 

of the original steel ball was 20 cm, calculate to the nearest millimetre the 

radius of each of the smaller balls. 

A steel ball of volume 600 cm? is melted down and made into three smaller 

balls A, B and C. If the volumes of A, B and C are in the ratio 7:5: 3, calculate 

to one decimal place the radius of each of A, B and C. 

The cylinder and sphere shown have the same radius and the same height. 

Calculate the ratio of their volumes, giving your answer in the form: 

volume of cylinder : volume of sphere. 

tf— [ — 3=     
Sphere A has a radius of 8 cm and sphere B has a radius of 16 cm. Calculate the 

ratio of their surface areas in the form 1 :n. 
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12 A hemisphere of diameter 10 cm is attached e——20 cm——> 
to a cylinder of equal diameter as shown. 

If the total length of the shape is 20 cm, 

calculate: 

a the surface area of the hemisphere 

b the length of the cylinder 

¢ the surface area of the whole shape. 

  

13 A sphere and a cylinder both have the same surface area and the same height 

of 16 cm. 

Calculate, to one decimal place: 

a the surface area of the sphere 

b the radius of the cylinder. 

16 cm 

  

e —
—
 

Volume and surface area of a pyramid 
A pyramid is a three-dimensional shape. Each of the faces of a pyramid is planar 

(not curved). A pyramid has a polygon for its base and the other faces are triangles 

with a common vertex, known as the apex. A pyramid’s individual name is taken 

from the shape of the base. 

  

    

Square -based pyramid Hexagonal-based pyramid 

The volume of any pyramid is given by the following formula: 

Volume of a pyramid = 1 x area of base x perpendicular height 

The surface area of a pyramid is found simply by adding together the areas of all of 

its faces. You may need to use Pythagoras’ theorem to work out the dimensions you 

need to calculate the volume and surface area.



Worked example 
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A rectangular-based pyramid has a perpendicular height A 

of 5cm and base dimensions as shown. Calculate the - 

volume and surface area of the pyramid. 

Volume = % X base area X height 

%xL}x?xS 

35 

  

The volume is 35 cm?. 

To work out the surface area you need to know the perpendicular height of the 

triangular faces of the pyramid. 

5cm    
X 15cm F 

h:=15%+5=127.25 

h=42125 

Area of two of the triangular faces = 2 x % % 7% N2T.25 

= 36.541 

A 

5cm    E 3em D ¥ 
3.5cm 

g? = 3.5 + 52 = 37.25 

g w37 25 

Area of other two of the triangular faces = 2 X % % 3 % AI37.25 

= 18.310 

Total surface area = area of base + area of triangular faces 

= 21 + 54.851 
=759 

The surface area of the pyramid is 75.9 cm?.



262 GEOMETIRY AND TRIGONOMETRY 
  

B Exercise 5.5.3 

1 Find the volume of each of the following pyramids. 

     
a b I 

8 cm 

Y / 

Base area = 50 cm2 

c d 7 cm 

8 cm    
2 The rectangular-based pyramid shown has a sloping edge length of 12 cm. 

Calculate its volume and surface area, giving your answers to one decimal place. 

  

8cm 

3 Two square-based pyramids are glued together as shown. Given that all the 

triangular faces are identical, calculate the volume and surface area of the 

whole shape. 
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4 The top of a square-based pyramid is cut off. 

The cut is made parallel to the base. If the ‘ 

base of the smaller pyramid has a side length 3 

of 3cm and the vertical height of the - 

truncated pyramid is 6 cm, calculate: 

a the height of the original pyramid 

b the volume of the original pyramid 

¢ the volume of the truncated pyramid.   
5 Calculate, to one decimal place, the surface area of the truncated square-based 

pyramid shown. Assume that all the sloping faces are identical. 

9 cm 

  

18cm 

6 Calculate the perpendicular height hcm for the pyramid, given that it has a 

volume of 168 cm?. 

  

9cm 

7 Calculate the length of the edge marked xcm, given that the volume of the 

pyramid is 14 cm?. 

7 cm 
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(tetrahedron) is cut off. The cut is made 

parallel to the base. If the vertical height of 

the top is 6¢cm, calculate to one decimal 

place: 

a the height of the truncated piece [ 

b the volume of the small pyramid 5cm 

¢ the volume of the original pyramid. 

8 The top of a triangular-based pyramid T 

c 

  

9 Calculate the surface area of a regular 

tetrahedron with edge length 2 cm. 

  

8cm 

  

10 The two pyramids shown below have the same surface area. 

     
20 cm 

12 cm 

Calculate: 

a the surface area of the tetrahedron 

b the area of one of the triangular faces on the square-based pyramid 

¢ the value of x. 

Volume and surface area of a cone 

A cone is a pyramid with a circular base. The 

formula for its volume is therefore the same as for 

any other pyramid. 

Volume = % X base area X height 

= nrth   

 



Worked examples 
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Before we look at examples of finding the volume and surface area of a cone it is 

useful to look at how a cone is formed. A cone can be constructed from a sector of 

a circle. 

hem    
The length of the sloping side of the cone is equal to the radius of the sector. The 

base circumference is equal to the arc length of the sector. The curved surface area 

of the cone is equal to the area of the sector. 

Arc length and sector area 
An arc is part of the circumference of a circle between 

two radii. Its length is proportional to the size of the 

angle ¢ between the two radii. The length of the arc 

as a fraction of the circumference of the whole circle 

is therefore equal to the fraction that ¢ is of 360°, 

  

¢ 
Arc length = 360 % Inr 

A sector is the region of a circle enclosed by two radii 

and an arc. The area of a sector is proportional to the 

size of the angle ¢ between the two radii. As a 

fraction of the area of the whole circle, it is therefore 

equal to the fraction that ¢ is of 360°. 

@ 
Area of sector = 360 x Tt 

  

Calculating the volume of a cone 
As we have seen, the formula for the volume of a cone is: 

Volume = % X base area X height 

= %fl?‘lh 

1 Calculate the volume of the cone. 

Volume = %mlh 

=ixnx4x8 

= 134.0 (1 d.p.) 

The volume is 134 cm? 
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2 The sector below is assembled to form a cone as shown. 

  

L 
n 

o
o
t
 Calculate the base circumference of the cone. 

Calculate the base radius of the cone. 

Calculate the vertical height of the cone. 

Calculate the volume of the cone. 

The base circumference of the cone is equal to the arc length of the sector. 

¢ 
sector arc length = 360 % lnr 

=%x2n:{12=58+6 

So the base circumference is 58.6 cm. 

The base of a cone is circular, therefore: 

C=2nr 

B E B 58.6 

T =7~ Ix 

= 0.33 

So the radius is 9.33cm. 

The vertical height of the cone can be calculated using Pythagoras’ theorem 

on the right-angled triangle enclosed by the base radius, vertical height and 

the sloping face, as shown below. 

h cm 

Note that the length of the sloping side is equal 

to the radius of the sector. 

  

9.33cm 

122 = h% + 9.332 

ht = 122 — 9,332 

h? = 56,9 

h = 7.54 

So the height is 7.54cm. 

Volume = = x nrth 

X x 9.33% x 7.54 = 688 

l
.
.
.
u
l
l
—
l
-
l
.
_
u
l
—
l
-
 

So the volume is 688 cm?.
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Note: Although answers were given to three significant figures in each case, where 

the answer was needed in a subsequent calculation, the exact value was used and 

not the rounded one. By doing this we avoid introducing rounding errors into the 

calculations. 

Calculating the surface area of a cone 
The surface area of a cone comprises the area of the circular base and the area of 

the curved face. The area of the curved face is equal to the area of the sector from 

which it is formed. 

Worked example Calculate the total surface area of this cone. 

  

12¢cm 

Surface area of base = mr? 

= 25n 

The curved surface area can best be 

visualized if drawn as a sector as shown in 

the diagram: 

The radius of the sector is equivalent to the 

slant height of the cone. The arc length of 

the sector is equivalent to the base 

circumference of the cone. 

  

4 _10m 
360  24m 

Therefore ¢ = 150° 

150 
Area of sector = 360 X T X 122 = 60n 

Total surface area = 60n + 25=n 

= 85x 

= 267 

The total surface area is 267 cm?.
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B Exercise 5.5.4 

1 For each of the following, calculate the length of the arc and the area of the 

sector. O is the centre of the circle. 

a bD 

  
Calculate: 

a the length acm of the arc 

b the total surface area of all the sides of the slice 

¢ the volume of the slice. 

3 Calculate the volume of each of the following cones. Use the values for the base 

radius r and the vertical height h given in each case. 

2. Fi=r3 i, h=6cm 

b r=6cm, h=T7cm 

¢ r=8 mm, h=12cm 

d r=6cm, h = 44 mm 

4 Calculate the base radius of a cone with a volume of 600 cm? and a vertical 

height of 12 cm. 

5 A cone has a base circumference of 100 cm and a slope height of 18 cm. 

Calculate: 

a the base radius 

b the vertical height 

¢ the volume.
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6 Calculate the volume and surface area of both of the following cones. Give your 
answers to one decimal place. 

   
-6 CIMm»= 

7 The two cones A and B shown below have the same volume. Using the 

dimensions shown and given that the base circumference of cone B is 60cm, 

calculate the height hcm.    
15< 

A 

8 The sector shown is assembled to form a cone. Calculate: 

a the base circumference of the cone 

the base radius of the cone 

the vertical height of the cone 

the volume of the cone 

the curved surface area of the cone. 

  

T 
L.
 

6 
o
 

  

9 Two cones with the same base radius are stuck together as shown. Calculate the 

surface area of the shape. 
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10 Two cones have the same total surface area. 

  

  

€5 cma- €— 8 cm —»i 

Calculate: 

a the total surface area of each cone 

b the value of x. 

11 A cone is placed inside a cuboid as 

shown. If the base diameter of the cone 

is 12 cm and the height of the cuboid is 

16 cm, calculate, to one decimal place 

where required: 

a the volume of the cuboid 

b the volume of the cone 

¢ the volume of the cuboid not 

occupied by the cone. 

16 cm 

      
12 The diagram shows two similar sectors which are assembled into cones. 

Calculate: 

a the volume of the smaller cone 

b the volume of the larger cone 

¢ the ratio of their volumes. 
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13 An ice cream consists of a hemisphere and a 1 

cone. Calculate: 

a its total volume 

b its total surface area. 

10 cm 

  

|-
 

14 A cone is placed on top of a cylinder. Using 

the dimensions given, calculate 

a the total volume of the shape 

b its total surface area. 

      
|«=——8 m — 

15 Two identical truncated cones are placed end to end as shown. 

  

Calculate the total volume of the shape. Give your answer to one decimal place. 

16 Two cones A and B are placed either end of a cylindrical tube as shown. 

~—— 28 om ——» 
2 -      

10 cm 

Given that the volumes of A and B are in the ratio 2: 1, calculate, to one 

decimal place: 

a the volume of cone A 

b the height of cone B 

¢ the volume of the cylinder.
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B Student assessment 1 

1 

  

The coordinates of the end points of two line 

segments are given below. In each case: 

i) calculate the distance between the two end 

points 

ii) find the coordinates of the midpoint. 

(-6, —1) (6, 4) 
(1,2) (7, 10) 
(2,6) (-2, 3) 
(—10, —10) (O, 14) 

1 

o
L
 

o
o
 

Sketch the following graphs on the same pair of 

axes, labelling each clearly. 

a x=—2 

b y=3 

c y= —3x 

d y=2 Jm 

For each of the following linear equations: 

i) find the gradient and y-intercept 

ii) plot the graph. 

b y=3 - 3x 

d Zy—-5x=8 

a y=x+1 

c 2x—y=—4 

Find the equation of the straight line which 

passes through each of the following pairs of 

points. Express your answers in the form 

¥y =mx + c. 

a (1, -1) &, 8) 
¢ (=2,-=9) (5, 5) 

b (0,7)(3,1) 
d (1,-1)(-1,7) 

Solve the following pairs of simultaneous 

equations either algebraically or graphically. 

a x+y=+4 b 3x+y=1 

x—y=0 x—y=12 

c y+4x+4=0 d x—vy=-12 
x+y=12 Ix+2y+6=0 

B Student assessment 2 

Diagrams are not drawn to scale. 

Calculate the length of the side marked xcm in 

each of the following. Give your answers correct 

to one decimal place. 

  

  

a 

acm 
X cm 

301} 

b 

C 

d 

  

  

X Cm
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2 Calculate the angle marked 8° in each of the 3 (Calculate the length of the side marked gem in 

     

  

following. Give your answers correct to the each of the following. Give your answers correct 

nearest degree, to one decimal place. 

a a 

g cm 
3cm 

4 cm 

b    
12 cm 
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3 Two boats X and Y, sailing in a race, are shown 

. StUde nt assessment 3 in the diagram. Boat X is 145 m due north of a 
Diggms are not drawnito scale: buoy B. Boat Y is due east of buoy B. Boats X 

and Y are 320 m apart. 
1 A map shows three towns A, B and C. Town A 

  

is due north of C. Town B is due east of A. The X N 

distance AC is 75 km and the bearing of C from 320 m % 

B is 245°, 145 m 
Y 

B 

Calculate: 

a the distance BY 

b the bearing of Y from X 

¢ the bearing of X from Y. 

  

Calculate, giving your answers to the nearest 4 Two hawks P and Q are flying vertically above 
100 m: one another. Hawk QQ is 250 m above hawk P. 

5 shedistance AB They both spot a snake at R. 

b the distance BC. Q 

2 Two trees stand 16 m apart, Their tops make an 25% " 

angle of 8° at point A on the ground. Y 
P 

35# 

  

R 
e 2 8kKkm— 

    Using the information given, calculate: 

a the height of P above the ground 

e xm—— > 16 M —> b the distance between P and R 

¢ the distance between () and R. 

    
a Express 8° in terms of the height of the 

shorter tree and its distance x metres from 5 A boy standing on a cliff top at A can see a boat 

point A. sailing in the sea at B. The vertical height of 
b Express 6° in terms of the height of the taller the boy above sea level is 164 m, and the 

tree and its distance from A. horizontal distance between the boat and the 

¢ Form an equation in terms of x. boy is 4km. 

d Calculate the value of x. 

e (Calculate the value 8. 
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Calculate: 3 Draw a graph of y = cos8°, for 0° = 8° < 180°, 

a the distance AB to the nearest metre Mark on the angles 0°, 90°, 180°, and also the 

b the angle of depression of the boat from the maximum and minimum values of y. 

oy, 4 The cosine of which other angle between 0 and 

6 Draw the graph of vy = sinx® for 0° = x° = 180°. 180° has the same value as 

Mark on the graph the angles 0°, 90°, 180°, and a cos128° b —cos80°7 

also the maximum and minimum wvalues of v. 5 For the triancle <h leulat 
or the triangle shown, calculate: 

7 State each of the following in terms of another a the length PS 

angle between 0° and 180°. b angle QRS 

a sin50° b sin150° ¢ the length SR. 

c cos45° d cos120° 
Round your answers to one decimal place, 

8 Calculate the size of the obtuse angle marked 6° where necessary. 

in this triangle. 

18 cm 

     
6 The Great Pyramid at Giza is 146 m high. Two 

. StUdent dS5€55 ment 4 people A and B are looking at the top of the 

pyramid. The angle of elevation of the top of 

the pyramid from B is 12°. The distance 

between A and B is 25 m. If both A and B are 

Give all lengths to one decimal place and all 

angles to the nearest degree. 

1 For the cuboid shown, calculate: 1.8 m tall, calculate to one decimal place: 
a the length EG a the distance from B to the centre of the base 

b the length EC A B of the pyramid 
¢ angle BEC. p _ 7 e b the angle of elevation @ of the top of the 

pyramid from A     

   
4 cm . 3 ¢ the distance between A and the top of the 

H 10 cm G pyramid. 

2 Using the triangular prism shown, calculate: Note: A, B and the top of the pyramid are in 

a the length AD the same vertical plane. 
b the length AC 

¢ the angle AC makes with the plane CDEF X 

d the angle AC makes with the plane ABFE. | 
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. S't Ude Nt assessment 5 3 Find two angles between 0° and 360° which 
have the following cosine. Give each angle to 

the nearest degree. 

a 0.79 b -0.28 
Give all lengths to one decimal place and all 

angles to the nearest degree. 

4 a On one diagram plot the graph of y = sin#° Diagrams are not drawn to scale. 
and the graph of y = cos8°, for 0° < 6° < 

1 For this quadrilateral, calculate: 3600, 

a the length JL b Use your graph to find the angles for which 
b angle KJL sinf°® = cos 6°, 
¢ the length |M _ _ 
d s siea ot IRLM. 5 The cuboid shown has one of its corners 

removed to leave a flat triangle BDC. 

A B 
  

  

8 cm 

          
H 5cm G 

2 For the square-based right pyramid shown, 
Calculate to two significant figures: calculate: 

a the length BD a length DC 

b angle ABD b length BC 

¢ the area of triangle ABD ¢ length DB 

d the vertical height of the pyramid. d angle CBD 
e the area of triangle BDC 

tf the angle AC makes with the plane AEHD. 

6 In the diagram of the cuboid, X is the midpoint 

of VW and Y is the midpoint of TW. 

RS = 24cm 

SP = 20cm 

TQ =9cm 

Calculate: 

a PR b RV 

c WP d XY 

e SY. 
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. St Ud & nt assessme nt 6 4 The cone and sphere shown here have the same 

volume. 

Give all your answers to one decimal place. 

1 A sphere has a radius of 6.5 cm. Calculate: 

a its total surface area 

b its volume. 

  

2 A pyramid with a base the shape of a regular 

hexagon is shown. If the length of each of its 

sloping edges is 24 cm, calculate: 
a its total surface area 

b its volume. 

  

If the radius of the sphere and the height of the 

cone are both 6 cm, calculate: 

a the volume of the sphere 

b the base radius of the cone 

¢ the slant height xcm 

d the surface area of the cone. 

5 The top of a cone is cut off and a cylindrical 

hole is drilled out of the remaining truncated 

cone as shown. 

Calculate: 

the height of the original cone 

  

  

12 cm 

the volume of the original cone 

the volume of the solid truncated cone 

the volume of the cylindrical hole 

the volume of the remaining truncated cone. 

3 The prism here has a cross-sectional area in the 

shape of a sector. 

Calculate: 

a the radius rcm 

b the cross-sectional area of the prism 

¢ the total surface area of the prism 

d the volume of the prism. 

T 
O
 

o
 

20 cm 

   
8cm 
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Examination questions 

1 The following diagrams show six lines with equations of the form y = mx + c. 

Ly YA YA 

/ 
\\ | // / 

In the table below there are four possible conditions for the pair of values m and c. 

Match each of the given conditions with one of the lines drawn above. 

N 

      

      

w 
Y 

/.
 N\       

  

Condition Line 
  

m>0andc>0 
  

m<Q0andc>=0 
  

m=<0andc<0 
  

m=0andc<0 
  

6] 

Paper 1, Nov 10, Q4 

2 The base of a prism is a regular hexagon. The A 

centre of the hexagon is O and the length of OA 

is 15cm. 

a Worite down the size of angle AOB. [1] 

b Find the area of triangle AOB. [3] 

  

  

diagram not 

to scale 

15cm 

The height of the prism is 20 cm. 

¢ Find the volume of the prism. [2] 

Paper 1, Nov 10, Q12 
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3 A room is in the shape of a cuboid. Its floor 

measures (.2 m by 9.6 m and its height is 3.5 m. 

  

  

    

  

G 

................ C 

9.6 m 

diagram not 
fo scale 

a Calculate the length of AC. [2] 

b Calculate the length of AG. [2] 

¢ Calculate the angle that AG makes 

with the floor. [2] 

Paper 1, May 11, Q7 

4 Part A 

The diagram below shows a square based right 

pyramid. ABCD is a square of side 10 cm. VX is 

the perpendicular height of 8§ cm. M is the 

midpoint of BC.     
diagram not 

lo scale 

  

B 

bl 

10 cm C 

a Write down the length of XM. [1] 

b Calculate the angle of VM. [2] 

¢ Calculate the angle between 

VM and ABCD. [2] 

    

    

Part B 

A path goes around a forest so that it forms the 

three sides of a triangle. The lengths of two 

sides are 550 m and 290 m. These two sides meet 

at an angle of 115°. A diagram is shown below. 

diagram not 
o scale 

550 m 

a Calculate the length of the third side of 

the triangle. Give your answer correct 

to the nearest 10 m. [4] 

b Calculate the area enclosed by the path 

that goes around the forest. [3] 

Inside the forest a second path forms the three 

sides of another triangle named ABC. Angle 

BAC is 53°, AC is 180 m and BC is 230 m. 

diagram not to scale 

  

¢ Calculate the size of angle ACB. [4] 

Paper 2, Nov 09, Q1



Applications, project ideas 

and theory of knowledge 

  

    
   3 The terms arithmetic, algebra 

and geometry used to be 

studied in schools as separate 

subjects (and il are in parts of 

the USA). Discuss the statement 

that these terms are pecoming 

redundant. What you think are 

now the most importa nt areas 

of mathematics and should 

they, or can they, pe studied 

in isolation? 
’Aj 

nglr} u € the 

  

| Fifn‘j_’.r them, SA 

4 Euclidean geo ry is an 

il »;,1 00d les 

axiomatic system. Discuss 

o O . 
what this means and discover 

the main axioms of Euclidedn 

geometry. Einstein’s Theory of 

General Relativity maintains 

that space—time is 

non-Euclidean. Find out 

more about non-Euclidean 

geometry. 
|  



  

g What is inner-tube’ or 

‘doughnut’ geometry? 

Its correct Name is the 

geometry of the torus. 

Is the shortest distance 

petween twWo points oh 

a torus a straight line? 

  

  
9 How do architects and 

designers use the 

applications of geometry 

in their work? 

 



  

Mathematical models 

Syllabus content 
6.1 Concept of a function, domain, range and graph. 

Function notation, e.g. f(x), v(t), C(n). 

Concept of a function as a mathematical model. 

6.2 Linear models. 

Linear functions and their graphs, f(x) = mx + c. 

6.2 Quadratic models. 

(Quadratic functions and their graphs (parabolas): f(x) = ax? + bx + ¢, a #0. 

Properties of a parabola: symmetry; vertex; intercepts on the x-axis and y-axis. 

Equations of axis of symmetry, x = — %+ 

6.4 Exponential models. 

Exponential functions and their graphs: f(x) = ka* + c,a € QY a# 1, k #0; 

fix)=ka*+c,ac Qrazl, k0 

Concept and equation of a horizontal asymptote. 

6.5 Models using functions of the form f(x) = ax™ + bx" +..., m, n €7, 

Functions of this type and their graphs. 

The y-axis as a vertical asymptote. 

6.6 Drawing accurate graphs. 

Creating a sketch from information given. 

Transferring a graph from GDC to paper. 

Reading, interpreting and making predictions using graphs. 

Included all the functions above and additions and subtractions. 

6.7 Use of a GDC to solve equations involving combinations of the functions above.,
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HIERONYMI CAR 
DAN; PEAATANTISELNMI MATHE 

ARTIS MAGN 4, 
B BEUVLIE ALUBBRAICIE 

+ e 
BV E BB 
Lo o5 ok st =y 

OPVE FRRFECTV M 
g ot 

  

The title page of 
Ars Magna 

6.1 

Introduction 
Leibniz was the first to use the term ‘function’, although 

not in the sense it is used in this topic. Euler used the 

term in work done around 1750. Both of these 
mathematicians were aware of the work of Girolamo 

Cardano, and the concept of ‘function’ may have 

developed from this. It is also possible that all three of 

these mathematicians were aware of the much earlier 

studies of Al-Karkhi. 

Cardano was a famous [talian mathematician. In 

1545 he published a book Ars Magna (‘Great Art’) 

in which he showed calculations involving solutions   to cubic equations (equations of the form 

ax® + bx* + cx + d = 0) and quartic equations 

(equations of the form ax* + bx® + cx? + dx + e = 0). 

His book (the title page is shown here) is one of the 

key historical texts on algebra. 

It was the first algebraic text written in Latin. In 

1570, because of his interest in astrology, Cardano 

was arrested for heresy; no other work of his was 

ever published. 

Al-Karkhi was one of the greatest Arab 

mathematicians. He lived in the eleventh century. 

He wrote many books on algebra and developed a 

theory of indices and a method of finding square roots. 
  

A function as a mapping 
A relationship between two sets can be shown as a 

mapping, which links elements in one set with 

elements in the other set. 

A function is a special type of relationship, which 

can be shown as a mapping with particular 

characteristics. 

Consider the equationy = 2x + 3; -1 <x<3. A 

table of results can be made and a mapping diagram drawn. 

  

  

  

  
  

  

        

  

  

i y domain range 

3 1 -1 1 

0 > 3 

0 3 1 > 5 
2 -7 

1 5 3 g 

2 7 A B 

3 9        
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If a mapping is a function, each value in set B (the range: the values that the 

function can take) is produced from a value in set A (the domain: the values that x 

can take). The relationship above is therefore a function and, as a function, it can 

be written: 

flx) =2x+3;-1=x=<3 

It is customary to write the domain after the function, because a different domain 

will produce a different range. 

A mapping from A to B can be a one-to-one mapping or a many-to-one mapping. 

The function above, f(x) = 2x + 3; —1 < x < 3, is a one-to-one function, as 

each value in the domain maps to a unique value in the range, i.e. no two values 

in the domain can map to the same value in the range. However, the function 

f(x) = x%; x € Z, for example, is a many-to-one function, as some values in the 

range can be generated by more than one value in the domain, as shown. 

domain range 

  

It is important to understand that, for a mapping to represent a function, one value 

in the domain (set A) must map to a single value in the range (set B). Therefore 

the mapping f(x) = x% x € Z shown above represents a function. 

Some mappings do not represent functions. Consider the relationship y = i\f; 

The following table and mapping diagram can be produced. 

  

  

  

  

  

domain range 

X y 

1 +1 

4 £ 

9 +3 

16 +4         

  

This relationship is not a function as one value in the domain produces more than 

one value in the range.
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It is also important to remember the mathematical notation used to define 

different domains. The principal ones will be: 

  

  

  

  

  

  

Notation Meaning 

7 The set of integers {0, £1, £2, %3, ...} 

F+ The set of positive integers {1, 2, 3, ...} 

&N The set of natural numbers {0, 1, 2, 3, ...}, i.e. positive integers and zero 

@ The set of rational numbers, i.e. numbers that can be expressed as a fraction % 

R The set of real numbers, i.e. numbers that exist         

Calculating the range from the domain 
The domain is the set of input values, whilst the range is the set of output values 

for a function. (Note: The range is not the difference between the greatest and least 

values, as in statistics.) The range is therefore dependent not only on the function 

itself, but also on the domain. 

WGTUCLEYEL M Calculate the range for each of the following functions, 

a fix)=x-3x-2=x=<3 

b fx)=2-3xxER 9 4 

a f(x)=x>-3x; -2 =<x<3 , 
A 

The graph of the function is shown. 4 fl 

As the domain is restricted to 

—2 = x £ 3, the range is limited ' 
to values from —2 to 18. 45 

  

  

  

  

  

  

    This is written as: 10 

Range -2 = f(x) =18. 

b f(x)=x*-3xx€R 

  

Ra
rj
ge
 

—
 

n 3
]   

The graph will be similar to the one 

in part a except that the domain is 

not restricted. As the domain is for all _ 

real values of x, this implies that any P Don:am > 

real number can be an input value. 

As a result, in the range will also be / 

all real values. l -4 

  

Mo
 

+=
 

—
—
 

    
    

Y
 

  Mo
 

                    n
   This is written as: Range f(x) € R. 

Note: If the domain of a function is x € R, then it is often omitted.
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W Exercise 6.1.1 

1 Which of the following mappings shows a function? 

a domain range b domain range 

c domain range d domain range 

h . 

  

2 Write down the domain and range of each of the following functions. You could 

plot the functions using your GDC. 

a fix)=2x-1;-1=sx=<3 b f(x) =3x+2;—4=x=<0 

& R T B dg(jfl}=%;j:=-3 
e h(t) =t+3 f fiy) =4 

g f(n) =—-n?+12 

6.2 Linear functions and their graphs 
(Note: This topic is also covered in Section 5.1.) 

The function g(x) = 2x + 3; —1 < x < 3 gives the following graph. 

A 

D
 
=
 

  

o 
1 

  

  

  

o
 

  

  

  

  

  

  

  

Y
 

                      
y 
= 

The domain of the function is —1 < x = 3, whilst its range is | < g(x) = 9.
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Evaluating linear functions 

w1 a For the linear function h(t) = 2t — 5, determine h(7). 
b If h(t) = 45 determine t. 

a h(7) = 2(7) -5 
=9 

b 45 =2t-5=22t=50=>t=15 

  

2 Two linear functions are given as f(x) = 2x + 1 and g(x) = 3x — 6. 

  

“ dx):fix—fi/ffflxj=2x+1 
  

  

  

  

  

  

  

  

  

  

  

  

    
                    

Find the values of x and f(x) where f(x) = g(x). 

Graphically this can be interpreted as the coordinates of the point where the 

two functions intersect. 

At the point of intersection the two functions are equal, i.e. 2x + 1 = 3x — 6. 

Solving the equation gives x = 7. 

To find the y-coordinate, calculate either f(7) or g(7). 

f(7)=2(7) + 1 = 15.
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M Exercise 6.2.1 

  

  

  

1 Iff(x) = SI‘: 2, calculate each of the following. 

a f(2.5) b f(0) ¢ f(=0.5) d f(-6) 

5x -3 . 
2 Ifg(x) = T calculate each of the following. 

a g(0) b g(-3) ¢ g(—15) d g(-9) 

3 Ifth(x) = —6:-:4+ 8, calculate each of the following. 

a h(4) b h(1.5) ¢ h(=2) d h(=0.5) 

4 Iff(x) = _Ef—g_?, calculate each of the following. 

a f(3) b f(-1) ¢ f(-T) d f(-2) 
5 A plumber charges a 50 euro callout charge and then 25 euros for each 15 

minutes. 

a Write down the plumber's charges as a function f(x), where x is the time in 

hours. 

b Determine f(2.5). 

6 a Plot on the same graph the functions f(x) = 4x + 2 and g(x) = 23 — 3x. 

b Determine x, where f(x) = g(x). 

Quadratic functions and their graphs 
The general expression for a quadratic function takes the form ax?* + bx + ¢, where 

a, b and c are constants. Some examples of quadratic functions are given below. 

y=2x*+3x = 12 y=xt=-5x+6 y =3+ 2x -3 

  

Plotting quadratic functions is also covered in Section 1.6. When the graph of a 

quadratic function is plotted, a smooth curve, called a parabola, is produced. For 

  

  

                      
  

  

example: 

y = xt 

X —4 -3 ~2 ~1 g 1 2 3 4 

y 16 9 4 1 0 1 4 9 16 

gsig? 
X -4 -3 -2 ~1 0 1 2 3 4 
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Both graphs above are symmetrical about the y-axis. The y-axis is therefore the axis 

of symmetry. For quadratic functions of the form f(x) = ax* + bx + c, the equation 

of the axis of symmetry is given by x = —%+ The vertex of the graph can also be 

found as it lies on the axis of symmetry. 

1 a Plot a graph of the functiony = x* — 5x + 6 for0 < x < 5. 

b Deduce the equation of the axis of symmetry and the coordinates and nature 

of the vertex. 

Worked examples 

  

a First produce the table of values, then plot the points to draw the graph. 

  

X 0 1 2 3 4 5 
  

                y 6 2 0 0 2 6 
  

  

  @ 
S 

—
—
 

  

  

  

  

4
N
 

B 

e 

\
‘
\
 

  

N/ L 
11 {1 2-3 § 

    

o 

                    
  

  

b It can be seen from the graph that the equation of the axis of symmetry is x = % 

It can also be calculated using the formula x = —%, wherea = 1 and b = -5. 

x=— 3 
2x1 % 

Whenx =5 = (§f - s8] +6 = - ¥+ 6= 
So the vertex is at (%, —%) and is a minimum.
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2 a Plot a graph of the functiony = —x* + x + 2 for -3 < x < 4. 

b Deduce the equation of the axis of symmetry and the coordinates of the vertex. 

a First produce the table of values, then plot the points to draw the graph. 
  

X -3 ~2 -1 0 1 2 3 -4 
  

¥y   -10     -4 0     2   2z   0   -4   -10     

  

  

    

  

> 
Y 

I 
L
 | na
 

k
i
 

-
 

O 
=%
 
I
 

P ..
"'
L 

  

  

e
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M
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e
 

D
 

R
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—
 
—   

  

  

b
 

e
l
 

                        
b It can be seen from the graph that the equation of the axis of symmetry is x = % 

It can also be calculated using the formula x = —%, wherea= —land b = 1. 

- 1 _1 
T TIx(D 2 

1 1\, 1 1, 1 1 

So the vertex is at (%, 241) and is a maximum. 

Notice that when a is positive, the vertex is a minimum and when a is negative, 

the vertex is a maximum. Stationary points are dealt with further in Topic 7.
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The above work can also be calculated and drawn using either your GDC or 

graphing software. Example 1 above is shown. 

  

  

  

  

  

Casio 

setup - ol 1o select the table Table SetLting 

@ mode. Enter the » 
i s Wl s Startip equation y = x> — 5x + 6. End 5 

ik =y - 

@1 to set the table parameters. 

Enter Start:0, End:5 and Step:1 @ 
7 ¥l v 
  

651 ' to tabulate the results. The -}-‘ 

first two columns are the [ 2 

x- and y-values. (Ilgnore the third 

column for the time being.) 

ffl 
A 

[Forr (W [ [E0TT Fcon [GrLT 
  

  

  

6salv - to plot the points and draw 

a smooth curve through them 

To find the minimum point: \ / 

SET UP ! i & & a 0 

to select the graphing mode. Enter UI{=RE-5%45 

the equation y = x2 — 5x + 6. 

é to graph the function. 

MIN | : dv-dn=0 
G-Solv  v-window {0 give thE %=2.5 #:-fl. 25 

"3 coordinate of 

the minimum point (2.5, —0.25). 

        
  

             
Note: Once the minimum point is calculated, the x-value will give the 

equation of the axis of symmetry.      
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Texas 

  

  

et ) to select the function. TARBELE SETUP 
. ThblStart=0 

Enter the equation y = x2 — 5x + 6. aThli=1 
Indent.: 

—— tosetthetable Derpend: 
LT 

se/ parameters. 
    

    
  

Enter Thbistart = 0, ATbl = 1, Indpnt: 

Auto, Depend:Auto. 
  

  

    
    

  

_ - = to tabulate the WUy 
e results. G 

1 2 
©  to graph the table of % 5 

results. E %E 

ALC P4 =8 ~- e   
  

to calculate the coordinates of the 

minimum point.   

Using the cursor select a point to 

the left of the minimum, then, 

when prompted, select a point to 

the right of the minimum. The 

calculator will then search for the w=2.5 ¥=-.25 

minimum within this range. 

  

  

  
      

  

Note: Once the minimum point is calculated, the x-value will give the 

equation of the axis of symmetry.     
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Autograph 
  

Select =& and enter the 

equation y = x2 - 5x + 6. 

To change the scale on the axes 

Lse ! 

  

Select the curve then click 

‘Object’ followed by ‘Table of i 

Values'. After entering the o 

parameters, the results will 

appear in the results box. 

  

  

To find the axis of symmetry, Results Box 2 x 

find the coordinate of the Table of Values % E}“‘”a“““ ’ 

minimum point. Select ‘Object’ : : 

followed by ‘Solve f'(x) = 0'. i 

This finds where the gradient of | Equation Solver 

the graph is zero. The solution Solution: x=2.5, y=-0.25 
appears in the results box.   
    Note: The equation of the axis of symmetry is given by the 

x-coordinate of the minimum point. 
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GeoGebra 
  

  

Type Function [x» 2 - 5x + 6,0,5] 

into the Input box. This produces 

the graph drawn within the limits 

0=x=5. 

To change the scales of the axes 

select ‘Options’ - ‘Settings’ = 

‘Graphics’ and enter the relevant 

information. 

To find where the graph intersects 

the x-axis, type ‘Root[f]’. The 

points are marked on the graph as 

A and B and their coordinates 

displayed in the algebra window. 

Type 'Midpoint [A,B]" in the input 

box. The midpoint will appear as C 

on the graph and its coordinates 

in the algebra window. 

Type x=x(C)’. The axis of symmetry 

is drawn through the x-coordinate 

of C. Its equation is displayed in the 

algebra window.   

  

  
   



  

Worked example 
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Accurate graph plotting 
To plot an accurate graph, follow some simple rules. 

Label the axes accurately. 

Label the scale accurately. 

Use a table of results to obtain the coordinates of the points to plot on your graph. 

For linear functions, use a ruler to draw the straight lines. 

For curved functions, draw a smooth curve through the points rather than a 

succession of straight lines joining them. 

Exercise 6.3.1 

For each of the following quadratic functions: 

a construct a table of values and then plot the graph 

b deduce or calculate the equation of the axis of symmetry and the coordinates 

and nature of the vertex. 

ly=xt+x-2,-4=x<3 

y=—-xt+2x+3,-3<x<5 

y=x'—4x+4 -1sx<5 

y=—-xt—-2x-1,-4=x=<1 

y=xt—-2x-15 -4=<x<6 

y=2t-2x-3-2<x<3 

y==-2x*+x+6 -3<sx=<3 

y=3x-3x-6,-2=<x=<3 

y=4x' - Tx -4, -1<x<3 

y= =4t +4x-1,-2<x<3 

O
 

g
 

1
 

N
 

i
 

e
 

W
 

. 

o
 

Solving quadratic equations graphically 

a Drawagraphofy=x*—4x+ 3for-2<x<5. 

b Use the graph to solve the equation x* — 4x + 3 = 0. 

  

  

  

    

  
  

                        

a First produce the table of values, then plot YA 
the points to draw the graph. 16 

R 44 
\ 4 x |=2|-1]0 1] 2|3]|4]F5 \ 

10 

y | 15| 8 3 0 | -1 0 3 8 \ g 

: /   

  

  

b % 
ri
'p
-*
’f
 

E
a
=
 

<Y
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b To solve the equation, it is necessary to find the values of x when y = 0, i.e. 

where the graph crosses the x-axis. These points occur when x = 1 and x = 3 

and are therefore the solutions. 

The GDC and graphing software will also find the solution to quadratic equations 

graphically. In the explanations below, it is assumed that you can already plot the 

graph on your GDC or software. 

  

  

  

  

  

  

          
  

  

   m to calculate the coordinates of 

the roots (i.e. where the graph 

intersects the x-axis). 

Using the cursor pad E select a 

point to the left of the first root. D 

Using the cursor pad select a 

point to the right of the first root. D 

The calculator will then search for the 

root within this range. 

Repeat the above steps to find the 

second root.   
  

Casio 

Graph the equation y = x2 — 4x + 3. V1=X2=4X+3 

GSolv to access the graph solve 

m @ menu. 

. ROOT 
=< to find the roots of the #=1 =0 

W29 equation (i.e. where the graph 
Yi=X2-4 . . : : =K 2 -4 ¥+ 

intersects the x-axis). The first root is 1 R+S 

displayed. 

Use the cursor pad to scroll to - - - 
} ROOT 

the next root. 4=3 ¥=0 

Texas 

Graph the equation y = x? — 4x + 3. 

= . = to access the graph 
o 

adl \—/ calc. menu. 

Yi=ha=-Yy+3 

  

Left BEound™ 
n=.71276598 Y=.65697148 
  

  

    =
=
r
J
 

fi
*
 

n 
& 

1 =0         
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Graph the equation y = x? — 4x + 3. \ 

Select the curve then click ‘Object’ , 

followed by "Solve f(x) = 0'. 
  

The points are marked on the 

graph and their coordinates can be 

displayed in the results box. This is 

accessed by selecting . 

  

      

  

Graph the equation y = x2 — 4x + 3. P, 

In the input box type ‘Root[f]’, this 

finds where the graph intersects the 

x-axis. The points are marked on the 

graph as A and B their coordinates 

are displayed in the algebra window. 

  

          

The number of roots will depend on the shape and position of the quadratic curve. 

The maximum number of real roots is two, as a quadratic cannot cross the x-axis 

more than twice. However, if the graph touches the x-axis (i.e. the x-axis is a 

tangent to the curve) then there is only one real (repeated) root. If the graph does 

not cross the x-axis then there are no real roots. 

YA YA 

        

> 
Y 

o
 | 

One root No real roots
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B Exercise 6.3.2 

Worked example 

  

Solve each of the quadratic equations below by plotting a graph of the function. 

1 *-x-6=0 

~xt+1=0 

L—-6x+9=0 

—xt=x=2=0 

Z=4x+4=0 

2= Tx+3=0 

-2t +4x-2=0 

3x-5x-2=0 o
0
 
=
1
 

v
 

W
 

B
 

W
 

M
 

In the previous worked example, y = x* — 4x + 3, a solution could be found to the 

equation x> — 4x + 3 = 0 by reading off where the graph crossed the x-axis. This 

graph can, however, also be used to solve other quadratic equations. 

Use the graph of y = x* — 4x + 3 to solve the equation x> — 4x + 1 = 0. 

  

  

  

  

  

  

x* — 4x + 1 = 0 can be rearranged to give: Y A 

xXt—4x+3=12 : 16 
4 

Using the graph of y = x> — 4x + 3 and plotting \ i 
the line y = 2 on the same graph gives the \ _; 

graph shown. \: 

Where the curve and the line cross gives the 6 ;   

solution to x¢ — 4x + 3 = 2 and hence the 

solution tox* — 4x + 1 = Q. 

  

  ri
.,
.p
-"
"f
: 

M
~
 

ta
 [l N 

  
Therefore the solutions to x* — 4x + 1 = Q are 

x=0.3and3.7. 

I M
 I 

—
t
 

$o
 

=
Y
 

b 
                          

Exercise 6.3.3 

Using the graphs that you drew for Exercise 6.3.2, solve the following quadratic 

equations. Show your method clearly. 

1 2—-x—-4=0 2 =yt Jo=) 3 x2-6x+8=0 

4 —x2-—x=0 5 xX2—4x+1=0 6 2xt = Tx=0 

7T =22 +4x = -1 8 3xt =2+ 5x
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Factorizing quadratic expressions 
In order to solve quadratic equations algebraically, it is necessary to know how to 

factorize quadratic expressions. 

For example, the quadratic expression x* + 5x + 6 can be factorized by writing it 

as a product of two brackets: (x + 3)(x + 2). A method for factorizing quadratics is 

shown below. 

1 Factorize x* + 5x + 6. 4 Worked examples 

  

  

On setting up a 2 X 2 grid, some of the information 

can immediately be entered. As there is only one X x2 

term in x2, this can be entered, as can the constant 
  

+6. The only two values which multiply to give x? are 

x and x. These too can be entered. +8       
  

  We now need to find two values which multiply to 

give +6 and which add to give +5. The only two 

values which satisfy both these conditions are +3 

and +2. The grid can then be completed. 

Therefore x* + 5x + 6 = (x + 3)(x + 2). +2 2x +6 

2 Factorize x? + 2x — 24. 

  

      
  

    

    

X X +6 

% X2 X x* +6x 

—24 —4 —dx —24             
    

Therefore x* + 2x — 24 = (x + 6)(x — 4). 

3 Factorize 2x* + 11x + 12. 

    

    

2x 2x +3 

X 2x2 X 2x2 3x 

12 +4 8x 12       
  

Therefore 2x% + 11x + 12 = (2x + 3)(x + 4). 
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4 Factorize x* — 10x + 25. 

  
  

    

X X -5 

X X2 X X2 —5x 

25 -5 — 5 25                 

Therefore x* — 10x + 25 = (x — 5)(x — 5) = (x — 5)%. 

W Exercise 6.3.4 

Factorize the following quadratic expressions. 

1 a 22+ 7x+12 b x2+ 8x+ 12 ¢ X+ 13x+ 12 

d £ —7x+ 12 e xt—8x+12 f ¥ —13x+ 12 

2 a xX+6x+5 b x4+ 6x+ 8 c xt4+6x+9 

d x*+ 10x + 25 e xt+ 22x + 121 f x2 —13x + 42 

3a 2+ 14x+ 24 b x*+ 1lx + 24 ¢ x —10x + 24 

d %+ 15x + 36 e x2+ 20x + 36 f x2=12x+ 36 

4 a X+ 2x-15 b x2—-2x-15 c xX+x—-12 

d x—x-12 e xt+ 4x—-12 f x — 15x + 36 

5a x-2x-8 b x*-x-20 c XX +x-30 

d 2 - x—- 42 e x¢—2x—63 f x2 + 3x — 54 

6 a 2xt+4x+2 b 22+ 7x+6 c 2xt+x—6 

d 2x* - Tx+ 6 e 3x2+8x+4 f 3xt+11x— 4 

g 4 +12x + 9 h 9xf — 6x + 1 i bxt—x-1 

Solving quadratic equations algebraically 
x* — 3x — 10 = 0 is a quadratic equation which, when factorized, can be written as 

(x = 5)(x+2)=0. 

Therefore either (x — 5) = 0 or (x + 2) = O since, if two things multiply to make 

zero, then one of them must be zero. 

x=5=0 o x4+2=0 

x=5 or X = =i 

It is important to understand the relationship between a quadratic equation written 

in factorized form and the graph of the quadratic.
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In the example above x* — 3x — 10 factorized to (x — 5)(x + 2). The equation 

x2 — 3x — 10 = 0 had solutions x = 5 and x = -2. 

The graph of y = x* = 3x — 10 is as shown. 

7 
20   

  

  

  

  

  

  

                    3 
f%
f 

. 

  

It crosses the x-axis at 5 and —2 because these are the points where the function 

has the value Q. These values are directly related to the factorized form. 

  

e M Solve each of the following equations to give solutions for x. 

a X’ —x-12=0 
b x + 2x = 24 
¢ = bx=0 
d & —6x+9=0 

a X! —x—-12=0 

(x—4)(x+3)=0 

s0 either x—4=0 or x+3 =0 

x=4 x = =3 

b This becomes x* + 2x — 24=10 

(x +6)(x — 4) =0 
so either x+6 =0 or x —4 = 

x =—0 x =4 

C —-6x=0 

x(x—=6) =0 

so either x =0 or x—6 =0 

X = 

d xt—6x+9 =0 

(x=3)x-3) =0 

(x =3) =0 

S0 X =3 

Note: For a repeated factor, there is only one distinct root.
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Worked example 

You can use your GDC to solve a quadratic equation. Although you are expected to 

be able to solve quadratic equations, your calculator is a useful tool for checking 

your answers. 

Solve the quadratic equation x> — x — 12 = 0 using your GDC. 

  

Casio 
  

Select "Equation’ from the main menu. 

Zoom 

@=» to select Polynomial, followed 

Trace 

by « m to select Polynomial of Degree 2 

(i.e. quadratic). 

Enter the coefficients of each of the 

terms into the matrix, i.e.a=1, b= - 

and c= -12. 
Trace 

« » to solve the equation and display 

the results on the screen, i.e. x =4 and -3. 

  

     
    

W HHIH HEHLIHfé;’:UE ;’ 

RFRGH [TuUH 
FF 

LIHIC q HflHS‘r’STE 
B o 
  

  

are+bx+c=8 
4 b c 
  

  

  

    
  

C [ -1 IRED 

EUEREREGT - 

aXE+%X+c=E 

| 

4 
REFT   
  

  

Texas 
  

  

- . to access the equation solver 

- and enter the equation 

-x-12. 

Type an initial value for x, e.g. 0. Leave the 

bound at its default setting. The calculator 

will search for a solution in this range. 

Highlight the initial value of x. 

u to solve and display a 

solution to the equation, 

l.e. x =-2.999... 

  

To find the other solution restrict the 

bound to include the second solution, e.q. 

Bound = {0,5} and repeat the above steps. 

  

ERQUATION SOLVER 
eqnt B=re—xK—-12 

  

  

HE-xn—12=8 
e | 
bound=<-1e99:1... 

  

  

Re—xn—12=8 

  

      
      

Note: With this calculator, you need to know how many solutions 

there are and roughly where the solutions lie before using the 

equation solver.      



B Exercise 6.3.5 

Quadratic functions and their graphs 303 
  

1 Solve the following quadratic equations by factorizing. 

a x*+7x+12=0 

¢c x2+3x-10=0 

e x2+5x=-6 

g xt— 2x =8 

i x2+x=30 

=
 

ot
h 
Q
e
 
O
 

L
.
 

2 Solve the tollowing quadratic equations. 

a x!-9=0 

¢c x1-144 =0 

e Ixt-36=0 

g x!+6x+8=0 

i x2—-2x-24=0 

R
 

. 

3 Solve the following quadratic equations. 

a x2+5x=36 

¢c x2-8x=0 

e 2x2+5x+3=0 

g x2+ 12x=0 

i 2x:2=T2 
= 

R 
-
 

L
S
.
 

xt +8x+12=0 

xt=3x-10=0 

xt 4 6x = -9 

xt —x =20 

x: —x =42 

xt =25 

4x2 - 25=0 
XL - == 

xt—6x+8=0 

xt —2x—48§ =0 

x4 2x= -1 

xt —Tx=0 

2xt=3x-5=0 

x2+12x+27=0 

Ix2—-12 =288 

In questions 4— 10, construct equations from the information given and then solve 

them to find the unknown. 

4 When a number x is added to its square, the total is 12. Find two possible values 

for x. 

5 If the area of the rectangle below is 10cm?, calculate the only possible value for x. 

(x+3)cm 
  

X cm 

    
6 If the area of the rectangle below is 52 cm?, calculate the only possible value for x. 

(X +9)cm 
  

X CMm 

      

7 A triangle has a base length of Zxcm and a height of (x — 3)cm. If its area is 

18 cm?, calculate its height and base length. 

8 A triangle has a base length of (x — 8) cm and a height of 2x cm. If its area is 

20 cm?, calculate its height and base length.
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O A right-angled triangle has a base length of xcm and a height of (x — 1)cm. If 

its area is 15cm?, calculate its base length and height. 

10 A rectangular garden has a square flowerbed of side length xm in one of its corners. 

The remainder of the garden consists of lawn and has dimensions as shown. 

  [ im P EX TP 
  

A 
M 

: 
2m 

Y 
If the total area of the lawn is 50 m?, calculate the length and width of the 

whole garden. 

    

      

The quadratic formula 
In general a quadratic equation takes the form ax* + bx + ¢ = 0 where a, b and c are 

integers. Quadratic equations can be solved by the use of the quadratic formula, 

which states that: 

. b + Ab — 4ac 

- la 

This is particularly useful when the quadratic equation has solutions but does not 

factorize neatly. 

1 Solve the quadratic equation x* + 7x+ 3 = 0. 

a=1,b=Tandc=3, 

Worked examples 

  

Substituting these values into the quadratic formula gives: 

  

1T -4 x1x3 
  

  

= 2x 1 

~1+4/49-12 
x= 5 

—1 £4/31 
ii= > 

Therefore x =flfl _—7—608 
2 H 2 

x=—046(2d.p.)orx=—-6.54(2d.p.)
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2 Solve the quadratic equation x* — 4x — 2 = 0. 

a=1,b=—-4andc=-2. 

Substituting these values into the quadratic formula gives: 

  

  

Lo XD VA - @ x 1 x ~2) 
Lk 1 

4 +4/16 + 8 
X = 2 

4 +4/24 
X = 2 

4 +24+90 o x = 4 —24,91'.'3 

x=445(2d.p.)orx=—-0.45(2d.p.) 

Therefore x = 

3 If possible, solve the quadratic equation x* + x + 3 = 0. 

a=1 b=1ande=3, 

_-12N12-4x1x3 
= 2 x 1 

-1 £4/-11 
- 2 

  

  

X 

This has no solution as it involves the square root of a negative number. 

This implies that the graph does not cross the x-axis. 

W Exercise 6.3.6 

Solve the following quadratic equations using the quadratic formula. Give your 

answers to two decimal places. 

1axtl—-x-13=0 b ¥ +4x—-11=0 

¢c X +5%-T7=0 d 2 +6x+11=0 
e X +5x=13=0 f 2=9x+19=0 

2a x2+Tx+9=0 b x*-35=0 

¢ 4x2 —=20x+25=0 d 2 -5¢+7=0 

e Z*+x—-18=0 f 2-8=0 

3axt-2x-2=0 b xX—4x—-11=0 

c xX—-x-5=0 d 2+2x+7=0 

e *—-3x+1=0 f »X-8x+3=0 

4 a 22 =3x—-4=0 b 42 +2x=5=0 

c 5x2=8x+1=0 d =2x*+5x-2=0 

e Ixt—4x-2=0 f —TIxt—x+15=0
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6.4 Exponential functions and their graphs 
Note: You should be familiar with the laws of indices for this section. 

Worked example 

  

Functions of the form vy = a*, where a is the base number and x the exponent 

(power), are known as exponential functions. Plotting an exponential function is 

done in the same way as for other functions. 

Plot the graph of the function y = 2*for =3 < x = 3, 

  

  
  

  
  

                  

x | 3| 2] o 1 2 | 3 YA 

y 0.125 | 0.25 0.5 1 2 4 8 B8 [ 

[ The graph above gets closer and closer to the x-axis as 6 I 

x gets smaller. For example, when x = =3,y = 2% is S 
5 1 1 : 4 

y=27=5=gwhenx = -4,y = 2*is 3 

o 1 1 
y=2 4= 7= 15 2 

o 

Therefore the graph will get closer and closer to the x-axis _'E': S e 

but not cross it. The x-axis is therefore an asymptote. i X 

  

  

  

  

  

  

  

                      

Exercise 6.4.1 

1 For each of the functions below: 

i draw up a table of values of x and f(x) 

ii plot a graph of the function 

iii check your graph using either your GDC or graphing software. 

a fix) =3, -3=x=<3 b f(x)=1,-3=x=53 

¢ filx) =2*+3,-3<x=<3 d flx) =2+x,-3=x<3 

e filx) =2-x,-3=x<3 f f{x) =3~ -F=x=3 

A tap is dripping at a constant rate into a container. The level (lcm) of the 

water in the container is given by the equation [ = 2t—1 where t hours is the 

time taken. 

a (Calculate the level of the water after 3 hours. 

b Calculate the level of the water in the container at the start. 

¢ Calculate the time taken for the level of the water to reach 31 cm. 

d Plot a graph showing the level of the water over the first 6 hours. 

e From your graph, estimate the time taken for the water to reach 45 cm. 

Draw a graph of y = 4* for values of x between —1 and 3. Use your graph to find 

approximate solutions to both of the following equations. 

a 4= 30 
b 4= 

Draw a graph of y = 2* for values of x between —2 and 5. Use your graph to find 

approximate solutions to the equation 2* = 20.



  

You will come across 
exponential growth 
and decay in the 

Biology and Physics 
Diploma courses. 
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General equation of the exponential function 
An exponential graph takes the form y = ka* + ¢, x € R. 

The constants k, a and c affect the shape of the graph. 

Exercise 6.4.2 

Use the GeoGebra file ‘6.4 Graphs of exponential functions’ on the website. 

The file shows two exponential graphs: one of the form vy = ka* + ¢ and the 

other of the form y = ka=* + ¢. By moving the sliders, each of the constants 

k, a and ¢ can be changed and the resulting transformation observed. 

1 By changing the value of ¢ in the equation y = ka* + ¢, describe mathematically 

the transformation that occurs. 

2 By changing the value of k, describe mathematically the transformation that 

occurs. 

3 What effect does the value of a have on the graph? 

4 Describe the graphical relationship between y = ka* + cand y = ka™™* + c. 

Exponential growth and decay 
The story is told of the Chinese emperor who wanted to reward an advisor who had 
averted a famine. The advisor saw a chessboard and asked for one grain of rice to be 

placed on the first square, two on the next square, four on the next and so on. By 

the 64th square his reward would exceed the present world grain harvest! This is an 

example of exponential growth. 

In England, the cup competition for football begins with 256 teams in round 1 

playing a knockout system. This reduces to 128, 64, 32 and so on. This is an 
example of exponential decay (continuing until there is one winner). 

Other examples of phenomena that experience exponential growth and decay 

are bacteria, viruses, population, electricity, air pressure, light passing into water, 

compound interest and radioactive decay. 

The formulae for exponential growth and decay are: 

Growth: y = a(l + r)* 

Decay: y = a(l —r)* 

where a is the initial amount 
r is the growth/decay rate expressed as a fraction out of 100 

x is the number of time intervals 

y is the final amount. 

Earlier we used the Chinese emperor’s chesshoard example to illustrate the effects 

of continued doubling, starting with 1. For this the general formula y = a(l + r)* 

has r = 1 (as doubling is represented by 100% growth) and a = 1. Therefore we 

obtain the equation: 

y=1(1+1}=y=2%
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Worked examples 

  

In the example of the cup football competition, the rate of decay is 50% 

and the initial amount is 256. These values can be substituted into the formula 

vy = a(l - r)*, where a = 256, r = 0.5. Therefore we obtain the equation: 

y = 256(1 - 05y = y = 256 x (5)" 

To find the number of rounds needed until there is one winner, we solve the 

following equation: 

1 =256 x(3)° 

1 1 
256 — Jx 

256 = 2* 
78 — P« 

x=28 

Therefore the number of rounds is 8. 

Notice that, as there is no constant term in these equations, the horizontal 

asymptote of the graph would be y = 0. 

Another application of the formula is in compound interest and depreciation, 

covered in Section 1.9. 

The general formulay = a(1l + r)*is rewritten as: 

A=l $ut 
( 100 

where A is the final amount 

C is the capital or starting amount 

r is the interest rate, usually a percentage 

n is the number of time periods, usually in years. 

1 What is the final amount when €2500 are invested at 6% per annum for 5 years 

at compound interest! 
T n 

A= c( D m) 
5 

A= 2500(1 + %) — 2500 x 1.065 = 3345.56 

The final amount is €3345.56. 

2 A new car cost US$20000 and depreciates on average 20% each year for 8 years. 

What is it worth after 8 years? 
T n 

A—C(l+m) 
8 

A= EODOO(I 20 ) = 20000 x 0.8 = 3355.44 
~ 100 

The car is worth US$3355.44 after 8 years.
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B Exercise 6.4.3 

1 A single virus can double every hour. Use your calculator to calculate the 

number of viruses there would be after 24 hours. 

The half-life of plutonium 239 is 24 000 years. How long will 1 g of 

plutonium 239 take to decay to 1 mg? 

In 1960 the population of China was 650 million. The population was expected 

to increase by 50% every 10 years. What would have been the projected 

population of China for 20107 Give your answer to two significant figures. 

A pesticide has a half-life of 20 years. Its use was discontinued after it was found 

to be harmful. How much will remain of 100 g of the pesticide after 200 years! 

A chess tournament has 512 entrants in a knockout event. How many remain 

after six rounds have been played? 

A rain forest covers 1 000 000 km?. It is thought that the rate at which it is 

being lost is 5% per year. 

a What area of the forest will be left in 20 years’ time? Give your answer to 

three significant figures. 

b The rate of loss is in fact 10% per annum. How long will it take before the 

forest covers an area less than 500000 km?? 

The number of bacteria in a Petri dish has reached 1 million from 1 bacterium in 

20 hours. What is the rate of increase! Give your answer to two significant figures. 

After seven years the population of a region was reduced to half of its original 

number. What is the average annual rate of reduction! Give your answer as a 

percentage to the nearest whole number. 

6.5 The reciprocal function and higher- 
order polynomials 
Graph drawing 
This topic has been covered within some of the earlier sections in relation to 

drawing graphs of different types of function (linear, quadratic and exponential). As 

a general reminder, here are the basic guidelines for drawing an accurate graph, as 

given earlier in this topic. 

Label the axes appropriately. 

Label the scale for each axis accurately. 

Use a table of results to obtain the coordinates of the points to plot., 

For linear functions, use a ruler to draw the straight lines. 

For curved functions, draw a smooth curve through the points rather than a 

succession of straight lines joining them.



210 MATHEMATICAL MODELS 
  

Graph sketching 
A sketch of a function is different from an accurate plot. A sketch should show the 

main features of the function but is not plotted using a table of values. It should: 

¢ show the general shape of the function 

® show the position of relevant features such as: 

— intercepts 

— maxima, minima or points of inflexion 

— asymptotes 

¢ have labelled axes. 

The reciprocal function 

The graph of y = % is shown. This é" A 

belongs to the family of curves whose A 

equations take the formy = %, 3 

where a and b are rational. 2 
1 L 

To investigate the effect that a has on 

the shape of the graph, let b = 0, i.e. 
  

: . a 
investigate y = —. 

X 
This can be done using a GDC or 

graphing software as follows.   

  

  

Casio 
  

     
    
Y1=A+X SETUP s to select the dynamic 

m| G graphing mode. E:-'namlc. Sellins 

Enter the equationy = A + x. 

  

Sketch zeom 1o enter the values for 

" the dynamic variable A. YI=A+X F 

Then @ , et g 

to run the dynamic graphing \ E 
A=3 

process. 

   
  

G+T           
      

Note: The scale on the axes may need to be changed by selecting 
V-Window 

D and entering the following: Xmin: -5, Xmax: 5, 

Xscale: 1, Ymin: =10, Ymax: 10, Yscale: 1.      
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Texas 
  

  

This calculator does not have a dynamic 

graphing facility. However, several of the 

functions can be graphed simultaneously to 

observe the family of curves, e.g. 
1 2 3 

= —, -?y_getc. 
X 

  

          

Note: The scale on the axes may need to be changed by selecting 

: ; ”] and entering the following: Xmin = -5, Xmax = 5, Xscl = 1, 

Ymin = =10, Ymax = 10, Yscl = 1. 
  

Autograph 
  

  

| w
 

Select =..|. and enter the equation y= —. S —) 

5 i = ] El
 

i § 

  

Select the constant controller _,‘E‘. ! 
  

Change the settings so that a changes 

in increments of 1. 

Use [z] to change the value of a and 

=l see the graph move.     
Note: Autograph can display the family of curves or animate the 

display, by selecting and selecting either “family plot’ or 

‘animation’” and entering the parameters as required. 
  

GeoGebra 
  

  
  

Select the ‘slider’ tool 1_'._ and click on | e 

the drawing pad. This will enable you to 

enter the values for ‘a” and the _ 

incremental change as shown. e 

| Apply | to place the slider on the (oo ] (coree | 

drawing pad. 

min -3 e 3 mcrsmant | 

  

Type fix) = % into the input box. 

The effect of ‘a’ can be observed by 

dragging the slider. fi      
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To see the effect of b on the shape of the graph y = fi, let a = 1 and change 

the values of b in a similar way to that shown above. 

W Exercise 6.5.1 

1 Describe the effect that changing a has on the shape of the graph y =   
a 

x+ b 

  2 Describe the effect that changing b has on the shape of the graph y = — 

The graph y = % has a particular property. It does not cross the y-axis (the line 

x = Q) or the x-axis (the line y = 0). The graph gets closer and closer to these lines 

but does not meet or cross them. These lines are known as asymptotes to the curve. 

Therefore the graph of y = % has a vertical asymptote at x = 0 and a horizontal 

asymptote at y = 0. Although clear from the graph, they can be calculated as follows. 

  

LELCEDEES | Calculate the equations of any asymptotes for the graph of y = i 

Vertical asymptote: This occurs when the denominator = O as % is undefined. 
Therefore the vertical asymptote is x = 0. 

Horizontal asymptote: This can be deduced by looking at the value of y as x 
tends to infinity (written as x — +oo), 

1 1 
Asx >+, y>0as——=0 Asx 35—,y 2 0as——=0 

x X 

Therefore the horizontal asymptote is y = Q. 

2 Calculate the equations of any asymptotes for the graph of y = xL + 1 and 

give the coordinates of any points where the graph crosses either axis. 

Vertical asymptote: This occurs when the denominator is 0. 

x — 3 =0, so x = 3. Therefore the vertical asymptote is x = 3. 

Horizontal asymptote: Look at the value of y as x — + o, 

  Asx — +o,y > 1as — 0 ASI—}—m,j%laExL%O 
1 

x—3 

Therefore the horizontal asymptote is y = 1. 

To find where the graph intercepts the y-axis, let x = (. 

  

    

  

Substituting x = 0 into IiS + 1 gives y = _% + 1= % 

To tind where the graph intercepts the x-axis, let y = (. 

Substituting y = 0 into — + 1 gives: 0= = i 3 + 1 

1 
= —1 

X 

x=2 

Therefore the intercepts with the axes occur at (0, %) and (2, 0).
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1 

A 3 
+ 1 can now be sketched as shown.   The graph of y = 

Note: The asymptotes are shown with dashed lines. 

  

  

ya . 

_______ il T 
8 e o 

0 2\ 3 X 

M Exercise 6.5.2 

For each of the equations in questions 1-3: 

i) calculate the equations of the vertical and horizontal asymptotes 

ii) calculate the coordinates of any points where the graph intercepts the axes 

iii) sketch the graph 

iv) check your graph using either a GDC or graphing software. 

    

    

  
  

    

    

1 1 
lajf_::-:+l bT_:.h:+3 

2 -1 
c YT -4 dfi_x—3 

Zaj=£+2 bfi=%—3 

1 l 
Ej'=x_1+4 dji'=x+4—l 

1 
Py T by~ 

2 ] 
€Y= 31 dy=g_7+*
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1 

(x = 2)(x + 1) 

  

Worked examples 1 Use a GDC or graphing software to graph the functiony =   

and determine the equations of any asymptotes. 

Graphing software will produce the following graph of the function: 

. YA . 

  

  

  

The equations of any asymptotes can be determined as before. 

Vertical asymptote: This occurs when the denominatoris 0: (x — 2)(x + 1) = 0 

Therefore the vertical asymptotes are x = 2 and x = —1. 

Horizontal asymptote: Look at the value of y as x — *oo, 

Asx — +oo, 

1 
y — 0 as — 0 

(x - 2)(x+ 1) 
  

Therefore the horizontal asymptote is y = 0. 

Therefore a more informative sketch is: 

| Pl | 

  

pm
me
s 
o
o
 

T 
— 

—
 

s e 
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2 Use a GDC or graphing software to graph the function y = —xz-l-i:——é + 2 

and determine the equations of any asymptotes. 

The graphing software will YA 

produce the following graph 

of the function: 

1 
0 Y

 

  
The equations of the asymptotes are determined as before. 

Vertical asymptote: This occurs where the denominator is 0. 

t+x—-6=0 

Factorising gives (x — 2)(x + 3) =0 

Therefore the vertical asymptotes are x = 2 and x = =3. 

Horizontal asymptote: Look at the value of y as x — o, 

1 
Asx%im,j—}ztasxl_'“x_ — 0 

6 

Therefore the horizontal 

asymptote isy = 2. 

Therefore a more informative 

sketch is: 

  

  
B Exercise 6.5.3 

For each of the equations in the following questions: 

i) calculate the equations of any vertical or horizontal asymptotes 

ii) calculate the coordinates of any points where the graph intercepts the axes 

iii) sketch the graph of the function with the aid of a GDC or graphing software. 

1 . 1 
x— D(x - 2) )T G- D(x + 3) 

1 1 

Tyt ey 

1l a y=    
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Worked example 

  

] 1 
8 Va4 b Y= - 10 

1 1 
E}I_:-:z+2x+l+3 dT_ZxE—?x—’-l_l 

Higher-order polynomials 
Earlier in this topic you saw how a quadratic equation can sometimes be factorized, e.g. 

o —4x—5=(x-5(x+ 1) 

This can be used to find where the graph 
  

of y = xt — 4x — 5 intercepts the x-axis, 
  

i.e. wheny = 0. (x — 5)(x + 1) = 0 gives 
  x =5 and x = —1 as shown. 

  

  

  

  

YA 

= / 

: / 
3 -2 ' 2 3 4 b 6 7% 

/ 
\ / 
  

                & 
& 

b 
H
H
 o
 

        
  

The reverse is therefore also true. A quadratic equation that intercepts the x-axis at 

x = 3 and —6 can be written as y = (x — 3)(x + 6) = x* + 3x — 18. 

The same is true of higher-order polynomials. 

Using a GDC or graphing software, graph the cubic equation y = 2 — 2x? — 5x + 6 

and, by finding its roots, rewrite the equation in factorized form. 

  

Casio 
  

Select the graphing mode and enter 

the equation y = X — 2x2 — 5x + 6. 

  

& to graph the function. 

Gsolv {0 select the ‘graph solve’ 

menu.     .01 

Trace 

«™» to find the roots’ of the graph. 

@ to scroll and find the other roots. 

  

[ \_/ 
  

N 
  / 
  

  

  
Y1=X"3-2X8-0X+6 

  — ROOT|       
    Note: Although the GDC will also find the y-intercept, it is quicker 

simply to substitute x = 0 into the equation, i.e. the y-intercept is +6. 
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Texas 
  

  

  

= and enter the equation 
\.-.._J y:xE—ZXE-S.I+6. 

. to graph the function. T | 

.« toselect the ‘graph 
! 

e \—-) calc.” menu. 

to find where the graph is zero 

(i.e. crosses the x-axis). 

   
  

  

Y1=i"3-cHiz-5i+B 

  

  

Use the cursor key to select a left 

bound. Press enter and then use the 

  

  

  

: Left Bound? 
cursor key to select a right bound. The #=-2.12766 [v=-2.04735 

calculator will search for a solution 

within this range. Press enter twice to 

display the answer. _ 

Repeat the process for the other roots. [ I 

CRF 0 
n= g       
  

  

Note: Although the GDC will also find the y-intercept by entering a 

value of x = 0, it is quicker simply to substitute x = 0 into the 

equation, i.e. the y-intercept is +6. 

  

  

  
Select =% and enter the equation 

y=x3-2x*-5x + 6. 

Select the graph and choose 

‘Object’ and ‘Solve f(x) = 0'. 

The results are displayed at the 

bottom of the screen, or by 

accessing the ‘results box’ ; 

    

[ E R = r 

Equation Solver. 

solution: x=-2, y=0 

Solution: x=1, y=0 
Solution: x=3, y=0 
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6.6 

  

GeoGebra 
  

Type f(x) =xA3-2xAn2-5x +6 

into the input box. 

  

        

o & Free objects "‘: 
Type: Root[f]. This finds the roots I f(x)=x*-2x*-5x+6 

for the polynomial f. & Dependent objects 

The results are displayed in the | : 2: E:f‘;} 
algebra window. @ Cm {3‘ 0) 

The roots of the equation are therefore x = —2, 1 and 3, so the equation can be 

written in factorized formasy = (x + 2)(x — 1)(x — 3). 

The y-intercept is found by substituting x = Q into the equation, giving y = 6. 

You can also use your GDC in a similar way to find the stationary points of the 

curve, T he algebraic method for finding the stationary points of a curve is covered 

in Topic 7. 

Exercise 6.5.4 

For each of the equations in the following questions: 

i) Use a GDC or graphing software to sketch the function. 

ii) Determine the y-intercept by using x = Q. 

iii) Rewrite the equation in factorized form by finding the roots of the equation. 

lay=x+6x+1lx+6 by=x-32+3 

c y=x —xr - 12x d y=2x> - 4x 

2 ay=x—3x+2 b y=2x —4x% + 4x 
c y= —xt+ 222+ 3x? dy=-+x*+22x-40 

Solving unfamiliar equations graphically 
When an equation has to be solved, it can be done graphically or algebraically. The 

following example shows how equations can be solved graphically.
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Solve x + 2 = 1 
X 

Method 1: Rearrange the equation to form the quadratic equation x + 2x — 3 = 0. 

This produces the graph shown. The roots can be calculated as shown earlier in 

the topic. 

Method 2: Poth sides of the original equation can be plotted separately and the 

x-coordinates of their points of intersection calculated. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

Solution: x = 1 and x = —3. 

YA 
5 

o 
Ya 

i 

\ o } ] 
E 

o _F:E | / Nt 
6 | 4 N2 | O 5 1°x Bch B2 101 5 3 4 & x 

Ll . 
Vv=K+P -3 

<}                                                 

  

  

Casio 
  

  

Select the graphing mode and enter 
3 

fi- to graph the functions. 7‘;\ 

the equationsy =x + 2and y = = 

csolv  to select the ‘graph solve’ 

LFs menu. 

6sov  to find the intersection of the 

> graphs. {-fl""’f_/‘\“‘ 

@ to scroll and find the other points P#::‘\ t vemet 

  

      
  

      

      of intersection. R=-3 y=- | 
    

  

  

  

Texas 
  

  

.. and enter the equations 
N v = x + Zandy=%. 

  

. ) to graph the functions. 
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.+ and enter the equations 

. y = X + Zandy=%. 

Ei s " 

: ) to graph the functions. 
e —— 

to select the ‘graph calc.’ 

Menu. 

to find the intersection of the two 

graphs. 

CACACA 
Repeat the above steps for the second 

point of intersection. When prompted for 

the ‘guess’, move the cursor over the 

second point of intersection. 

T '_-_‘-""‘1-., 

el \— 

L2 

  

to select both graphs 

and confirm the first 

intersection point. 

  

  

  

  

  

Inktersechion 
=1 \ ¥=3     
  

    
Autograph 
  

Select a and enter the equations 

Yy=X+ Zandy=i 
X 

Select the graphs, choose ‘Object’ 

and ‘Solve f(x) = g(x)’. 

The results are displayed at the 

bottom of the screen, or by accessing 

the ‘results box’ [Z3].   

  

Equation Solver: 

Solution: x=-3, y=-1 
Solution: ¥x=1, y=3 

  

  

GeoGebra 
  

  Type f(x) = x + 2 and g(x) = % into 

the input box. 

To find the points of intersection, 

select the ‘intersect two objects’ icon. 

Click on the curve and the straight 

line; the intersection point is 

marked. Its coordinates appear 

in the algebra window. 

Repeat for the second point of 

intersection.   

bd 
N 
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M Exercise 6.6.1 

1 Using either a GDC or graphing software, solve the following equations. 

  

6 
ax+l=§ b%=lx+5 Cx+1=;12' 

dlx—§=9 E£=x—l f 11_3;.;_5=_§ 
X 5 5 X 

2 Solve the following equations using either a GDC or graphing software. Give 

your answers to one decimal place. 

    

a 6x=2¢ b2-1=2-x2 ¢ ([} -3=2-64 

dl_l=i Ez—5=— ! f 3 +sinx = l 
x 3¢ X g sin x 

B Student assessment 1 

1 Which of the following is not a function! Give 6 The graph of the temperature conversion from 

reasons for your answer. 

a b C 

- T - 
b | | E 

2 State the domain and range for these functions. 

a flx) =3x—2;—3<x=<1 

b glx) =xxER 

3 Calculate the range of f(g) = 4g + 7; -1 = g < 5. 

Ix - 2 

2 
a g(4) b g(0) c g(=3) 

5 Calculate the coordinates of the point of 

intersection of each pair of linear functions. 

a f(p) = -2 —1lpandf(q) = 2q + 10 
by=2x—-landx+y=28 

¢ Ix+2y=Tand5x+ 2y =17 

7 
4 For the function g(x) = . determine: 

Celsius to Fahrenheit uses the formula 

= g C + 32, where F and C are the 

temperatures in degrees Fahrenheit and 

Celsius respectively. 

a PlntagraphflfF=%C + 32;0 = C = 100. 

b Use the graph to estimate the following 

temperatures in degrees Fahrenheit. 

i) 10°C ii) 40°C iii) 80°C 
¢ Use the formula to check your answers to 

part b. 

The cost C in euro of producing a CD for a 

band is given by C(n) = 210000 + 1.5n 

where n is the number of copies made. Each CD 

sells for 12 euro. 

a Write down the function R(n) for the revenue. 

b Draw on the same axes graphs for cost and 

revenue. 

¢ What value of n represents the break-even 

point (i.e. the point where costs = revenue)? 

d What is the profit if the CD sells 250000 copies?
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B Student assessment 2 B Student assessment 3 

1 a Copy and complete the table below for the 

function f(x) = x* + 3x — 9. 
  

X 3| =2|=-11011 2] 3 
  

f(x) =x?+3x-9                     

b Plot a graph of f(x) for the given domain. 

¢ Deduce the range for f(x). 

2 Factorize each of the following quadratic functions. 

a fix)=x>-9x+18 b h(y) =3y +y-12 

c fix)=xr-3x=10 d hix) =22+ Tx-4 

3 Solve the following quadratic equations. 

a xX+6x+8=0 b 2x* + 10 = 12x 

c 2+ 10x+25=0 d 3x2-4="7x 

—b + Alb* — 4ac 
4 Using the quadratic formula x = 7 

for solving quadratic equations of the form 

axt + bx + ¢ = 0, solve the following equations. 

a X —6x+1=0 b 5x-12x-3=0 

5 Calculate the final amount saved if €4000 is put 

into an account paying 7.5% interest per year, 

for 10 years. 

6 The number of a type of bacteria increases by 

25% every hour. If the initial number is x, 

calculate in terms of x the number of bacteria 

after 24 hours. 

7 An oil-field is being depleted by 10% each year. It 

currently holds 10 million barrels of oil. How long 

will it be before it is reduced to 1 million barrels? 

8 The amount of light which passes through water 

decreases off a coral reef by 12.5% per metre. 

At how many metres is there only 10% of the 

light at the surface? Give your answer to the 

nearest metre. 

1 The function f(x) = 2* = 2 is to be plotted 

within =3 = x < 3, 

a Construct a table of values of x and f(x). 

b Plot a graph of the function. 

¢ Write down the equation of any asymptotes. 

A large container is used to store wheat grain. To 

empty the grain from the container a hatch is 

opened near the base for it to pour out. The level 

(h m) of grain in the container after time (¢t hours) 

is given by the formula h=2(-t+3 + 0.1. 

a Construct a table of values of t and h for 

O=t=<8. 
b Plot a graph to show the level of grain in the 

container over time. 

¢ What is the level of grain in the container at 

the start? 

d What is the equation of the asymptote? 

e Describe the meaning of the asymptote in the 

context of this problem. 

4 1   For the equation vy = 2 
X3 

a calculate the equations of any vertical and 

horizontal asymptotes 

b calculate the coordinates of any points where 

the graph intercepts the axes 

¢ sketch the graph. 

- 1:   

: 1 
For the equation y = T3 

a calculate the equations of any vertical and 

horizontal asymptotes 

b calculate the coordinates of any points where 

the graph intercepts the axes 

¢ sketch the graph. 

: 1 
For the function f(x) = IG5 

a calculate the equations of any vertical and 

horizontal asymptotes 

b calculate the coordinates of any points where 

the graph intercepts the axes 

¢ sketch the graph. 
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6 For the function f(x) = Tt iEt 2: 

a calculate the equations of any vertical and 

horizontal asymptotes 

b calculate the coordinates of any points where 

the graph intercepts the axes 

¢ sketch the graph. 

Examination questions 

1 Given the function f(x) = 2 x 3*for -2 = x < 5, 

a find the range of f; [4] 

b find the value of x given that f(x) = 162. [2] 

Paper 1, Nov 09, Q11 

2 The diagram below shows the graph of a 

quadratic function. The graph passes through 

the points (6, Q) and (p, 0). The maximum 

point has coordinates (0.5, 30.25). 

YA 

    
/(p, 0) (6, 0)\ r 

a Calculate the value of p. [2] 

b Given that the quadratic function has an 

equation y = —x* + bx + c where b, ¢ € Z, 

find b and c. [4] 

Paper 1, Nov 09, Q13 

3 The function f(x) = 5 — 3(2) is defined for 

x = 0. 

a i) On a copy of the axes below sketch the 

graph of f(x) and show the behaviour of 

the curve as x increases. 

ii) Write down the coordinates of any 

  

  

intercepts with the axes. [4] 

YA 

- 
X 

b Draw the line y = 5 on your sketch. [1] 

¢ Write down the number of solutions to 

the equation f(x) = 5. [1] 

Paper 1, May 10, Q15 

4 Consider the function f(x) = 1.25 — a™®, where a 

is a positive constant and x = (. 

The diagram shows a sketch of the graph of f. 

The graph intersects the y-axis at point A and 

the line L is its horizontal asymptote. 

    

£ SR T 

A 

- 
X 

a Find the y-coordinate of A. [2] 

The point (2, 1) lies on the graph of y = f(x) 

b Calculate the value of a. [2] 

¢ Write down the equation of L. [2] 

Paper 1, May 11, Q15
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of economics. This t _=‘-_1._~::;__i_f 

graph work could form 

the basis of a project. 
    

    

  

   

2 The terms mapping. 
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Introduction to differential 

calculus 

Syllabus content 
7.1 Concept of the derivative as a rate of change. 

Tangent to a curve, 

7.2 The principle that f(x) = ax" = f'(x) = anx™L. 

The derivative of functions of the form 

f(x) = ax™ + bx™! + ..., where all exponents are integers. 

1.3 Gradients of curves for given values of x. 

Values of x where {'(x) is given. 

Equation of the tangent at a given point. 

Equation of the line perpendicular to the tangent at a given point (normal). 

1.4 Increasing and decreasing functions. 

Graphical interpretation of f'(x) > 0, f'(x) = 0, f'(x) < Q. 

1.5 Values of x where the gradient of a curve is O (zero). 

Solution of f'(x) = 0. 

Stationary points. 

Local maximum and minimum points. 

7.6 Optimization problems. 

Introduction 
Pierre de Fermat was a great French mathematician who proposed and solved many 

mathematical problems. He is most famous for ‘Fermat’s Last Theorem’, which he 
proposed in 1637. Although seemingly simple, the theorem was not proved until 

358 years later, in 1995, 
Fermat’s last theorem is an extension of Pythagoras’ theorem. It states that: ‘If an 

integer n is greater than 2, then the equation a* + b" = ¢" has no solutions.” Fermat 

suggested that he had found a simple proof of this, however it is not accepted by 

mathematicians today.



  

Andrew Wiles 
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Andrew Wiles, a Cambridge mathematician, worked secretly for many years to 

find a proof. This proof was extremely complex, building on work on elliptical 

curves by Eves Hellegouach, and required a proof of the Taniyama-Shimura 

conjecture. However, the final proof by Wiles is accepted as a work of genius 

because of the innovative way in which he brought together ideas. 

Everyone accepts that Andrew Wiles proved Fermat's Last Theorem. However, 

this is not the case with the discovery of calculus. Sir Isaac Newton (1643 -1727), 

another Cambridge mathematician, is accepted as one of the most influential men 

in human history. His work on gravitation and the Laws of Motion in his book, 

Philosophae Naturalis Principia Mathematica, influenced mathematics and science for 

hundreds of years. His work was only taken further by the great mind of Albert 

Einstein. Newton is credited by many as discovering calculus. 

Gottiried Wilhelm Leibniz (1646—1716), the German mathematician and 

Philosopher, worked on what we now term calculus at the same time as Newton. 

The suggestion that Leibniz, who wrote poetry in addition to writing on maths, 

politics, law, theology, history and philology, had stolen Newton’s ideas on 

calculus and merely improved them, caused a bitter argument that went on long 

after they had both died. 

Claims as to who should get the credit for an invention are not unusual. Did 

Alexander Graham Bell or Antonio Meucci invent the telephone? Did the Scot John 

Logie Baird, the American Philo Taylor Farnsworth or the Russian Vladimir Kosma 

Zworkin, discover television? It often depends upon the country in which the book 

you read was published. It has been suggested that ‘there is a time for a discovery’ and 

that if one person had not made the breakthrough, someone else would have. This 

claim is supported by one of the great modern discoveries, the structure of the DNA 

molecule. Watson and Crick discovered the double helix structure but other 

scientists, particularly Rosalind Franklin, were very close to a solution. 

Calculus is the comerstone of much of the mathematics studied at a higher 

level. Differential calculus deals with finding the formula for the gradient of a 

function. In this topic, the functions will be of the form f(x) = ax™ + bx™! + ... 

where n is an integer. 

Gradient 
You will already be familiar with finding the gradient of a straight line, shown below. 

The gradient of the line passing through points (x,, y,) and 

  

     

  

Free Y 
(x5, y,) is calculated by xi — xi . Theretore the gradient of YA i 4 

the line passing through points P and ( is % = % = % 2 

  

The gradient of a linear function (a straight line) is 

constant, i.e. the same at any point on the line. However 

non-linear functions, such as those that produce curves 

when graphed, are more difficult to work with as the e 

gradient is not constant. 

______________ 

P(1, 5) 
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The graph opposite shows the function 

f(x) = x% Point P is on the curve at (3, 9). If 

P moves along the curve to the right, the 

gradient of the curve becomes steeper. It P 

moves along the curve towards the origin, the 

gradient of the curve becomes less steep. 

      I 

X 

| | 

3 4 

See GeoGebra file ‘7.1 Gradient of y = x*'. 
The gradient of the function f(x) = x* at the point P(1, 1) can be calculated as 

follows. 

Mark a point Q,(3, 9) on the graph and draw the line segment PQ), The gradient 

of the line segment PQ), is only an approximation of the gradient of the curve at P. 

g =i 
3=l 

Mark a point Q, closer to P, for example (2, 4) and draw the line segment PQ), The 

gradient of the line segment P(), is still only an approximation of the gradient of 

the curve at P, but it is a better approximation than the gradient of PQ,. 

Gradient of PQ, = H =13 

Gradient of PQ), = 4 

          

YA YA 
18 |- 18 |- 

16 16 

14 14 

12 12 

10 10 

8 8 

6 6 

4 4 

2 2 

\ i \ L 
14 0 1 2 3 4 x -1 01 2 3 4 x 

If a point Q, (1.5, 1.5%) is chosen, the gradient PQ); will be an even better 

approximation. 

L 
Gradient of PQ), = % =2.5 

: 7 . 1.25%— 1 
For the point Q4 (1.25, 1.25%), the gradient of PQq =TT 2.25 

1 _ 
For the point Q, (1.1, 1.12), the gradient of PQ. = H =21
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See GeoGebra file ‘7.1 Gradient of line segment P()’. 
The results above suggest that, as point (Q gets closer to P, the gradient of the 

line segment PQ) gets closer to 2. 

It can be proved that the gradient of the function is f(x) = x* is 2 when x = 1. 

YA 

  

    

  

(1+ h, (1+ h)P®) 

  e 

Consider points P and QQ on the function f(x) = x% P is at (1, 1) and QQ, h units 

from P in the x-direction has coordinates (1+h, (1+h)?%). 

(1+h)* =1 1+2h+h* =1 h(2+h) 
l+h -1 h ~ h 

As () gets closer to P, h gets smaller and smaller (tends to Q), therefore the gradient 

(2 + h) of the line segment P() tends to 2. 

Therefore the gradient at P(1, 1) is 2. 

=1+h   Gradient of line segment PQ) = 

In general: 

The gradient of a curve at the point P is the same as the gradient of the 

tangent to the curve at P. 

See GeoGebra file ‘7.1 Line passing through P and Q' 

Exercise 7.1.1 

1 Using the proof above as a guide, find the gradient of the function f(x) = x* 

when: 

a =il b x=3 ¢ m—] 

d By looking at the pattern in your results, complete this sentence. 

For the function f(x) = x?, the formula for the gradient is ... . 

2 Find the gradient of the function f(x) = 2x* when: 

a x=1 b x=2 € X=i—7 

d By looking at the pattern in your results, complete this sentence. 

For the function f(x) = 2x%, the formula for the gradient is ... . 

3 Find the gradient of the function f(x) = %xz when: 

g i) b x=2 ¢ w3 

d By looking at the pattern in your results, complete this sentence. 

For the function f(x) = %xl, the formula for the gradient is ... .
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In each case in Exercise 7.1.1, a rule was found for calculating the gradient at any 

point on the particular curve. This rule is known as the gradient function {'(x) or 

%, i.e. the function f(x) = x* has a gradient function f'(x) = 2x 

or fi = Ix. 
dx 

Note: {dlx_fi is also known as the rate of change of vy with x. 

You can check this by graphing a function and its gradient function simultaneously 

on a computer. 

  

  

  

m Type equation y = x%+ x \ ' / 
Y i y 

m Select curve. , . i / 
m Click on the gradient 3 / 

5 ; ) \, r /,f 
function icon - // 

            

  

  

  

m Type equation e cama 

fix) =x% +x O e 

m Type Derivative [f] 

  

            
Note: The equation of the gradient function is given in the algebra 

window.      
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B Exercise /7.1.2 

Worked examples 

    

1 Using graphing software as shown 
  

  

  

  

  

  

  

  

  

  

      

above, find the gradient functions of Function f(x) | Gradient function f(x) 
each of the following functions. 

_a X2 a f(x) =x 

b f(x) = 3% 2x2 
c f(x) = x*+ 2x T2 

d f(x) =x*-12 2 
e f(x) =3x-3 X2+ X 2x + 1 

f fix) =22 -—x+1 3 

2 Copy and complete the table by 232 

entering your gradient functions 

from question 1 above and from X2+ 2 

Exercise 7.1.1. ¥2 _ 2 

3 Describe any patterns you notice in Iy — 3 

your table for question Z, between a 

function and its gradient function. 2% =X+ 1     

The functions used so far have all been polynomials. There is a relationship 

between a polynomial function and its gradient function. This is summarized below. 

If f(x) = ax® then % = anx™1, 

i.e. to work out the gradient function of a polynomial, multiply the coefficient of x 

by the power of x and then subtract 1 from the power. 

1 Calculate the gradient function of the function f(x) = 2. 

d_j— (3-1) — £..2 dx—3x2:-: = 6x 

2 Calculate the gradient function of the function f(x) = 5x*. 

& @-1) = 2 = 4 x 5x4- = 205 

Exercise 7.1.3 

1 Calculate the gradient function of each of the following functions. 

a f(x) = x* b f(x) =« c flx) = 3x¢ 

d f(x) = 5x° e flx) =62 f fx) = 8xf 

2 Calculate the gradient function of each of the following functions. 

a flx) =3 b fix) = 3« ¢ flx) = 7 

d f(x) =3¢ e f(x) = $° f f(x) =50
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& 7.2 Differentiation 
The process of finding the gradient function is known as differentiation. 

Differentiating a function produces the derivative or gradient function. 

  

  

  

eeEs e 1 Differentiate the function f(x) = 3 Y 

with respect to x. gl 

The graph of f(x) = 3 is a horizontal 44 

line as shown. 8 

A horizontal line has a gradient of s | 
zero. T herefore, ] 

_3 3y -3 et 
This can be calculated using the rule   
for differentiation: 

f(x) = 3 can be written as f(x) = 3x° 

dy _ (0-1) _ = 0x3x-D =0 

In general therefore, the derivative of a constant is zero. 

If f(x) = c:}%= 0. 

2 Differentiate the function f(x) = 2x with respect to x. 

The graph of f(x) = 2x is a straight line as shown. 

From work done on linear graphs, you know 

the gradient is 2. Therefore, 

f(x) =2:-:::}%=l 
This too can be calculated using the rule for 

differentiation: 

f(x) = 2x can be written as f(x) = 2xl. 

fl— (1-1) — 2= 1 x 2D = 2 k 

But x° = 1, therefore il_df: = 1. 

  

  

  
In general, therefore, if f(x) = ax = d—}‘ B 

dx
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3 Differentiate the function f(x) = %:9 — 2x + 4 with respect to x. 

Graphically the function and its derivative are as shown. 

YA 
18 |- 

14 |- 

12 | 
Fix) 

  

  

  
It can be seen that the derivative of the function f(x) is a quadratic. The 

derivative can be calculated to be f'(x) = x — 2. 

This suggests that the derivative of a function with several terms can be 

found by differentiating each of the terms individually, which is indeed the 

case. 
253 + *2 
  4 Differentiate the function f(x) = with respect to x. 

Before differentiating, rewrite functions as sums of terms in powers of x. 
250 4 x? _ 250 xt 
——— can be written as = + — 

X 

and simplified to 2x? + x. 

Therefore f(x) = M =2t 4+ x= & = 4x + 1. 
X dx 

Note: A common error here is to differentiate each of the terms 

individually. 
i 2 

The derivative of M% is not w : 

B Exercise /7.2.1 

1 Differentiate each of the following expressions with respect to x. 

a 5x° b 7x c 4x 

ik 2.6 3.5 d4x2 e 3x f4:-: 

g 5 h 6x iz
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2 Differentiate the following expressions with respect to x. 

  

  

a 3x? + 4x b 5x3 — 2«2 ¢ 10x° — %xl 

d 63 — 3x +x e 12x* - 22 +5 f 20— 22 +x — 4 
o —3xt+42-1 h -6+ 3x* — x+1 i —2x0+ 50 - 8 

3 Differentiate the following expressions with respect to x. 

o + o b4x3—x2 62> + 2x 
1 x 2 = 2x 

3 2 

3 12" e 3x(x + 1) f 2:x - 2) 
X 

g (x+5) h (2x = )(x + 4) i (x4 x)(x = 3) 

Negative powers of x 
So far all the polynomials that have been differentiated have had positive powers of 

x. This section looks at the derivative of polynomials with negative powers of x, for 

example differentiating from first principles the function f(x) = x~! with respect to x. 

    

  

  

      

You will know from your work on vA 

indices that x! can be written as —. 

x fix) 
The function f(x) is shown graphically 

. 1 1 
with P(x, E) and Q(:-: + h, m) 

fix + h) 

Gradient of line segment P() 

1 1 x+h  x h 
x x+h  x(x+h) x(x+h) x(x+h) 1 

 x—(x+h) ~h ~ —h x(x+h) 

As () gets closer to P, h gets smaller and therefore the gradient of PQ) tends to — fi 

This tells us that for f(x) = x1, the derivative f'(x) = —% = —x2, 

It can be seen that the original rule for the derivative of polynomials, namely if 

f(x) = ax™ then f'(x) = anx™!, is still valid when n is negative. 

fx) = 

fi(x) = =1 % x-1- = —x2
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et e 1 Find the derivative of x™. 

  

di‘f_ _ {22.1) 
a— 2 A X 

s Bl 
P 

2 Calculate d—:?, wheny = 2x1 + x*% + 2. 
dx 

%= =1 x 2x--0 4 22 x D 4 0 

= —2x2 -2x3 

_ 1 1 

g gl 
3 Differentiate 15 with respect to x. 

X 

First write the expression 15 in the form ax", where a is a constant and n an 

integer: * 

%= 2 x % = 2x° 

fi— — (—5-1) 5= 5 % 2x 

10 
= -10x%=—— 

x® 

B Exercise 7.2.2 

1 Find the derivative of each of the following expressions. 
2 EI.I_I 5 b x3 ¢ 2x? d —x? e —%x‘j f — 

2 Write down the following expressions in the form ax", where a is a constant and 

n an integer. 

1 2 > 2 3 2 
"y "% *@® Y@ cng 5 

3 Calculate f'(x) for the following curves. 

a f(x) =3x! + 2x b flx) =2x +x1+1 

& P) e Gt alli d fix) =L + 2 
¥ 

_2_1 L, 1 
% flx}_x“ x3+1 f gl 2x3+3x3 

So far we have only used the variables x and y when finding the gradient function. 

This does not always need to be the case. Sometimes it is more convenient or 

appropriate to use other variables. s, 

If a stone is thrown vertically upwards from the 

ground, with a speed of 10ms-!, its distance (s) from its 

point of release is given by the formula s = 10t — 4.9¢, 4 
where t is the time in seconds after the stone’s release. 

This is represented graphically as shown. 

ha
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Worked examples 

  

The velocity (v) of the stone at any point can be found by calculating the rate of 

change of distance with respect to time, i.e. T 

Therefore, if s = 10t — 4.9 v=S=10 - 98 

1 Calculate ds for the function s = 6t2 — 4t + 1. 
dt 

ds 
5= 12t - 4 

dr . 6 
2 Calculate 5 for the functionr = = 28 1, 

Rewriting the functionasr = 6% + 2% —1 

dr 3 .12 
= —12t7° + 4t = 3 + 4t 

dv § 3 2 
3 Calculate i for the functionv = (»” + 1) = 1)+ 

Expanding the brackets gives: v = 2r — r° + % -1 

dv ;4 
Therefnreg =7 —3r ™3 

Exercise 7.2.3 

1 Differentiate each of the following with respect to t. 

a y=3c2 +¢ T 8o B8 _ 4 

d y=2t!1 er=%t—1 f s=tt-t? 

2 Calculate the derivative of each of the following functions. 

a y=3xl+4 b s=2t!-¢ cu=r‘1—% 

aP=ts2  em=n g g 

3 C(Calculate the derivative of each of the following functions. 

a y=ux(x+4) b r=1t(l —t) n:fu=t(%+t2) 

dp=r3(%—3) e fl=x(x—3+%) t 3=rl(t—%) 

4 Differentiate each of the following with respect to t. 

a y=(t+1)(t—-1) br=(t-=1)(2t+ 2) 

cp=(%+l)(%— ) da= (e2ea(d= 1) 

e v=(E+1)e-1 fy=(Z-o)(z-3
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w2 7.3 The gradient of a curve at a given point 
OGEBRA FILE 

You have seen that differentiating the equation of a curve gives the general 

equation for the gradient of any point on the curve. Using the general equation of 

the gradient, gradients at specific points on the curve can be calculated. 

For the function f(x) = %xz — 1x + 4, the gradient function f'(x) = x — 2. The 

gradient at any point on the curve can be calculated using this. 

For example, when x = 4, f'(x)=4 -2 

2 

i.e. the gradient of the curve f(x) = % 2_2x + 4 is 2 when x = 4, as shown below. 

YA 
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GDCs and graphing software can also help to visualize the question and check the 

  

  

  

     

  

      

  

  
  

solution. 

Casio 

SET UP o -_— - 

and enter the V1=1.2n8-25+4 

equation of the curve. 

& to plot the graph. 

: t d¥sdi=2 
race | CATALOG P W=y y=U 

>0 
The gradient of the curve at 

X = 4 is displayed on the screen. 

dy L . . . 
Note: If the e derivative feature is not displayed on the screen, it 

can be turned on via the set up menu.     
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Texas 
  

  

.. and enter the equation of 

s~/ the curve. 

; ) to plot the graph. 

d 
, ~ and select d—i 

  

  

    

        fl to calculate the duidx=z 
o gradient when x = 4. 
  

Autograph 
  

m Type equationy = %fl -2x+ 4 

m Select the curve. 

Click on coordinate icon (,) 

and enter the value x = 4. 

el 
A point is plotted on the curve 

at X =4, 

m Click on the point. Select 

‘object’ followed by ‘tangent’. 
        

A tangent is drawn to the curve 

at x = 4. Its equation and the 

coordinate of the point are 

displayed at the base of the screen.     
Note: The equation of the tangent is displayed at the base of the 

screen, i.e. y = 2x — 4. The gradient can therefore be deduced from this. 
  

  

GeoGebra 

m Type equation P e srs ik 

f(x) = 1xA2 - 2x + 4 | _ 
m Type ‘Tangent[4, f]". This \ /’" 

draws a tangent to the curve N / 
at x=4. 

    
Note: The equation of the tangent is displayed in the algebra window, 

i.e. ¥y = 2x — 4. The gradient can therefore be deduced from this.      
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T e M Calculate the gradient of the curve f(x) = x° + x — 6 when x = —1. 

The gradient function f'(x) = 3x% + 1. 

When x = =1, f'(-1) = 3(=1)2 + 1 = 4, 

  

i.e. the gradient is 4. 

B Exercise /7.3.1 

1 Find the gradient of each of the following functions at the given values of x. 

a f(x) =xkx=3 

b f(x) =3¢ - 2;x = =3 
c f(x) =32 —4x* = 2;x=0 

d fix) ==-xt+2x-1;x=1 

e f{x}=-%x3+:~:—3;:-:=—l,x=2 

f fix)=6x=25 

2 Find the gradient of each of the following functions at the given values of x. 

a f(x) = L x=2 
X 

b () = x= 1 
C f(x}=%—3:-:;x=2 

T2 
g f(:-:}=é+xz—l;x=2 

1 1 1 1 1 
b ) gt ey g 

3 The number of people, N, newly infected on day t of a stomach bug outbreak is 

given by N = 5¢% — %t‘l: 

a Calculate the number of new infections, N, when: 

i) t=1 i) t=3 iii) t=6 iv) t = 10. 

b Calculate the rate of new infections with respect to t, i.e. calculate % 

¢ Calculate the rate of new infections when: 

i) t=1 i) t=3 i) t=6 iv) t = 10. 

d Using a GDC, sketch the graph of N against t. 

e Using your graph as a reference, explain your answers to part a. 

t Using your graph as a reference, explain your answers to part c.
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Worked example 

  

4 A weather balloon is released from the ground. Its height h (m) after time 

t (hours) is given by the formula h = 30t* — £, t < 20. 

a Calculate the balloon’s height when: 

1)iiti=3 i) t = 10. 

b Calculate the rate at which the balloon is climbing with respect to time t. 

¢ (Calculate the rate of ascent when: 

i) t=2 i) t=5 i) t = 20. 

d Using a GDC, sketch the graph of h against t. 

Using your graph as a reference, explain your answers to part c. 

f Use your graph to estimate the time when the balloon was climbing at its 

fastest rate. Explain your answer. 

T 

Calculating x, when the gradient is given 
So far we have calculated the gradient of a curve for a given value of x. It is 

possible to work backwards and calculate the value of x, when the gradient at a 

point is given. 

Consider the function f(x) = x* — 2x + 1. It is known that the gradient at a 

particular point on the curve is 4. It is possible to calculate the coordinate of 

the point. 

The gradient function of the curve is f'(x) = 2x — 2, 

As the gradient at this particular point is 4 (i.e. f'(x) = 4), an equation can be formed: 

Ix —2=4 

2x=0 

x=23 

Therefore, when x = 3, the gradient of the curve is 4. 

Once again a GDC and graphing software can help solve this type of problem. 

The function f(x) = 2 — x* — 5 has a gradient of 8 at a point P on the curve. 

Calculate the possible coordinates of point P. 

The gradient function f'(x) = 3x* — 2x 

AtP, 32 - 2x = 8. 

This can be rearranged into the quadratic 3x* — 2x — 8 = 0 and solved either 

algebraically or graphically as shown in Section 1.6.
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Graphically 

    
From the graph it can be seen that x = — 1% and x = 2, i.e. there are two possible 

positions for point P. 

By substituting these values of x into the equation of the curve, the y-coordinates of 

P can be calculated. 

)=(- ) - (145 - - 03 
f2y=2-2t-5= -1 

Therefore, the possible coordinates of P are (-1%, —in?) and (2, =1). 

Algebraically 

The quadratic equation 3x* — 2x — 8 = 0 can be solved algebraically by factorizing. 

Bx+4)(x-2)=0 

Therefore, 3x +4) =0=x = ~%or(x - 2) =0=>x = 2. 

Your GDC can also be used to solve (quadratic) equations. 

  

Casio 
  

  

SET UP p— 

, anZ+bR+c=0 
e and select Equation mode. 3 b ¢ 

c 3 -2 R 
Loom 

@T» toselect Polynomial. 

      

  

  

-8 
Trace mmm 

@7 to select polynomial of degree 2. 

aXE+bX+c=0 
Enter the values of a, b and c. — 

s L) 

T tosolve the equation. ,     [REFT 
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Texas 
  

  

to select equation solver and | [EQURTION SOLVER 

then enter the equation. edqn i B=3Re-2K-8 

  

- i i IRe=2K—-8=8 _ a to find one solution. i 1 33333IIIII 

Change the value of x to a number closer ||, ?gggflfié;yfir 1. 

to the second solution, e.g. x = 1. 

  

  

  

  

  

  

S E—dR—8=H 
_ ; A=2 =, a to find the second solution. hound=<-1g99,1 

" left-rt=0 

  

    
    

  

Note: To find the second solution, you will already need to know 

approximately where it is. This can be done by graphing the 

equation first.   
  

Once the values of x have been calculated, the values of y can be calculated 

as before. 

B Exercise /.3.2 

1 Find the coordinate of the point P on each of the following curves, at the given 

gradient. 

a f(x) = x? — 3, gradient = 6 

b f(x) = 3x% + 1, gradient = 15 

¢ f(x) = 2x% — x + 4, gradient = 7 

d f(x) = 7x2 = 3x - 1, gradient = -3 

e f(x) = %:(2 + 4x, gradient = 6 

f f(x) = — + 2x + 1, gradient = 4 

2 Find the coordinate(s) of the point(s) on each of the following curves, at the given 

gradient. 

a f{x) = %:-:3 + %xz + 4x, gradient = 6 

b f(x) = %xj + 2x* + 6x, gradient = 3 

¢ flx) = %13 — 2x?, gradient = —4 

d f(x) = > — x* + 4x, gradient = 5 
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3 A stone is thrown vertically downwards off a tall cliff. The distance (s) it travels 

in metres is given by the formula s = 4t + 5t, where t is the time in seconds 

after the stone’s release. 

a What is the rate of change of distance with time %? (This represents the 

velocity.) 

b How many seconds after its release is the stone travelling at a velocity 

of 9 ms? 

¢ The stone hits the ground travelling at 34 m s~!. How many seconds did 

the stone take to hit the ground! 

d Using your answer to part ¢, calculate the distance the stone falls and 

hence the height of the cliff. 

4 The temperature (T °C) inside a pressure cooker is given by the formula 

T =20 + 12¢ — ¢%; t < 8, where t is the time in minutes after the cooking started. 

a Calculate the temperature at the start. 

b What is the rate of temperature increase with time! 

C What is the rate of temperature increase when: 

i) t=1 ii) t=4 iii) t =87 

d The pressure cooker was switched off when ar _ 36. 
de 

How long after the start could the pressure cooker have been switched off? 

e What was the temperature of the pressure cooker if it was switched off at 

the greater of the two times calculated in part d? 

Equation of the tangent at a given point 
As was seen in Section 7.1, the gradient of a tangent drawn at a point on a curve is 

equal to the gradient of the curve at that point. 

W What is the equation of the tangent to f(x) = %xg + 3x + 1 in the graph below? 

  

The function f(x) = %xz + 3x + 1 has a gradient function of f'(x) = x + 3 

At point P, where x = 1, the gradient of the curve is 4. 

The tangent drawn to the curve at P also has a gradient of 4. 

  

  
As it is a straight line, it must take the form y = mx + ¢. The gradient m is 4 

as shown above.
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Worked examples 

  

Therefore, y = 4x + c. 

As the tangent passes through the point P(1, 4%}, these values can be substituted 

for x and v so that ¢ can be calculated. 

4%=4+c 

1 
Z}C—E 

The equation of the tangent is therefore y = 4x + % 

Equation of a normal to a curve 
You saw in Section 5.1 that there is a relationship between the gradients of lines 

that are perpendicular (at right angles) to each other. If two lines are perpendicular 

to each other, the product of their gradients is 1, i.e. mym, = ~1. Therefore the 
1 gradient of one line is the negative reciprocal of the other line. i.e. m;= — == 

2 
In the previous section, it was possible to work out the equation of a tangent to the 

curve at a given point. A line drawn at right angles to the tangent, passing through 

the same point on the curve, is known as the normal to the curve at that point. 

It is possible to calculate the equation of the normal to the curve in a similar way 

to calculating the equation of the tangent. 

In the previous example the equation of the tangent to the curve 

flx) = %xz + 3x + 1 at the point P(1, 4%} was calculated as vy = 4x + % 

Calculate the equation of the normal to the curve at P. 

The curve, the tangent and normal at P are shown below. 

YA 
10       

  
  

It is already known that the tangent at P has a gradient of 4. 

As the product of the gradients of the tangent and normal is —1, the 

gradient of the normal can be calculated to be —i 

The normal is a straight line, so its equation must take the form y = mx + ¢. 

As the normal also passes through the point P(1, 4%), the values of x, y and 

m can be substituted into y = mx + ¢ so that ¢ can be calculated. 

4r=(-3x 1) +c 
3_19 

c=47=73
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The equation of the normal is therefore y = — 1x + 12, £ 
In the form ax + by + ¢ = 0 the equation of the normal is as follows: 

dy=—x+ 19 
x+4y—19=0 

M Exercise /7.3.3 

1 For the function f(x) = x* — 3x + 1: 

a calculate the gradient function 

b calculate the gradient of the curve at the point A(2, 1). 

A tangent is drawn to the curve at A. 

¢ What is the gradient of the tangent? 

d Calculate the equation of the tangent in the form y = mx + c. 

e What is the gradient of the normal to the curve at A! 

t Calculate the equation of the normal in the form vy = mx + c. 

2 For the function f(x) = 2x* — 4x — 2: 

a calculate the gradient of the curve where x = 2. 

A tangent is drawn to the curve at the point (2, —2). 

b Calculate the equation of the tangent in the form y = mx + c. 

¢ What is the gradient of the normal to the curve at the point (2, -2)! 

d Calculate the equation of the normal in the form ax + by + ¢ = 0. 

3 A tangent is drawn to the curve f(x) = %xz — 4x — 2 at the point P(0, —2). 

a Calculate the gradient of the tangent at P. 

b Calculate the equation of the tangent in the form y = mx + c. 

¢ Calculate the equation of the normal to the curve at P. Give your answer 

in the formy = mx + c. 

4 A tangent T, is drawn to the curve f(x) = -%xz — 3x + 1 at the point P(-2, 6). 

a Calculate the equation of T,. 

Another tangent, T,, with equation y = 10, is also drawn to the curve at a point Q. 

b Calculate the coordinates of point (. 

¢ T, and T, are extended so that they intersect. Calculate the coordinates of 

the point of intersection. 

5 A tangent T is drawn to the curve f(x) = —x* + 4x + 1 at the point A(4, 1). 

a Calculate the gradient of the tangent at A. 

b Calculate the equation of the tangent in the form y = mx + c. 

Another tangent T} is drawn at the point B(2, 5). 

¢ Calculate the equation of T,. 

d Calculate the equations of the normals N, and N,, where N, is the normal 

to T, at point A and N, is the normal to T, at point B. Give your answers 

in the formy = mx + c. 

e N, and N, are extended so that they intersect. Calculate the coordinates of 

the point of intersection.
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6 A tangent T, drawn on the curve f(x) = —%xl — x — 4 at P, has an equation 

= —3x — 6. 

a Calculate the gradient function of the curve. 

b What is the gradient of the tangent 17 

¢ What are the coordinates of the point P? 

7.4 Increasing and decreasing functions 
The graph shows the heart rate of an adult male over a period of time., 

A 

He
ar
t 

ra
te
 

  -   

Time 

By simply looking at the graph, it is easy to see when his heart rate is increasing, 

decreasing and when it is at a maximum, 

By comparing the shape of the graph with its gradient, we can see that when the 

gradient is positive, the heart rate is increasing. When the gradient is negative, the 

heart rate is decreasing. When the gradient is zero, the heart rate is at its maximum. 

This section will look at the properties of increasing and decreasing functions. 

For the function f(x) = x* the following observations can be made. 

When x > 0 the gradient is positive, therefore f(x) is an increasing function for 

this range of values of x. 

When x < 0 the gradient is negative, therefore f(x) is a decreasing function for 

this range of values of x. 

When x = 0 the gradient is zero, therefore f(x) is stationary at this value of x. 

YA 

14 |- 
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Worked examples 1 a Using your GDC, sketch the function f(x) = x> — 5x* + 8. 

  

d 

b 

b Calculate the range of values of x for which f(x) is a decreasing function. 

  

f(x) = & = 5x* + 8, therefore f'(x) = 3x* — 10x. 

For a decreasing function, f'(x) < 0. 

    
  

Therefore, either solve the inequality 3x? — 10x < 0 to find the range of 

values of x. 

Or, from the graph it can be deduced that the function is decreasing between 

the stationary points A and B. 

e i s & . [ . 

  

    
  

At the stationary points, f'(x) = 0 so the quadratic 3x* — 10x = 0 is solved to 

find the stationary points. 

3x2 — 10x =0 

x(3x - 10) =0 

x=0ar% 

Therefore f(x) = x> — 5x% + 8 is a decreasing function in the range 0 < x < 8 g g 3 

2 Show that f(x) = x> + x — 8 is an increasing function for all values of x. 

fi(x) =322 + 1 

For f(x) to be an increasing function, f'(x) > 0. 

3x? + 1 > 0 for all values of x as x? is never negative. 

Therefore f(x) is an increasing function for all values of x.
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B Exercise 7.4.1 

1 For each of the following, calculate: 

  

) f(x) 
ii) the range of values of x for which f(x) is increasing. 

a f(x) =x*—4 b f(x) =x* — 3x + 10 

¢ f(x) = —x% + 10x — 21 d f(x) = — 12x* + 48x — 62 

e f(x) = + 25x f f(x) =3t — 34 

2 Using the functions and your calculations in question 1 above find, in each case, 

the range of values of x for which f(x) is a decreasing function. 

3 a Prove that f(x) = %:(3 + %:-: is an increasing function for all values of x. 

b Prove that f(x) = %:9 - X -é:-:5 is a decreasing function for all values of x. 

4 Calculate the range of values of k in the function f(x) = x® + x? — kx, given that 

f(x) is an increasing function for all values of x. 

Stationary points 
In the previous section we looked at the concept of increasing and decreasing 

functions. If the gradient of a curve is positive (i.e. f'(x) > 0), then it is an 

  

increasing function for that value of x. If the gradient of a curve is negative 

(i.e. f'(x) < 0), then the function is a decreasing one for that value of x. 

However, there are cases where the gradient function is zero (i.e. f'(x) = Q). 

This section looks at those cases in more detail. 

        
The curve above is an increasing function between A and P and between C and D 

(where x takes values in the range x, < x < x, and x; < x < x, respectively). It isa 

decreasing function between B and C, between D and E and between E and F 

(where x takes values in the range x, < x < x;, x 4 X< xg and x, < x < x, 

respectively). However, at points B, C, D and E the gradient function is zero. These 

are known as stationary points. 

There are different types of stationary point. Points B and D are called local 

maxima. Point C is a local minima, whilst point E is a point of inflexion. 

It is not necessary to sketch a graph in order to find the position of any 

stationary points or to find out what type of stationary point they are. 

Note: The term ‘local maxima' implies that it is a maxima within a given range 

of x values. It is not necessarily the greatest value of the function. In the example 

above, B is a local maxima, however it is not the greatest value of the function. 

D produces a greater value of f(x).
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eI a Find the coordinates of the stationary points on the curve with equation 

y = %:@’ — 4x + 5. 

b Determine the nature of each of the stationary points. 

  

a Ifjp=%x3—4x+5,%=xz—4+ 

At a stationary point . 0. 
" dx 

Therefore, solve x* — 4 = 0 to find the x coordinate of any stationary point. 

Z—4=0 
2= i 
x=2orx=-2 

When x = 2 and x = —2 are substituted into the equation of the curve, the 

y-coordinates are found. 

When x = 2: T=%(2)3—4(2)+5=—% 

When x = —2: y=3(-2°—4(-2) +5 =105 

The coordinates of the stationary points are (2, —%) and (— 2, 10 %) 

b There are several methods that can be used to establish the type of stationary 

point. 

i) Graphical deduction 

As the curve is a cubic of the form y = ax’ + bx* + cx + d and a, the 

coefficient of &2, is positive, the shape of the curve is of the form 

rather than 

therefore it can be deduced that the coordinates of the stationary points are 

(-2, 103) 

  

Hence (—2, 10 %) is a maximum point and (2, —%) a minimum point.
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ii) Gradient inspection 

The gradient of the curve either side of a stationary point can be calculated. 

At the stationary point where x = 2, consider the gradient at x = 1 and x = 3. 

%=xl—4 whenx=l,%=—3 

whenx=3,%=5 

The gradient has changed from negative to positive as x increased, therefore 

the stationary point must be a minimum., 

At the stationary point where x = —2, consider the gradient at x = =3 and 

x= -1 

dy _ _ 3 S a—xz—fll whenx——3,dx— 

when x = —1,%= —3 

The gradient has changed from positive to negative as x increased, therefore 

the stationary point must be a maximum. 

In general: 

A maximum stationary point 

A minimum stationary point 

A point of inflexion stationary point   
A GDC and graphing software can also be used to find the position of any 

stationary points. For example, find the coordinates of the stationary points for the 

graph of y = %:9 — 4x + 5,



Stationary points 351 
  

  

Casio 
  

SERLE s to select the graph mode. 

™ O 
Enter the equation y = %fl —4x + 5 

G=T 

m to graph the function. 

G-Solv 

@ T to access the graph solve menu. 

Loom 

0 to find any maximum points. 

The results are displayed on the graph. 

G-folv  y-Window 

@D @o» to find any minimum points.   

  

stfigd__hfih‘fifihhfih. . -4fi: 

/ 
Y1=1.,38"3-48+2 

| . 
/ 
7 dis=l l A% 

p=-e ¥=10.33333333 

Y1=1,3K"3-4K+5 

  

    
  

  

  

  

! 

di dii=l MIN 

K=g ¥=-0.3333333333 

& s i i     
  

  

Texas 

  

  
- to enter the function. 
N/ 

Enter the equation y = ;—.fi —-4dx + 5 

..... F3 

: ) to graph the function. 

ALC P4 to search for the —_— 

SR mmaximum point. 

to move to the left of the 

maximum point. a 

to move to the right of the 

maximum point. 

        

) mtn search for the 

minimum point, followed by the same 

procedure described above for the 

maximum point. 

  

  

  
. 

    
  

  

h="c Y=10.232333   
  

  

u fl to find the maximum point. 

  

i 

- 

-       [Hini r 
n=c Y==3333233 
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Select =& and enter the equation 

y = %;fi —4x+ 5 

To change the scale on the axes use I! : 

  

Select the curve then click ‘Object’ 

followed by ‘f'(x) = 0'. 

  

The solutions appear at the base of the 

screen or more clearly in the results box [qullilfifl" Efllzflfl — 
i | Solution: x=-2, y=10. 

by selecting : Solution: x=2, y=-0.3333       

  

AR e 
P 

y = 3x73 - 4x + 5 into the input [ 

field. 

To find the position of any 

stationary points type 

TurningPoint [f]’ into the input 

field. The points are plotted on the 

graph and their coordinates 

displayed in the algebra window. 

    

  

      
  

2 
There is also a way of finding stationary points using the second derivative fi 

Although it is beyond the scope of this textbook, you may wish to investigate it as 

it is, in most cases, an efficient method. 

  

Exercise 7.5.1 

For questions 1 and 2, calculate: 

i) the gradient function 

ii) the coordinates of any stationary points. 

  

1 a f(x)=x*—6x+ 13 b flx)= x>+ 12x + 35 

¢ f(x)= —x*+ 8x — 13 d f(x)= —6x+ 7 

2 a f(x)=x*—12x2 + 48x — 58 b flx)=2a—12x 

¢ flx) = — 32 — 45x + 8 d fl)=2+2d —4x =5
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7.6 
You will come across 
this in the Physics 

Diploma course. 

Worked example 

  

For questions 3 and 4: 

i) calculate the gradient function 

ii) calculate the coordinates of any stationary points 

iii) determine the type of stationary point 

iv) calculate the value of the y-intercept 

v) sketch the graph of the function. 

3af(x)=1-—4x— x bf(x)=3lx3—4xl+1lx—3 

¢ flx)= — 222+ 32 — 4x d f(x) = 2°— 32> — 30x + 4 

4 a fix)= 23— 92 + 27x — 30 b f(x) = x — 4% + 16x 

Optimization 
You will have seen earlier in this topic that the process of calculating a rate of 

change, known as differentiation, is useful for calculating maxima and minima. This 

has many applications in the real world, in particular with optimization problems. 

Optimization problems are often concerned with minimising costs, maximising 

profits, minimising waste, etc. and therefore differentiation is a useful tool. 

A cardboard box manufacturer uses sheets of cardboard, with dimensions 

50cm x 75 cm, to make the main part of the box (i.e. the box without the lid). 

The box is made by cutting squares out of each corner and then folding up the sides 

as shown below: 
  

  

    

      
  —

—
—
—
 

n 

& 
] 

b 
S 

y 

Em 
[ €e——75cm ———> 

Calculate the maximum volume possible for the box. 

The shape of the box depends on the size of the square removed from each 

corner of the sheet of cardboard. Let each square removed from each corner 

have a side length of x cm. 

The dimensions of the box will therefore be as shown: 

  XCm 

e XCm 
I XCm 

  
  T 

  

(5
0 

- 
2
x
)
c
m
 

    (50 - 2x) cm 
    | 

A
 —
 

% 

r
—
-
-
 

  

- le@5-29cm> h-sgem
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The volume of a cuboid is calculated by Length x Width x Height 

In this example V= (75 - 2x)(50 - 2x)(x) 

Expanded this gives V = 4x3 — 250x% + 3750x 
The above equation implies that the volume of the box is also dependent 

on the value of x (i.e. the size of the square removed from each corner). 

A graph can be plotted of V against x to see how the volume changes with x. 

Vi 

20000 |- 

15000 

10000 

5000 

| 
-5 

  

=50   —10000 - 

As volume cannot be negative, the values of x must lie within 0 < x < 25. 

This can also be deduced from the size of the card. As the width is only 50 

cm, the maximum sized square that can be removed from each comer is one 

with a side length of 25 cm. 

From the graph we can see that the volume changes as x changes. The 

volume appears to have a maximum value when x is approximately 10 cm. 

To calculate the optimum value of x, we can use differentiation to 

calculate the rate of change of volume V with x. 

dvV. ., , 
e 12x* — 500x + 3750 

At a maxima, % =0 

Therefore we need to solve the equation 12x* — 500x + 3750 = 0 
6x2 — 250x + 1875 =0 

Using the quadratic formula to calculate x: 

_—bi"\,"bl—filac 
* la 

  

250 4/ 250% — 4 x 6 x 1875 
R 2 %6 
  

x=980r319 (1d.p.) 

As 31.9 cm falls outside the domain of x, the optimum value of x = 9.8 cm. 

The maximum volume V can be calculated by substituting x = 9.8 into the 

equation for V. 

V=4x98 -1250x9.8 + 3750 x9.8 
V =16 505 cm?
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B Exercise /.6.1 

1 A farmer has 500m of fencing. He wants to make a rectangular enclosure for some 

of his cattle. One side of the enclosure runs along the side of an existing wall. The 

fencing will be used to make the other three sides of the enclosure as shown. 

  

  

The farmer wants to build an enclosure with the greatest possible area. 

el 

b 

™ 
=
T
 

.
 

If the length of the shorter side of the enclosure is x metres, write down, in 

terms of x, an expression for the length of the longer side. 

Write down a formula for the area A of the enclosure in terms of x. 

Find the rate of change of A with x (i.e. % ). 

Deduce the value of x that produces the maximum area. 

Calculate the maximum area of the enclosure. 

Using a GDC or graphing software to help, sketch the graph of x against A 

and find the coordinates of the maximum point. 

2 A shop sells a type of mobile phone for $100. At this price the shop sells on 

average 150 of the phones each month. The owner of the store wishes to 

increase her profits. She knows that each $1 increase in the price of the phone 

will lead to two fewer phones being sold each month. The shop buys each phone 

for $60. 

d 

b 

m
 

=
 

7 
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What is the profit currently made on each phone? 

If the price of the phones is increased by $x, write down, in terms of x, the 

profit now made on each phone sold. 

Comment on why the new number of phones sold each month is now 

given by the expression 150 — 2x, 

Write down, in terms of x, a formula for the new profit P. 

Calculate the rate of change of P with x (i.e. % Y 

What is the value of x that maximises the profit? 

Assuming that x must be an integer value: 

i) What price should each phone be sold for? 

ii) What is the maximum profit?
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3 The diagram shows a metal tin in the shape of a cuboid. The base of the tin is x cm 

by 4x cm, the height of the tin is h cm and its volume is 6400 cm’. 
a 

b 

make 

the tin is A = 8x% + 

Calculate fi 
dx 

C 

d 
e 

4 The diagram shows a closed cylinder used as a 

water tank. The radius of the base of the tank is r 

cm, the height of the tank is h cm. The total 

surface area of the tank is 50 000 cm?. 

a Show that the volume (Vcm?) of the cylinder is 

  

16000 
X 

given by V = 25000 — mr3. 

b Show that the maximum volume of the 

cylinder is 858 400 cm’ correct to four 
significant figures. 

B Student assessment 1 

1 Find the gradient function of each the 

following, 

ay=x b y=2xt—x 

C}'=—%x3+2:-: d}'=%x3+4:r1—:a: 

Differentiate the following functions with 

respect to x. 

a fix) = x(x+ 2) 

b fix) = (x+ 2)(x — 3) 

  
  

  

X —x 0+ 2 
¢ flx) = " d f(x) = < 

e fix) =2 f flx) = =32 
Find the gradient of the following curves at the 

given values of x. 

a f(x)=%xl+:-:; 

b fx) = —x2 + 2x* + x; 

= 4 

x =0 

Find an expression for h in terms of x. 

Show that the formula for the area 

(A cm?) of metal sheet used to 

  

  

      

Find the value of x for which A is a minimum. 

Prove that your value of A is a minimum. 

      

hem 

xcm 

dxcm 

//'——_"“\ 

14 

hcm 

i S ]y 

ey 

~Fem > 

cf{:-:)—i+x* x= — e T - 
d f(x) = (x — 3)(x + 8); x =7 
Determine the gradient of the normal to each of 
the curves in question 3 at the given values of x. 

5 A stone is dropped from the top of a cliff. The 

distance it falls (s) is given by the equation 

s = 5t2, where s is the distance in metres and 

t the time in seconds. 

a Calculate the velocity v, by differentiating 
the distance s with respect to time t. 

Calculate the stone’s velocity after 3 seconds. 

The stone hits the ground travelling at 

42 msL. Calculate: 
i) how long it took for the stone to hit the 

ground 

ii) the height of the cliff. 

b 
C
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B Student assessment 2 

1 The function f(x) = x> + x* — 1 hasa 

gradient of zero at points P and Q, where 

the x-coordinate of P is less than that of Q. 

Calculate the gradient function f'(x). 

Calculate the coordinates of P. 

Calculate the coordinates of (. 

Determine which of the points P or (Q is a 

maximum. Explain your method clearly. 

2 a Explain why the point A(1, 1) lies on the 

curvey = x> — x% + x. 

b Calculate the gradient of the curve at A. 

¢ Calculate the equation of the tangent to the 

curve at A, 

d Calculate the equation of the normal to the 

curve at A. Give your answer in the form 

ax +by+c=0. 

3 fix) =(x—2)+3 

a Calculate f'(x). 

b Determine the range of values of x for which 

f(x) is a decreasing function. 

4 f(x) = xt — 2x? 

a Calculate f'(x). 

b Determine the coordinates of any stationary 

points. 

N
 

o
o
 

¢ Determine the nature of any stationary point. 

d Find where the graph intersects or touches: 

i) the y-axis 

ii) the x-axis. 

e Sketch the graph of f(x). 

Examination questions 

1 Letf(x) =2x + x—6. 

a Find f'(x). [3] 

b Find the value of f'(-3). [1] 

¢ Find the value of x for which f'(x) = 0.  [Z] 

Paper 1, Nov 09, Q6 

8 
2 Consider the function f(x) = x° + 4?* xe0. 

a Calculate f(2). [2] 

b Sketch the graph of the function y = f(x) 

for=5<x<5 and —-200 <y < 200. [4] 

¢ Find f'(x). [3] 

d Find f'(2). [2] 

e Write down the coordinates of the local 

maximum point on the graph of f. [2] 

tf Find the range of {. [3] 

o Find the gradient of the tangent to the 

graph of fat x = 1. [2] 

There is a second point on the graph of f at 

which the tangent is parallel to the tangent 

atx=1; 

h Find the x-coordinate of this point. [2] 

Paper 2, May 11, Q3 

Part A 

a Sketch the graph of y=2*for-2 < x < 3. 

Indicate clearly where the curve 

intersects the y-axis. [3] 

b Write down the equation of the 

asymptote of the graph y = 2% [2] 

¢ On the same axes sketch the graph of 

y =3 + 2x — x%. Indicate clearly where 
this curve intersects the x and v axes. [3] 

d Using your graphic display calculator, 

solve the equation 3 + 2x — x% = 2%, [2] 

e Write down the maximum value of the 

function f(x) = 3 + 2x — x% [1] 

tf Use Differential Calculus to verify that 

your answer to part e is correct, [5] 

Part B 

The curve y = px? + gx — 4 passes through 

the point (2, —10). 

a Use the above information to write 

down an equation in p and q. [2] 

The gradient of the curve y = px* 4+ gx — 4 

at the point (2, —10) is 1. 

sv e w O 
b i) Fmda ; [2] 

ii) Hence, find a second equation in 

p and q. [3] 

¢ Solve the equations to find the value of 

p and of q. [3] 

Paper 2, Nov 09, Q5
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1.2 Approximation 
Approximation: decimal places; significant figures. Percentage errors. Estimation. 

1 Round each of the following numbers to the nearest: 

i 1000 i 100 iii 10 

a 2841 b 12938 c 9581 d 496 

2 Round each of the following numbers to: 

i one decimal place ii two decimal places iii three decimal places. 

a 2.1827 b 0.9181 ¢ 9.9631 d 0.0386 

3 Round each of the following numbers to: 

i one significant figure i two significant figures iii three significant figures. 

a 3.9467 b 20.36 ¢ 0.01548 d 0.9752 

4 Without using a calculator estimate the answer to the following calculations. 

Show your workings clearly. 

a 305 %9 b 19.22 & w 
d 2 

d 408 ~ 188 e % f (322 x 3.1 

5 Estimate the area of each of the following shapes. Show your workings clearly. 

a 12.3cm b T 

3.8cm 

4.9cm l 

  

51.6cm 

d 
¢ 5.2cm 

18.1cm 8.7cm il 

- 22 Acm —=-==—22 4Ccm—>» 16.4cm 

6 a Calculate the actual area of each of the shapes in question 5. 

b Calculate the percentage error in your estimates for each of the areas. 

continued on next page ...
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i 

10 

A certain brand of weighing scales claim that they are accurate to within +3% of the actual mass 

being weighed. 

A suitcase is weighed and the scales indicate a mass of 18.5kg. Calculate 

a the maximum possible mass of the case 

b the minimum possible mass of the case. 

The value n is sometimes approximated to either 3 or % 

A circle has a radius of 8 cm. 

a Using the n button on your calculator, calculate the area of the circle, giving your answer correct 

to five decimal places. 

b Calculate the percentage error in the area if & is approximated to 3. 

¢ Calculate the percentage error in the area if & is approximated to % 

The formula for converting temperatures given in degrees Celsius (C) to temperatures in degrees 

Fahrenheit (F) is F = 2C + 32. 
a The temperature in a classroom is recorded as 18 °C. Convert this to degrees Fahrenheit using the 

formula above. 

An approximate conversion is to use the formula F = 2C + 30, 

T
 Calculate the temperature of the classroom in degrees Fahrenheit using the approximation above. 

Calculate the percentage error in using this approximation for a temperature of 18 °C., 

What would the percentage error be for a temperature of 30 °C! 

At what temperature would the percentage error be zero! M 
B
 

The formula for calculating the velocity of a stone dropped from rest off a cliff is given by v = gt, 

where v is the velocity in ms!, g the acceleration in ms and t the time in seconds. 

a Taking gas 9.81 ms, calculate the velocity of the stone after 6 seconds. 

b Calculate the velocity of the stone if g is approximated to 10 ms. 

¢ Calculate the percentage error in the approximation.
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1.3 Standard form 

Expressing numbers in the form a x 10* where 1 < a < 10 and k is an integer. 

Operations with numbers in this form. 

10 

Which of the following numbers are not in the form a x 10* where ] <a < 10and k € Z? 

a 1.3 x10° b 60.4 x 10? c 1.0 x 102 

d 0.5 x 100 e 3.874 x 10° f 8 x 105 

Write down the following numbers in the form a x 10* where ] <a < 10and k € Z. 

a 32000 b 620 ¢ 177000000 

d 90000 e 8 million f 48.5 million 

The distance (in kilometres) from London to five other cities in the world is given below. 

London to Tokyo 0567 km 
London to Paris 343 km 
London to Wellington 18831 km 

London to Cambridge 718km 
London to Cairo 3514km 

Write down each of the distances in the form a x 10 where 1 < a < 10 and k € Z correct to two 

significant figures. 

Calculate each of the following, giving your answers in the form a x 10* where ] <a < 10and k € Z. 

a 500 x 6000 b 20 x 450000 
¢ 3 million x 26 d 5 million x 8 million 

Write down the following in the form a x 10* where 1 < a < 10 and k € Z. 

a 0.04 b 0.0076 ¢ 0.000005 d 0.03040 

Write down the following numbers in ascending order of magnitude. 

3.6 x 10 Z.5:% 10+ 74 x 10+ 
9.8 x 10-! 8.7 x 10+ 1.4 x 10-2 

Calculate each of the following, giving your answer in the form a x 10 where 1 <a < 10 and k € Z. 

a 63 x10%+84 x 10° b 400 + 800000 
L5 % 10F 4 . 8 c 7Tx10%*+4.2x 10 dmflj‘ 

Deduce the value of n in each of the following. 

a 0.0003 =3 x 10° b 0.000046 = 4.6 x 10" 
¢ 0.005%=25x 10" d 0.0006" =2.16 x 10-1° 

A boy walks 40 km at a constant rate of 2ms. 

Calculate how long, in seconds, the boy takes to walk the 40 km. 

Give your answer in the form a X 10t where ] =a< 10andk € Z. 

The Earth’s radius is approximately 6370 km. 

Calculate the Earth's circumference in metres, giving your answer in the form a x 10* where 1 < a < 10 

and k € Z correct to three significant figures.
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1.4 S| units of measurement 

SI (Systéme International) and other basic units of measurement: for example, kilogram (kg), metre (m), 

second (s), litre (1), metre per second (m s!), Celsius scale. 

Write down an estimate for the following using the appropriate unit. 

a The mass of a large suitcase 

b The length of a basketball court 

¢ The height of a two-storey building 

d The capacity of a car's fuel tank 

e The distance from the North Pole to the South Pole 
t The mass of a table-tennis ball 

2 Convert the following distances. 
a 20cm into millimetres b 35km into metres 

¢ 46 mm into centimetres d 60m into kilometres 

e 320m into millimetres f 95 mm into kilometres 

Convert the following masses. 

a 100kg into tonnes b 60¢g into kilograms 

¢ 3.6 tonnes into kilograms d 14 ¢ into milligrams 
e 8.67kg into milligrams t 2560¢ into tonnes 

4 Convert the following capacities. 

a 2600ml into litres b 80ml into litres 

¢ 1.65 litres into millilitres d 0.085 litres into millilitres 

The masses of four containers are as follows: 

25kg 035t 650g 0.27ke 

Calculate the total mass of the four containers in kilograms. 

6 The lengths of five objects are as follows: 

56mm 24cm 0.672m 1030mm 1.5cm 

Calculate the length, in metres, of the five objects if they are laid end to end. 

=]
 The liquid contents of four containers are emptied into a tank with a capacity of 30 litres. The 

capacities of the four containers are as follows: 

3250ml 1.05litres 26000ml 762 ml 

Calculate the overspill, in litres, after the liquids have been poured in.
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1.6 Graphical solution of equations 
Use of a GDC to solve: pairs of linear equations in two variables; quadratic equations. 

For these questions, use of a GDC or graphing software is expected. 

1 Sketch the following straight-line graphs on the same axes, labelling each clearly. Write the 

coordinate of the point at which they intercept the y-axis. 

a N=%=5 b y=2x-5 c y=-—-x-25 

2 The diagram shows four straight-line graphs. The line y = x + 2 is marked. Write down possible 

equations for the other three graphs. 

y:I-l-E 

s i ™ 
3 Find the coordinates of the points of intersection of the following pairs of linear graphs. 

    
a y=8 X% b 3x+2y=12 c y=3 —4x d’j=%:::—3 

}1=2:{—1 3T=I+l4 3T+].OI=16 :.hf—fil-j:l:fi. 

4 a Sketch the following linear graphs on the same axes. 

y = %:-: + 3 x=12y+ 8 

b Explain why there are no points of intersection. 

5 Sketch each of the following quadratic equations on separate axes. 

a y=x+6x+8 b y=x*-16 

c y=9 -2 d y=—=(x=3)(x=5) 

6 For each of the following quadratic equations: 

i sketch the graph 

ii find the coordinates of any roots. 

a y=x—10x + 21 b ¥y 

c y=-—xt+ 10x — 25 d vy 
e y=8xt-2x-1 

12 + 4x — &* 

2x2 — 12x + 20
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1.7 Arithmetic sequences and series 
Arithmetic sequences and series, and their applications. 

Use of the formulae for the nth term and the sum of the first n terms of a sequence. 

10 

  

In each of the following sequences, the recurrence relation and u, are given. 

i Calculate and u,, uy and u,. 

ii State whether the sequence is arithmetic or not. 

au  =u —6u =15 bu =12 -u, u =15 

{ 2u —5 
cu =3 +2uy=s5 d u, = T Uy = 

In each of the following arithmetic sequences 

i deduce the formula for the nth term it calculate the 20th term. 

a 4,9 14, 19, 24 b 3, =5 —13:—321 =79 

¢ =45 =205, 3,55 d 35 3253, 275 .25 

In the following arithmetic sequences: 

1 deduce the common difference d it deduce the formula for the nth term. 

A BT cospnesy iyl B Lo mapne somsoye=14 

C u¢=—12,um= 100 d u, = 19, 41=—118 

Write down in full the terms of the following series. 
5 7 8 4 

a 2n -1 b 3,-n+6 c 26— d 23(-n+12) 

Write down the following arithmetic series using the Y notation. Each series starts at n = 1. 

a 2+6+10+ 14 +18 b 5434 Idwlid3 48 

¢ s+ 14224445247 d ] gl 48 g 44 

Solve the following. 
50 25 30 32 

3213?1 bZI,ZO—n c%nu d%—2n+50 

The 5th and 15th terms of an arithmetic series are —10 and 10 respectively. 

Calculate: 

a the common difference d b the first term 

¢ the 20th term d S 

The 11th term of an arithmetic series is 65. If S, = 495, calculate: 

a the first term 

b the common difference 

C SID"- 

The 7th term of an arithmetic series is 2.5 times the 2nd term, x. If the 10th term is 34, calculate: 

a the common difference in terms of x 

b the first term 

¢ the sum of the first 10 terms. 

The first term of an arithmetic series is 24. The last term is —12. If the sum of the series is 150, 

calculate the number of terms in the series.
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1.8 Geometric sequences and series 
Geometric sequences and series. 

Use of the formula for the nth term and the sum of the first n terms of the sequence. 

=]
 

10 

Describe in words the difference between an arithmetic and a geometric sequence. 

In each of the following geometric sequences, the recurrence relation and u, are given. 

i Calculate the values of u,, uy and u,. 

ii State whether the sequence is geometric or not. 

  

au =4u +2,u =0 b w , ,=-3u,u =1 

5 6 - Eun 

C Uy = Uy iy =6 d u,, = 7 yup =4 

For the geometric sequences below calculate: 

i the common ratio r 

it the next two terms 

iti the formula for the nth term. 

a 5,15, 45, 135 b 1296, 216, 36, 6 

c 36,24, 16, 105 d 4,-10,25,-623 

The nth term of a geometric sequence is given by the formula u = =3 x 4n-1, 

Calculate: 

a uy,u,and u, 

b the value of nif u = -121288. 

Part of a geometric sequence is given as ..., 27, ..., ..., 1, ... where w, and u, are 27 and 1 

respectively. Calculate: 

a the common ratio r b u, T 

A homebuyer takes out a loan with a mortgage company for $300000. The interest rate is fixed at 

5.5% per year. If she is unable to repay the loan during the first four years, calculate the amount extra 

she will have to pay by the end of the fourth year, due to interest. 

Solve the following sums. 
b 10 

2 Y3 b X -2(3)-! ¢ 2 2(4)r d 
1 1 1 M

M
‘
-
J
 

o4y 
In a geometric series, u; = 10 and u, = % Calculate: 

a the common ratio r 

b the first term 

¢ .. 

Four consecutive terms of a geometric series are (p — 5), (p), (Zp) and (3p + 10). 

a Calculate the value of p. 

b Calculate the two terms before (p —5). 

¢ Ifu;= (p->5), calculate S .. 

In a geometric series u, + u,= 5. If r = %, find the sum of the infinite series.
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1.9 Simple interest and compound interest 
Financial applications of geometric sequences and series: compound interest; annual depreciation. 

1 Find the simple interest paid on the following capital sums C, deposited in a savings account for 

n years at a fixed rate of interest of v%. 

a C =E£550 n = 5 years r= 3% 
b C = $8000 n = 10 years r = 6% 

¢ C=¢€12500 n = 7 years r=2.5% 

2 A capital sum of £25000 is deposited in a bank. After 8 years, the simple interest gained was £7000. 
Calculate the annual rate of interest on the account assuming it remained constant over the 8 years. 

3 A bank lends a business $250000. The annual rate of interest is 8.4%. When paying back the loan, 

the business pays an amount of $105000 in simple interest. Calculate the number of years the business 

took out the loan for. 

4 $15000 is deposited in a savings account. The following arithmetic sequence represents the total 

amount of money in the savings account each year. Assume that no further money is either deposited 

or taken out of the account. 
  

Number of years 0 1 2 3 4 5 n 
  

                    Total savings in account ($) |15 000|15 375|15 750|16 125|16 500|16 875 
  

a Explain, giving reasons, whether the sequence above simulates simple interest or compound interest. 

b Calculate the interest rate. 

¢ State the formula for calculating the total amount of money (T) in the account after n years. 

d State the formula for calculating the total amount of interest (I) gained after n years. 

continued on next page ...
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5 $15000 is deposited in a savings account. The following geometric sequence represents the total 

amount of money in the savings account each year. Assume that no further money is either deposited 

or taken out of the account. 

  

  

  

  

  

  

  

  

  

Number of years Total savings in account (%) 

0 15 000 

1 16 500 

2 18 150 

3 19 965 

4 21 961.50 

5 24 157.65 

n         

a Explain, giving reasons, whether the sequence above simulates simple interest or compound interest. 

b Calculate the interest rate. 

¢ State the formula for calculating the total amount of money (T) in the account after n years. 

d State the formula for calculating the total amount of interest (I) gained after n years. 

6 Find the compound interest paid on the following capital sums C, deposited in a savings account for n 

years at a fixed rate of interest of % per year. 

a C = £400 n = 2 years r=3% 

b C = $5000 n = 8 years r=6% 

¢ C =€18000 n = 10 years r=45% 

7 A car is bought for €12 500. Its value depreciates by 15% per year. 

a Calculate its value after: 

i 1 year ii 2 years. 

b After how many years will the car be worth less than €10007 

8 €4000 is invested for three years at 6% per year. What is the interest paid if the interest rate is 

compounded: 

a yearly? b half-yearly!? 

¢ quarterly? d monthly?
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2.3 and 2.5 Grouped discrete or continuous data 
and Measures of central tendency 
Grouped discrete or continuous data: frequency tables; mid-interval values; upper and lower boundaries. 

Frequency histograms. 

Measures of central tendency. 
For simple discrete data: mean; median; mode. 

For grouped discrete and continuous data: estimate of a mean; modal class. 

1 The amount of milk (in litres) drunk by a group of students in a week is given in the table below. 

  

Number of litres 011 213|14|5|6|7]|8 
  

                      Frequency 6 | 1 4 19122116 2 | 4] 1 
  

a Draw a frequency histogram for this data. 

b State the modal value, 

¢ Calculate the mean number of litres drunk per student. 

d Calculate the median number of litres drunk per student. 

2 The masses M kg of suitcases being checked-in for a flight at an airport are recorded. The results are 

shown below. 

  

Mass (kg) 0=M<5 5=M<10 |10=M<I15|15=M<20120=M<25|25=M< 30 
  

                Frequency 6 18 64 105 94 18 
  

a State the modal group. 

b Estimate the mean mass of the suitcases. 

¢ State, giving reasons, which group the median mass belongs to. 

3 The mass M kg of football players in a team is recorded. 

For the team of 11 players, the total of their masses is 836 kg. 

a Calculate the mean mass, M, of the 11 players. 

b The mean of 11 players and 1 substitute is 76.75 kg. Calculate the mass of the substitute. 

continued on next page ...
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4 The cost (C euros) of a litre of unleaded petrol at different petrol stations is shown in the frequency 

histogram below. 
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a How many petrol stations were surveyed? 

b Estimate the mean price of unleaded petrol.
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2.4 Cumulative frequency 
Cumulative frequency tables for grouped discrete data and for grouped continuous data; cumulative 

frequency curves; median and quartiles. 

Box and whisker diagrams. 

1 The percentage test result (x) for 20 students in a class are given in the grouped frequency table below. 

  

Percentage D<x<20 20=x<40 40 = x < 60 60 =x < 80 a0 =x< 100 
  

  Frequency   2   Sl 6   7   1     
  

a Calculate the cumulative frequency for the data. 

b Draw a cumulative frequency curve for the results. 

¢ From your graph estimate the median test result, 

2 A business surveys its employees to find how long it takes them to travel to work each morning 

(t minutes). The results are displayed below. 

  

  

              
  

Time (min) D<t<15 15<t<30 30<t<45 45 <t < 60 B0<t<75 

Frequency 1 3 12 22 12 

a Calculate the cumulative frequency for the data. 

b Draw a cumulative frequency curve for the results, 

From your graph estimate the median time taken to travel to work. 

From your graph estimate the time taken to travel to work by the middle 50% of the employees. 

Draw a box plot to summarize the data. 

C 

d 

e 

3 150 students enter an international Maths competition. The scores are out of a maximum 300 points. 

The scores (x) for the 150 students are summarized in the table below. 
  

Score D<x<50 S0 <x< 100 100 = x < 150 150 = x < 200 200 < x < 250 250 < x < 300 
  

  Frequency   7   25   56   32   21   G 
  

a Draw a cumulative frequency curve of the scores. 

b From your graph estimate the median score. 

¢ Students in the top 25% are invited to take part in the next round of the competition. From your 

graph estimate the score needed for a student to be in the top 25%. 

continued on next page ... 
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4 The mass (m grams) of forty apples of the same variety was recorded at a market and at a supermarket. 

The results are given in the table below. 

  

  

  

Mass (g) B0=m<100 | 100=m<140 | 140=m< 180 | 180=m< 220 | 220<=m < 260 

Frequency (market) 5 8 12 9 6 

Frequency (supermarket) 0 3 28 9 0               
  

a On the same axes draw two cumulative frequency graphs, one for the mass of the apples at the 

market and the other for the mass of apples at the supermarket. 

b Using your graph complete the table below. 

  

Minimum value | Lower quartile Median Upper quartile | Maximum value 
  

Market 
  

Supermarket               
  

¢ Use your results table above to draw a box and whisker diagram for each set of apple data.
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2.6 Measures of dispersion 
Measures of dispersion: range; interquartile range; standard deviation. 

1 

4 

For the following lists of numbers calculate: 

i the range ii the interquartile range. 

a 2612 14 15 15 17 21 22 12 
b2027 114187 19 3 12 

The number of goals conceded by a football team is recorded. The results are given in the frequency table 

below. 

  

Numberofgoalsconceded | 0 | 1 | 2 | 3 | 4| & 
  

Frequency 716|215 2 1                   

Calculate: 

a the range in the number of goals scored 

b the interquartile range of the number of goals scored. 
/ .4 

Calculate the standard deviation using the formula s = E(ITI) of the following lists of numbers. 

a 3477788889 
b1463810 12 15 18 24 30 

The temperatures (in °C) at two holiday resorts are recorded every other day during the month of 

June. The results are given in the table below. 

  

Day 1 3 5 ! 9 |11 |13 115117 |19 |21 |23 | 25| 27 | 29 

Temperature Resort A | 23 | 24 | 22 | 24 | 25 | 26 | 25 | 23 | 23 | 24 | 22 | 24 | 24 | 26 | 27 
  

  

                                  TemperatureResortB | 15 | 17 | 24 | 28 | 33 | 33 | 26 | 22 | 22 |19 |16 | 16 | 15 | 26 | 31 
  

a Calculate the mean temperature for resort A and B. 

b Calculate the range of temperatures at both resorts. 

¢ Calculate the interquartile range of temperatures at both resorts. 

d Calculate the standard deviation of the temperature at both resorts. 

e Explain the meaning of your answer to part d. 

The times (in seconds) taken by two sprinters to run 100 m during their training sessions are recorded 

and given below. 

Sprinter A 11.2 10.9 11.0 10.8 109 11.0 11.1 11.1 10.9 
Sprinter B 10.2 99 10.1 11.8 11.2 10.1 10.1 10.3 104 

a Calculate the mean sprint time for each runner. 

b Calculate the standard deviation of the sprint times for each runner. 

¢ Which runner is faster? Justify your answer. 

d Which runner is more consistent! Justify your answer. 

continued on next page ...
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6 Two classes sit the same Maths exam. One of the classes has students of similar mathematical ability, the 

other has students of different abilities. A summary of their percentage scores is presented below. 

  

Mean Standard deviation 
  

Class A 65 8 

Class B 50 2 

  

          

From the results table deduce which class is likely to have students of similar mathematical ability. 

(Give reasons for your answer, which refer to the table above.
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3.1 and 3.2 Logic and Sets and logical reasoning 
Basic concepts of symbolic logic: definition of a proposition; symbolic notation of propositions. 

Compound statements: implication, =; equivalence, <; negation, —; conjunction, A; disjunction, v; 

exclusive disjunction, V. 

Translation between verbal statements and symbolic form. 

1 State whether the following are propositions. 

For each proposition state whether it is true, false or indeterminate. 

a Five squared is twenty-five. 

b Linear equations can include values of x%. 

¢ vy equals plus nine. 

d No dogs can talk. 

e It is snowing today. 

f How many students are there in your class? 

2 Write down the following compound propositions using the symbols for conjunction (and), disjunction 

(or, or both) and exclusive conjunction (or but not both). 

p: Anna has a brother. 

q: Petra has a sister. 

a Anna has a brother and Petra has a sister. 

b Anna has a brother or Petra has a sister or both are true. 

¢ Anna has a brother or Petra has a sister but not both are true.
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2 

  

3.3 and 3.4 Truth tables and Implication: 
converse; inverse; contrapositive and logical 
equivalence 
Truth tables: concepts of logical contradiction and tautology. 

Converse; inverse; contrapositive. 

Logical equivalence. 

Testing the validity of simple arguments through the use of truth tables. 

Draw a truth table for the three propositions p, g and . 

Compare it with the sample space for the result of tossing three coins. 

Why is p A gand p ¥ q a contradiction! 

3 A truth table for the propositions p and q is given below. 

Copy and complete the table. 

=
1
 

  

P q = pPvq p~q pXq 
  

£ T 
  

  

                  

Construct a truth table to show that —(p v q) is logically equivalent to (—p) A (—q). 

For the following propositions, 

i rewrite the propositions using ‘if ... then’ 

ii state the converse, inverse and contrapositive of the propositions 

ii1 state whether the propositions are true or false. 

a 

b 
c 
d 

o
 

R 

An odd number is divisible by two. 

An octagon has eight sides. 

An icosahedron has twelve faces. 

Congruent triangles are also similar. 

Draw a truth table for (p = q) v (g = p). 
Comment on the meaning of (p = q) v (g = p) by referring to your table. 

[Nlustrate the proposition (p = g) ¥ (g = p) on a Venn diagram by shading the correct region(s). 

Describe the shaded region(s) using set notation.
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3.5 Set theory 
Basic concepts of set theory: elements x € A; subsets A C B; intersection A N B; union A U B; 

complement A’. 

=]
 

In the following questions: 

i describe the set in words 

i1 write another two elements in the set. 

a {Egypt, Morocco, Zimbabwe, Nigeria, ...} 

b {3,6,9,12, ...} 

¢ {Amazon, Nile, Mississippi, ...} 

12 3 4 
d [E,E,E,§,+H] 

In the following, set A = {integers between 20 and 50}. 

a List the subset B {even numbers}. 

b List the subset C {prime numbers}. 

¢ List the subset D {square numbers}. 

In the following, set P = {a, b, c}. 

It Q C P, list all the possible sets (. 

State whether each of the following statements is true or false. 

a {odd numbers} C {real numbers} 

b {1, 3, 5,7, 9} C {prime numbers} 

¢ {New York, Paris, Tokyo} @ {cities} 

d {euro, dollar, yen, rupee} C {currencies} 

If the universal set U = {5, 10, 15, 20, 25, 30, 35, 40, 45, 50}. 

A = {35, 40, 45, 50} where A C U. Deduce the set defined by A'. 

[J = {days in the week} and P = {Monday, Sunday}. Deduce the set defined by P’. 

The set M = {Alex, Johanna, Sarah, Vicky, Asif, Gabriella, Pedro} and the 

set N = {Alex, Gabriella, Frances, Raul, Luisa}. 

If the universal set U = M U N, write the following sets. 

a MUN b MNN c MN N’ 

The set E = {even numbers}, F = {odd numbers} and the universal set U = {positive integers}. Describe 

the contents of the following sets. 

a ELLF b EOFE & (B ERE
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3.6a Sample space 
Sample space: event, A; complementary event, A’, 

1 Two ordinary dice are rolled and their scores added together. 

Write down the sample space of the combined scores. 

2 A packet of sweets contains sweets of three different colours: red, yellow and green. 

Write down the sample space if two sweets are picked at random. 

3 Two students sit a maths exam. 

a What are possible complementary results! 

b What is the sample space! 

4 In afootball match the total number of goals scored is 5. 

a What are the possible complementary results? 

b What is the sample space for the number of goals scored by each team! 

5 A mother gives birth to triplets. 

a What is the number of events for the sex of the babies! 

b What is the sample space for the sex of the babies! 

6 A pack of cards is shuffled thoroughly. Assuming that, for a particular game, three cards are picked at 

random and only their colour is important: 

a what are the complementary events 

b what is the sample space for the colour of the three cards?



Probability and Combined events 379 
  

3.6b and 3.7a Probability and Combined events 
Probability of an event. 

Probability of a complementary event. 

Expected value. 

Probability of combined events, mutually exclusive events, independent events. 

1 There are 10 red, 6 blue and 8 green sweets in a packet. 

a If a sweet is picked at random, calculate the probability that it is: 

i red ii red or blue. 

b If the first sweet taken from the packet is blue and not put back, calculate the 

probability that the second sweet is: 

i red ii blue or green. 

2 A four-sided dice (numbered 1 to 4) and a six-sided dice (numbered 1 to 6) are rolled 

and their scores added together. 

a Copy and complete the two-way table below showing all the possible outcomes. 
  

  

  

  

  

  

Six-sided dice 

1 2 3 4 | § 6 

.g 1 6 

= 

- | 2 
Q 

2 
¢ |3 5 
=3 

2|4                     

b Calculate the probability of getting a total greater than 8. 

¢ Calculate the probability of getting a total score of 6. 

d What is the expected (mean) value when the two dice are rolled? 

3 A hexagonal spinner is split into sixths as shown. 

  

The spinner is spun twice. 

a Draw a tree diagram to show all the possible outcomes. 

b Write the probability of each outcome on each branch. 

¢ Calculate the probability that the spinner lands on blue on both occasions. 

d Calculate the probability that the spinner lands on blue at least once 

out of the two spins. 

continued on next page ...
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4 A football team plays three matches. The team can either win, draw or lose. The results 

of each match are independent of each other. The probability of winning is % and the 

probability of drawing is % 

a Calculate the probability of losing. 

b Calculate the probability that the team wins all three matches. 

¢ Calculate the probability that the team does not lose all three matches. 

5 A student buys 15 tickets for a raftle. 300 tickets are sold in total. Two tickets are drawn at random. 

Calculate the probability that: 

a she wins both prizes 

b she wins at least one prize. 

6 A college offers three sports clubs for its students to attend after school. They are volleyball (V), 

basketball (B) and Football (F). The number of students attending each is shown in the Venn 

diagram below. 

  

V B 

(NN 
F 

40       

a How many students attend none of the sports clubs? 

A student is picked at random. Calculate the following probabilities. 

b The probability that the student plays volleyball 

¢c P(VNB) d KVNBNEF) e P(VUF) f P(F') 

7 The following are three sets of numbers. 

A=1{2,406,8,10,12, 14, 16, 18, 20, 22, 24, 26, 18, 30} 
B=1{36,9, 12,15, 18, 21, 24, 21, 30} 
C = {5, 10, 15, 20, 25, 30} 

a Draw a Venn diagram showing the three sets of numbers. 

b A number is picked at random. Calculate the following probabilities. 

i P(A) ii P(BUC) iii P(A" N B) 

8 In a class of 30 students, 24 study Biology, 14 study Chemistry and 1 studies neither. 

a Draw a Venn diagram to show this information. 

b A student is picked at random. Calculate the following probabilities. 

i P(B') ii P(BUC) iii P(B N C')
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3.7b Venn diagrams 
Use of tree diagrams, Venn diagrams, sample space diagrams and tables of outcomes. 

1 a Copy the Venn diagram below. 

  

      

A B ¥ 

U = {Integers from 1 to 20}, 

A ={1; 3.5, 7.9 11, 15 15, 1% 19} 

B=42 %57 11,13, 17 19] 

b Enter the information above in the Venn diagram. 

2 The Venn diagram shows three sets of numbers. 

  

        
  

U 

Complete the following. 

a P=1{.] b R={.]} c PN ={..} 

d PUQ={..} e PP =1..] 

3 The Venn diagram shows three sets of numbers. u 
: L M 

Complete the following. 

a LON ={..} A 
b NUM=/{.} 

c LAMAN =1{..) ? 
N’ Pl 17 
N'UL ={..} 

d 
c 

t MULNN={..} 

      
continued on next page ...
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4 In the Venn diagram, the numbers shown represent the number of members in each set. 

For example, n(E) = 3. 

W) 

  

A 

    (3 
a State whether the following statements are true or false. 

  

i CCB i ECA iii DNC=g 

b Write down the number of members in each of the following statements. 

i n(B) i n(A) iii n(A N B) 

iv n(A U E) v n(ANBND) vi n(A"' N D) 

5 Draw a Venn diagram to represent the following sets. 

A=13,41,8} B={1,2,45,619 C=A{l,2,6 

6 In a college 60% of students study Mathematics and 40% study Science. 

715% of students study either Maths or Science or both. 

Draw a Venn diagram to represent this information. 

7 A language school offers three languages for its students to study: English, 

Spanish and Chinese. Each student is required to study at least two languages. 

85% study English, 50% study Spanish and 20% study all three. 

Copy and complete the following Venn diagram for the information above. 

  

U 
E S 
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3.7¢ Laws of probability 
Probability using ‘with replacement’ and ‘without replacement’. 

Conditional probability. 

In a 100 m sprint, the record holder has a probability of 0.85 of winning. He has a 0.08 probability of 

coming second. 

a What is his probability of finishing in the first two! 

b Given that he hasn't come first, what is the probability that he has come second! 

2 I spin a coin and throw a dice. What is the probability of getting: 

a a tail and a multiple of 2 

b a tail or a multiple of 2 

¢ atail or a multiple of 2, but not both! 

Three friends have a birthday in the same week. Assuming that they are independent events, calculate 

the probability that they are all on different days. 

4 Raul takes a bus followed by a train to work. On a particular day the probability of him catching the 

bus is 0.65 and the probability of catching the train is 0.6. 

The probability of catching neither is 0.2. A represents catching the bus and B the train. 

a State P(A U B)' 

b Find P(A U B) 

¢ Given that P(A U B) = P(A) + P(B) — P(A N B) calculate P(A N B). 

d Calculate P(B | A), the probability of catching the train given that he caught the bus. 

Julie revised for a multiple choice Science exam. Unfortunately she only managed to revise 60% of the 

facts necessary. During the exam, if there is a question on any of the topics she revised she gets the 

answer correct. 
If there is a question on any of the topics she hasn’t revised, she has a é chance of getting it right. 

a A question is chosen at random. What is the probability that she got the answer correct? 

b If she got a question correct, what is the probability that it was on one of the 

topics she had revised! 

6 Miguel has a driving test on one day and a Drama exam the next. The probability of him passing the 

driving test is 0.82. The probability of him passing the Drama exam is 0.95. The probability of failing 

both is 0.01. Given that he has passed the driving test, what is the probability that he passed his 

Drama exam too?
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4.1 The normal distribution 

The normal distribution. 

The concept of a random variable; of the parameters ¢ and o ; of the bell shape; the symmetry about 

X0, 

Diagrammatic representation. 

Normal probability calculations. 

Expected value. 

Inverse normal calculations. 

1 The diagrams below show two normal distribution curves. 

  
  

  
  — —— 

The shaded area in the first graph represents data that is within one standard deviation of the mean. 

In the second, the shaded area represents data that is within two standard deviations of the mean. 

a Approximately what percentage of data is shaded in the first distribution? 

b Approximately what percentage of data is shaded in the second distribution? 

2 The graph below shows two normal distribution curves, P and Q. 

  

  - 

a What statistical measures are the same for both distributions? Justify your answer. 

b What statistical measure is different between the two distributions? Justify your answer. 

continued on next page ...
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3 The lengths of two species of snake, X and Y, are known to be normally distributed as shown: 

Y 

  

| | | | | | | | | o 

30 40 50 60 70 80 90 100 110 120 130 140 150 160 170 180 
  

Species X has parameters it = 100cm and ¢ = 20 cm. 

Species Y has parameters 4 = 150cm and ¢ = 5cm. 
A snake 150 cm (correct to three significant figures) long is caught. 

a What species is it most likely to belong to! Justify your answer. 

b The snake is found to belong to species X. What is the probability that a snake belonging to 

species X is 150 cm or more? 

4 500 g bags of frozen peas are sold at a supermarket. It is known that although the bags are labelled as 

500 g, the population is normally distributed with a mean of 520 ¢ and a standard deviation of 12 g. 

a What percentage of bags have less than 500 ¢ of peas! 

b The supermarket sends any bags with less than 480 ¢ back to the supplier. If the supermarket orders 

10000 bags in one year, how many would they expect to have to send back to the supplier? 

5 In a Maths exam, the results are known to be normally distributed with a mean mark of 60 and a 

standard deviation of 18. 

a An A grade is awarded to the top 15% of candidates. What is the minimum mark needed to be 

awarded an A Grade! 

b A C grade is awarded to the 10% of candidates that fall symmetrically about the mean 

(i.e. 5% above and 5% below the mean). What range of scores are awarded a C grade? 

6 A number of people are randomly selected and weighed. The masses are normally distributed with a 

mean of 65 kg and a standard deviation of 7 kg. 
[t is found that 26 people are over 74 kg. 
a Sketch the distribution to show all the information given above. 

b Calculate the total number of people surveyed.
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4.2 and 4.3 Scatter diagrams, bivariate data and 

linear correlation and The regression line for y on x 
Bivariate data: the concept of correlation. 

Scatter diagrams; line of best fit, by eye, passing through the mean point. 

Pearson’s product—moment correlation coefficient, r. 

Interpretation of positive, zero and negative, strong or weak correlations. 

The regression line for y on x. 

Use of the regression line for prediction purposes. 

1 Worite down the possible correlation (if any) between the following variables. Justify your answers. 

a The height of a child and the child's mass 

b A student’s result in a Maths exam and the same student’s result in a Science exam 

¢ A student’s result in a Maths exam and the same student’s result in an Art exam 

d The outside temperature and the number of umbrellas sold 

e The number of cigarettes a woman smokes during pregnancy and the mass of her baby 

t The number of people living in a household and the amount of water which the household uses 

o A person’s height and their intellicence 

h The number of DVDs sold and the attendance at cinemas 

2 Describe the correlation, if any, depicted in the following scatter diagrams. 
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3 A farmer wishes to find a way of increasing the milk yield of his herd of cows. He decides to mix a 

special feed with the ordinary feed to see whether it has any effect on the yield. The results are shown 

in the table below. 
  

  

  

                    

Special feed (%) 0 2 4 6 8 10 12 14 

Milk yield (litres) 2050 2100 2180 2230 2300 2360 2390 2470 

Special feed (%) 16 18 20 22 24 26 28 30 

Milk yield (litres) 2540 2600 2650 2720 2800 2830 2850 2860 
  

a Plot a scatter graph of the results, with the yield on the y-axis. 

b Calculate the mean special feed % (x) and the mean milk yield (¥). 

¢ Plot the point (X, ¥) on the graph and label it clearly. 

continued on next page ... 
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d Assuming the relationship between the two variables is linear, draw a line of best fit passing through 

the point (X, ¥). 

e Use your line of best fit to predict the yield the farmer would get if the percentage of special feed 

was 15%. 

t Calculate the equation of the line of best fit in the form y = mx + c. 

o Use your equation of the line of best fit to extrapolate the results and predict the milk yield if the 

percentage of special feed was 100%. 

h Do you think your answer to part g is valid? Justify your answer. 

4 A supermarket counts the average number of people entering the store during a period of time and the 

amount of money collected at the tills. The results are displayed below. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

Average number of people in store | Amount collected at tills (£) 

T2 3006 

51 2021 

12 812 

108 3102 

156 4671 

92 4092 

26 1125 

48 1995 

¥ 1991 

61 2082 

17 742 

5 306 

88 4128 

16 738       
  

a Using your GDC, calculate Pearson’s product—moment correlation coefficient. 

b Explain the meaning of your answer to part a. 

5 A lorry driver starts a journey with 1000 litres of fuel in his fuel tank. During his journey he records 

the amount of fuel left in the tank and the number of kilometres he has travelled. The results are 

displayed below. 

  

Distance travelled (km) 0 50 150 300 700 | 1000 | 2000 | 4000 
  

Fuel in tank (litres) 1000 | 985 | 970 930 | 850 785 575 | 215                     
  

a Using your GDC, calculate the equation of the y on x regression line, giving it in the form y = mx + c. 

b Explain the meaning of the value of m in the context of this problem. 

Use your equation to predict how much fuel he has left in the tank if he has travelled 3000 km. 

Use your equation to estimate how far he can travel on 1000 litres of fuel. e
 
n
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4 The y? test for independence 
The y* test for independence: formulation of null and alternative hypotheses; significance levels; 

contingency tables; expected frequencies; degrees of freedom; p-values. 

1 The numbers of male and female students getting either a distinction, pass or fail for a course are given 

in the contingency table below. 

  

  

  

          

Distinction Pass Fail Total 

Male 18 84 28 130 

Female 20 132 18 170 

Total 38 216 46 300     
  

State the number of degrees of freedom of the table. 

Assuming the results are independent, construct a contingency table to show the expected 

frequencies. 

It is thought that the likelihood of failing is dependent on the gender of the student. 

i State the null hypothesis (H,). 

ii State the alternative hypothesis (H,). 

(f, —f.)* 
Using the formula y* = ) f for testing independence, calculate the value of y*. 

Decide whether failing is dependent on gender at the 5% level of significance. Justify your answer 

clearly. 

Researchers wish to know if students prefer a different type of film genre according to their gender. 

The results of their survey are given in the contingency table below. 

  

  

  

              

Romance Horror Action Comedy Total 

Male 3 14 15 18 50 

Female 25 15 10 30 80 

Total 28 29 25 48 130 
  

  

m 

State the number of degrees of freedom of the table. 

Assuming the results are independent, construct a contingency table to show the expected 

frequencies. 

It is thought that there is a difference in the viewing preferences of males and females. 

i State the null hypothesis (H,) . 

ii State the alternative hypothesis (H,). 

d Calculate the value of #*. 
State whether viewing preferences are dependent on gender at a significance level of: 

i 10% i 5% iii 1%. 

continued on next page ...
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3 A holiday resort wishes to survey its customers as to their level of satisfaction with the resort. 

Customers were asked to rate the resort either as ‘excellent’, ‘good’, ‘satisfactory’ or ‘poor’. In particular 

they wish to see whether the level of satisfaction is dependent on age. The results are displayed below. 

  

  

  

  

            

Excellent Good Satisfactory Poor 

Under 16 10 21 23 6 

16—25 6 11 12 4 

26—55 7 25 12 20 

Over 55 8 38 40 19 
  

a State the null hypothesis. 

b Calculate the value of 2. 

¢ State whether the null hypothesis is rejected at a significance level of: 

i1 10%. i 1% i 5% 
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5.1 Straight lines 
Equation of a line in two dimensions: the formsy = mx + cand ax + by + d = 0. 

Gradient; intercepts. 

Points of intersection of lines. 

Lines with gradients, m, and m,. 

Parallel lines m, = m,. 

Perpendicular lines m; x m, = —1. 

1 Calculate the gradient of the line passing through the points with the following coordinates. 

a (3,5)and (5, 13) b (6,1)and (10, -9) 

2 The gradients (m) of straight lines are given. Calculate the gradient of a line perpendicular to each of 

the ones stated. 

a m=4 b m=-6 com= dm=—1% ] 
1 

3 Find the length of the following line segments. 

(-4, 15) 

(13, 9) 

(1, 4) &7 

4 Calculate the coordinates of the midpoint of the line segments in question 3 above. 

5 The following tables give the x- and y-coordinates of several points on a line. Deduce from the 

coordinates the equation of the line in the form y = mx + c. 
  

  

  
  

  
  

  
  

  
  

  
  

a e [ b % | v 

-2 | =7 -2 

-11-4 -11]0.5 

0 |-1 011 

1 2 1|15 

2| 5 2 | 2               
  

6 Deduce the gradient and y-intercept of the following straight lines from their equations. 

a y=x-—2 b y=-3x+1 

c 2y—4x+6=0 d 3 y+5x-12=0 

continued on next page ...
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7 Calculate the equation of the straight line passing through the following pairs of points. Give your 

answers in the form 

i y=mx+c i ax+by+d=0 

(2, -1) 

(4, 15) 

(5, -7) 
(1,3) 

8 Plot the following straight lines. Indicate clearly where they intercept both axes. 

a y=2x—4 b 2x+2y—-1=0 

9 Solve the following simultaneous equations either algebraically or graphically, 
ay_z_x:]_ b}‘=5—2}f 

S5y + 2x = 17 x+3y=5 

10 The cost of buying three cups of tea (t) and one cake (c) is $4.40. The cost of buying two cups of tea 

and three cakes is $4.80. 

a Construct two equations from the information given. 

b Solve the two equations simultaneously and work out the cost of: 

i one cup of tea ii one cake.



292 REVISION EXERCISES 
  

5.2 Right-angled trigonometry 
Use of sine, cosine and tangent ratios to find the sides and angles of right-angled triangles. 

Angles of elevation and depression. 

1 Copy the right-angled triangle below. The angle x is shown. 

In relation to the angle x label the sides ‘opposite’, ‘adjacent’ and ‘hypotenuse’. 

  

  

2 Calculate the size of the angle marked x in each of the following right-angled triangles. 

a b B.5cm     
6cm 

10cm 

  

13cm 

  
15.2cm 

continued on next page ...
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4 Calculate the length of the sides marked a and the size of the angles marked x in each of the following 

diagrams. 

d 

gcm 

  
6cm 

5 Towns A, B and C are situated as shown. B is due North of A, whilst C is due East of A. 

B 
?-*h 

17km ! T 

: *.‘-"h-. 

@---nmmmeememm e e e smse e ———— 8 
i 26 km o 

a Calculate the distance BC, giving your answer to three significant figures, 

b Calculate the bearing of C from B. 

continued on next page ...
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6 Two towers X and Y are 120 m apart. The height of tower X is 58 m and the height of tower Y is 72 m. 

A tightrope walker attaches a rope from X to Y as shown. 

w
e
l
 

5
8
m
    

- 120m —— 

a Calculate the angle of elevation of the tightrope. 

b Calculate the distance walked by the tightrope walker getting from X to Y. 

7 Three villages X, Y and Z are shown in the diagram below. X is Northwest of Y and 20km away. Z is 

Northeast of Y. The distance XZ is 56km. 
Calculate the distance between villages Y and Z. 

Z 

56 km 

20km
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5.3 Trigonometry and non-right-angled triangles 
b c 

sinA  sinB  sinC’ 
  Use of the sine rule: 

i 
Use of the cosine rule: a? = b? + ¢ — 2bccosA; cosA = % ; 

Use of area of a triangle = %ab sinC. 

Construction of labelled diagrams from verbal statements. 

1 Write down all the possible solutions for the angle x, where 0 = x < 180° for each of the following. 

a sinx = 0,65 b sinx = 0.25 ¢ sinx =1 d sinx =0 

2 Write down all the possible solutions for the angle 8, where 0 < 8 = 360° for each of the following. 

a cos@ = 0.5 b cosf = —0.4 ¢ cosf = -1 

3 Use the sine rule to find the length of the side marked x below. 

  

continued on next page ...



296 REVISION EXERCISES 
  

5 Use the cosine rule to answer the following questions. 

a Find the length of the side labelled a. 

  

b Calculate the size of angle a. 

7.6cm     

6 Calculate the area of the following triangle. 

  

7 Calculate the size of angle C in the triangle below. 

A 18cm C 

  

8 a Construct the following triangle with a ruler and a pair of compasses. 

Triangle PQR with PQQ = 6cm, PR = 7Tcm and QR = 9cm 
b Calculate the size of angle PRQ).
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5.4 and 5.5 Geometry of three-dimensional solids 
Geometry of three-dimensional solids: cuboid; right prism; right pyramid; right cone; cylinder; 

sphere; hemisphere and combinations of these solids. 

The distance between two points, e.g. between two vertices or vertices with midpoints or midpoints 

with midpoints. 

The size of an angle between two lines or between a line and a plane. 

Volume and surface areas of the three-dimensional solids defined in 5.4. 

1 The cube in the diagram has edge lengths of 10 cm as shown. 

Calculate: 

a the length BD 

b the length of the body diagonal BH 

¢ the size of angle DBH. 10cm 

  
2 The diagram shows a square-based pyramid. The centre E 

of the base, X, is directly beneath the 

pyramid’s apex E. M is the midpoint of CB. 

Calculate: 

the length CX 

the height of the pyramid EX 

the distance XM 

the angle the face BCE makes 

with the base of the pyramid. 

b
 

0 
B
 

R 

  
3 Calculate the total surface area of the shapes below. 

o b 

5cm 

3Jcm 

3cm    
9cm continued on next page ...
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4 The diagram shows a triangular prism. Its cross-section is N 

a right-angled triangle. 

Calculate: 
a the length of the edge O] 

b the total surface area of the prism 

¢ the volume of the prism 

d the angle OL makes with the base JKLM. 

  

J S5cm K 

5 The sector shown has a radius of 14 cm and an angle at 

its centre of 260°, 

Calculate: 

a the length of the arc 

b the area of the sector. 

  
6 The sphere and cube below have the same volume. 

  

fem 

Calculate the radius, r, of the sphere. 

7 Two points A and B are directly opposite each other on the surface of a cylinder as shown. 

16cm 

A 

  

a Calculate the circumference of the top of the cylinder. 

b A line is drawn on the surface of the cylinder. It represents the shortest distance from A to B on the 

cylinder’s surface. Calculate the length of this line from A to B.
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6.3 Quadratic functions and their graphs 
(Quadratic models. 

(Quadratic functions and their graphs (parabolas): f(x) = ax* + bx + ¢, a2 0. 

Properties of a parabola: symmetry; vertex; intercepts on the x-axis and y-axis. 

Equation of the axis of symmetry, x = — 

=]
 

E+ 

For each of the quadratic functions below: 

i use a GDC to sketch the function 

ii write down the coordinates of the points where the graph intercepts the x-axis 

iii write down the value of the y-intercept. 

a flx)=x*-9%+ 20 b f(x) =2t —-3x~18 
¢ f(x) = (x— 4)? d f(x) = x* + 10x + 27 

Write down the equation of the axis of symmetry of each of the following quadratic functions. 

a y=xt—2x b y=—x?— 4x 
c y=x(5—-x) d y=—xt+ 3x - 10 

Write down a possible equation of a quadratic function with each of the following axes of symmetry. 

a x=06 b x=-5 

Factorize the following quadratic functions. 

a flx) =x*+ 1lx+ 30 b f(x) =x*+ 4x - 12 
¢ flx) = —x+8x—15 d f(x) = x% - 36 

Solve the following quadratic equations by factorizing. 

a x*=3x—-4=0 b xt—2x-24=0 
¢ =X+ 10x-16=0 d x*=11x - 28 

The following quadratic equations are of the form ax* + bx + ¢ = 0. 

Solve them by using the quadratic formula x = 

a xt+5x—-25=0 b x*+9x—-24=0 
¢ 4 +8x+3=0 d =x!+9x-15=0 

For each of the following: 

i form an equation in x 

ii solve the equation to find the possible value(s) of x. 

a X+6 b 
!   

     X Area = 16cm?2 Area = 48cm? 

        ] 4x 
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6.4 Exponential functions and their graphs 
Exponential models. 

Exponential functions and their graphs: f(x) = ka* + c,a€ Qtaz 1, k#0; 

fix) =ka*+c,a€ Qaxl, k#0 

Concept and equation of a horizontal asymptote. 

1 i Plot the following exponential functions. 

ii State the equation of any asymptotes. 

a f(x) =2*+1 b f(x)==-2*+2 ¢ flx) =33 

2 A tap is dripping at a constant rate into a container. The level (Icm) of water in the container is given 

by the equation 1 = 3* + 5, where t is the time in hours. 

a Calculate the level of water in the container at the start. 

Calculate the level of water in the container after 4 hours. 

Calculate the time taken for the level of the water to reach 248 cm. 
Plot a graph to show the level of water over the first 6 hours. 

Use your graph to estimate the time taken for the water to reach a level of 1 m. o 
.
o
 o
 

bd
 

R Plot a graph of y = 5* for values of x between —1 and 3. 

b Use your graph to find approximate solutions to the following equations. 

i 5 =100 ii 5% = 50 

4 The graph below shows a graph of the function f(x) = 2~ 

-
 

  

—
h
 

—
k
 

N
 

B
 

O
 

©
 

©O
 
9
N
 

  

  

  

  

      \     > 
X           _W_' 2 :if-'r 

  

=t
 

F
J
G
 

a Copy the graph and on the same axes sketch the graph of f(x) = 2* + 3. Label it clearly. 

b On the same axes sketch the graph of f(x) = —2* + 6. Label it clearly. 

5 The half-life of plutonium 239 is 24 000 years. How long will 2 g of plutonium 239 take to decay to 

62.5 mg!
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6.5, 6.6 and 6.7 Sketching and drawing graphs 
Models using functions of the form f(x) = ax™ + bx™ +..., m,n € Z. 

Functions of this type and their graphs. 

The y-axis as a vertical asymptote. 

Drawing accurate graphs. 

Creating a sketch from information given. 

Transferring a graph from GDC to paper. 

Reading, interpreting and making predictions using graphs. 

Included all the functions above and additions and subtractions. 

Use of a GDC to solve equations involving combinations of the functions above. 

For the equations given in questions 1 and 2: 

a Calculate the equation of any asymptote. 

b  Calculate the coordinates of any points where the graph intercepts the axes. 

¢ Sketch the graph. 

d  Check your graph using a GDC. 

  

] Y= x -5 

1 
2 y=-3,_—7+1 

For the equations given in questions 3 and 4: 

a Calculate the equations of any vertical or horizontal asymptotes. 

b Calculate the coordinates of any points where the graph intercepts the axes. 

¢ Sketch the graph of the function with the aid of a GDC. 

1 

3 Y erDx—3) 
  

1 

Y YT x-6 
For the equation y = =2x° — 13x? — 13x + 10: 
a Use a GDC to sketch the function. 
b Determine where the graph intersects both the x and y axes. 

¢ Rewrite the equation in factorised form. 

L
I
 

6 Using a GDC, solve the equation 2x* — 11 = ;— 5%
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7.2 and 7.3 Differentiation and The gradient of a 
curve at a given point 
The principle that f(x) = ax® = f'(x) = anx*L. 

The derivative of functions of the form f(x) = ax™ + bx"~! + ..., where all exponents are integers. 

Gradients of curves for given values of x. 

Values of x where ' (x) is given. 

Equation of the tangent at a given point. 

Equation of the line perpendicular to the tangent at a given point (normal). 

1 Differentiate the following functions with respect to x. 

    

    

a f(x) =x*+3x—4 b f(x) =3¢ - 5x + 4 

¢ f(x) = 223 — 42 d flx) =325 -3 - 1 

2 Find the derivative of the following expressions. 

a x! b 2x? 
3 

¢ x24+2x1-3 d = 
X 

3 For each of the following functions, find the derivative f'(x) with respect to x. 

a f(x) = x(x — 3) b f(x) = 2x*(x + 2) 

¢ f(x) =(x—=2)(x+ 3) d f(x) = (x? = 3x)(x + 4) 

4 Find the derivative of each of the following expressions. 

2x3 — x2 2x> — x 

- i 3oL 

X = 2x? (x — 6)(2xt = 1) 
C o d = 

5 The graph of the function f(x) = ¥ — 4x + 1 is shown below. 

  

  

    

4 
e
y
 

B 
L
 

>
 

e
 

  

  

s 
Y 

  

—
k
 

  

                      A
 d 

o 

a Calculate the gradient function f'(x). 

b Calculate the gradient of the graph when: 

i x=3 i x= 2 iii x = 0. 
continued on next page ...
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6 The graph of the function f(x) = %xg — 4x + 2 is shown below. 
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a Calculate the gradient function f'(x). 

b Calculate the values of x at the points on the graph where the gradient is: 

i 0 i 2 i —5. 

7 A curve has the equation y = x> + 4x + 2. 

a Find d—j 

o d 
b Deduce from your answer to part a the least possible value of a}‘ Justify your answer. 

¢ Calculate the value(s) of x where Cdlx_:? is: 

i 7 i 4 i 31. 

continued on next page ...
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8 The function f(x) = x> — 13x + 12 is shown below. 

YA 
40 

/ 
  

  

  /0
 

& 

  

  

  

D
 

D
 

N
 

e
 

M                             
Calculate the gradient function f'(x). 

Calculate the gradient of the curve when x = 3. 

Give the gradient of the tangent to the curve at the point (3, 0). 

Calculate the equation of the tangent to the curve at the point (3, 0). 

Write down the gradient of the normal to the curve at the point (3, Q). 

Calculate the equation of the normal to the curve at the point (3, 0). Give your answer in the form 

ax + by +c = 0. 

-
 
L
 

oo
t 

R 

9 The function f(x) = —x* — 2x + 8 is shown below. 
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Calculate the gradient function. 

Show that the points A(—2, 8) and B(1, 5) lie on the curve. 

Calculate the gradient of the curve at points A and B. 

Calculate the equation of the tangent to the curve at A. 

Calculate the equation of the normal to the curve at B. 

Calculate the coordinates of the point of intersection of the tangent at A and the normal to the 

curve at B. 

-
~
 

L
N
 
O
t
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7.4, 7.5 and 7.6 Increasing and decreasing 
functions, Stationary points and Optimization 
Increasing and decreasing functions. 

Graphical interpretation of f'(x) > 0, f'(x) = 0, f'(x) < Q. 

Values of x where the gradient of a curve is O (zero). 

Solution of f'(x) = 0. 

Stationary points. 

Local maximum and minimum points. 

Optimization problems. 

  

  

  

  

  

  

  

The function f'(x) = x* + 6x + 7, is shown. YA 

From the graph deduce the range of values of x for \ 14 

which f(x) is a decreasing function. 3 

-5 =5 W4 -3 -1 0 1 5 

                  
2 For each of the following calculate: 

i f(x) 
ii the range of values of x for which {'(x) is increasing. 

a f(x)=x*-18 b f(x) = x* - 10x + 27 

¢ fix) = —x*+8x-10 d f(x) = — 2x* - 8x 

Prove that f(x) = % x® + x is an increasing function for all values of x. 

4 Calculate the range of values of k in the function f(x) = %:3 + x* + kx, given that f(x) is an increasing 

function for all values of x. 

A function is of the form f(x) = x* + bx + c. State: 

a the number of stationary points 

b the nature of the stationary point(s). 

6 For the function f(x) = %x*” + %xz - 20x + 2: 

calculate {'(x) 

solve the equation f'(x) = 0 

explain the significance of your answer(s) to part b in relation to stationary points 

from the equation of the function, deduce the nature of the stationary point(s). Give reasons for 

your answers. 

L
 

m 
o
 

continued on next page ...



406 REVISION EXERCISES 
  

7 For the function f(x) = x* — 12x - 5: 

a calculate f'(x) 

solve the equation f'(x) =0 

determine the coordinates of the stationary points 

determine the nature of the stationary points 

calculate the y-intercept of the graph of the function 

sketch the graph. e
I
 

B
T
 

T 

8 Two rectangles of width x cm are cut from a rectangular piece of card with dimensions 20cm by 50 cm 

as shown below. The remaining card is the net of a cuboid of height x cm. 

|-
=—
 

20
 
cm
 
—
»
|
 

    

  

a Find expressions in terms of x for the length and width of the base of the cuboid. 

b Show that the volume (V) of the cuboid is 2x3 — 70x2 + 500x cm?. 

¢ Find the value of x for which the volume of the cuboid is a maximum. Give your answer to 

one decimal place. 

d Using your answer to part ¢, find the maximum volume of the cuboid. Give your answer correct to 

the nearest whole number. 

e Show that your answer to part d above is a maximum.



Answers to exercises and 
student assessments 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

          
  

Presumed knflwledge Student assessment 3 

assessments { a % i A% 

Student assessment 1 2 a 375¢ b 625g 

13= b < c > 3 a 450m b 80cm 
> 

2 g L —— ' 4 ' 4 a 1:25 b 1.75m 
32 33 34 35 36 

5 300 :750: 1950 
b ' ' — 

20 2 2z B 24 B 6 60°,90°, 90°, 120° 

C 97 98 99 10 7 150° 

d 1'5 1?6 - TB 8 a 135h b 12 pumps 

3 a x=-1 b x<2 9 

e -i=x<?2 d~-1l=sx=1l 

427, 3 s s 
b I I -+ L & I 

1 2 3 4 5 

c -0 ' , ' & 
0 1 2 3 4 6Zcm 

d - ' ' ' 5 . . . 
-9 —2 = 0 1 10 a 4 min48s b 1.6 litres/min 

g 2.2 1% 9 Student assessment 4 
14* 5* 2* 7* 10 

Student assessment 2 1 Fraction Decimal Percentage 

1 a 23 b 18 % 0.25 259% 

- 6‘ 15 % 0.6 609% 

3 9000 
3 0.625 62.5% 

4 22977 8 

1 2.25 225% 
5 360.2 25 

£ oSk 18 56 a8 
18— 9 7 36 — 126 = WO 

1 5 2 750m 
7 a Zfi b 35 3 €575 

; o ; ogi p 133 4 £97200 
9 4 41 i 3 5a 29.2% b 21.7% ¢ 125% 

f? 5”1 d 8.3% e 20% f 10% 

c 155 d 255 
6 8.3%
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7 a ¥6500 

8 $200 $25 $524 $10 

b 61.8% 

9 $462 $4000 $4500 $5500 

10 15 marks 

11 35000 

12 25000 units 

13 470 tonnes 

Student assessment 5 

1 a 6x — 9 +157 

¢ —8min + 4mn? 

e —2x—2 

g 2 

2 a 8(Zp —q) 
¢ 5pq(p — 2q) 

n=p-—4m 

  

_ 10px 

Y= 3 
_ Pbqt e r=-— 

4mn 

(g + r)(p — 3r) 
¢ 750000 

xt—2x -8 

c x*+ 2xy +y° 

e 6x —13x+ 6 

7a (x=11)x+7) 

c (x—12)(x+ 12) 

e (Zx— 3)(x +4) 

e (il e 
A2 cpoly 

9 a xt b ng 

3 44 c vy ; 

o
 

o 
e
 

H
h
 

o 
O
 

-
 
T
 

O
 

] 
u
—
l
 

S
 

8pm — 28p 

20p’q — 8p*q* — 8p’ 
22xt — 14x 
5.1 X — X 

p(p — 6q) 
3pq(3 — 2p + 4q) 

c 29 

f 35 

  

(1+)(1=0)(1+ D) 
50 

xf — 16x + 64 
o — 121 
Ox? — 30x + 25 

(x = 3)(x — 3) 
3(x — 2)(x + 3) 
(Zx—5)* 

Student assessment 6 

1a?9 b 11 ¢ —4 

d 6 

2 15 b 7 c 4 

d 3 

3 a =10 b 12 c 10 
1 

dllz 

4 a 16 b -8 & 2 

d 35 

5@ =y =ik bx=3%3,1=4% 

x=5y=4 

6 a 4x + 40 = 180 b x=35° 

c -35% 707, 75° 

79 

8 30° 30° 30° 30° 30° 30° 45° 45° 45° 45° 

9 a X chm 

  

(x —3)cm 

  
Perimeter = 54 cm 

b 4x - 6 =54 

¢ length = 15 cm width = 12 em 

  

10 a x,x—8, x— 23 b 55, 47, 32 

Student assessment 7 

1 @ 2w 5? T 

2 a4x4x4 b 6 x6x6x6 

3 a 800 b 27 

4 a 7 b -2 c —1 

) 
5 @ 2ERY b 24 

6a bx6x6x6x6 

b 1 
2.9 e d e
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Student assessment 8 

1 a Circumference = 34.6cm 

Area = 95.0cm? 

b Circumference = 50.3mm 

Area = 201.1 mm? 

2 99cm? 

3 a 393cm? b 34cm? ¢ 101.3cm? 

4 a Circumference = 27.0cm 

Area = 58.1 cm? 

b Circumference = 47.1 mm 

Area = 176.7mm? 

5 325.8cm? 

6 a 56.5cm? b 108 cm? ¢ 254.5cm? 

Introduction to the graphic 
display calculator 

Exercise 1 

1 a 25 b 18 ¢ 40 

2 a 12 b 6 c 5 

3 a 169 b 4 e 13 

4 a 116 b 9 c 4 

5 A 3510 b 149530 ¢ 0 

Exercise 2 

I a 11 b -1 c 19 

d 144 e 6 f 184 

2 a 100mcm? 

b 36mcm? 

¢ C=16ncm? D = ntcm? 
d 534 cm? 
e the area of the circle pattern 

3 a 18 cm? b 24 cm? ¢ 106 cm? 

d 254 cm? 

4 a 523.6cm’ b 2356.2cm’ ¢ 785.4cm’ 

Exercise 3 

1 a Graph vi) b Graph vii) 

¢ Graph ii) d Graph iii) 

e Graph x) t Graph i) 

g Graph v) h Graph ix) 
i Graph iv) j  Graph viii) 

2 ay=-x-5 by=2x-4 

c y=—(x+ 5)* d y=—(x-5)2-3 

3ay=-x+5 b y=2x+4 

c y=(x-75)° d y=(x+5)?%4+3 

4 Student’s screens 

Exercise 4 

1 a y-intercept = —3 x-intercept = + 1.7 

y-intercept = 1 x-intercept = —0.5, 1.3, 3.2 
y-intercept = 3.5 x-intercept = —1.2 

2 11 (1) 
b (—=3.45, 4.45) and (1.45, —0.45) 

¢ (—1.29, -0.67) and (1.29, -0.67) 
d (-0.77, —-1.71), (0.88, —1.61) and (5.89, 15.3) 

a 

b y-intercept = 11 x-intercept None 

C 
d 

a 

  

  

  

  

                

  

                      

  

  

Exercise 5 

lal,Ta3Ta2alol 12173 

7l @ [ 2| eell |l |sZ]| 3 | 8 

bixTs2alo 1273 

y|-28|-14|-10|-10]| 8] 2 | 26 

“Ix| o os| 1 [15] 2 |25] 3 

y| - | 8| 4 [267] 2 | 16 |1.33 

d 

x| |05 0|05 |as| 2 |25]|3 

y| 0 [o71] 1 [122|1.41]|158|1.73|1.87] 2                         

a 0, 3.6, 72,108, 14.4, 18, 21.6, 25.2, 28.8, 

324, 36ms! 

18 ms! 

0, 6.25, 10, 11.25, 10, 6.25, 0, —=8.75, —=20m 

11.25m 

L5 

3s 

because they give negative heights 

r
 

T 
N
 

o
o
 

Exercise 6 

1 a mean = 7.58, median = 8.5, mode = 10 

b mean = 14.7, median = 14, mode = 12.2
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2 mean = 3.63, median = 3, mode = 2 

3 a Test A: mean = 5.33, median = 6, mode = 6 

Test B: mean = 5.33, median = 6, mode = 6 

b Student’s answers 

¢ Student’s answers 

Topic 1 

Exercise 1.1.1 

1a fNZ QR b Z,0Q, R 

c R d QR 

2 a Rational b Rational ¢ Irrational 

3 a Rational b Rational ¢ Rational 

4 a Irrational b Rational ¢ Rational 

5 a Imational b Irrational ¢ Rational 

6 a Rational b Rational ¢ Rational 

7 Rational 

8 Irrational 

O Rational 

10 Rational 

Exercise 1.2.1 

1 a 69000 b 74000 

¢ 89000 d 4000 

e 100000 f 1000000 

2 a 78500 b 6900 

c 14100 d 8100 

e 1000 f 3000 

3 a 490 b 690 

¢ 8850 d 80 

e O f 1000 

Exercise 1.2.2 

1 a 5.6 b 0.7 

¢ 119 d 157.4 

e 4.0 E 150 

g 3.0 h 1.0 

i 12.0 

2 a 647 b 9.59 
¢ 16.48 d 0.09 

e (0.01 f 9.30 

g 100.00 h 0.00 

i 3.00 

Exercise 1.2.3 

1 a 50000 b 48600 ¢ 7000 
d 7500 e 500 f 257 
o 1000 h 2000 i 15.0 

2 a 0.09 b 0.6 ¢ 0.94 
d 1 e 0.95 f 0.003 
o 0.0031 h 0.0097 i 001 

3 a 420 b 5.05 c 166 
d 23.8 e 57.8 f 4430 
o 1.94 h 4.11 i 0.575 

Exercise 1.2.4 

Answers may vary slightly from those given, 

  

1 a 1200 b 3000 ¢ 3000 

d 150 000 e 0.8 f 100 

2 a 200 b 200 ¢ 30 

d 550 e 500 f 3000 

3 a 130 b 80 c 1 

d 4 e 200 f 250 

4 ¢ because 689 x 400 = 700 x 400 = 280000 

e because 77.9 x 22.6 = 80 x 20 = 1600 

8.4 x46 80 B 
f because 5T =35 x 50 = 2000 

5 a 120m? b 40m? ¢ 400cm? 

6 a 200cm’ b 4000cm’ ¢ 2000cm? 

Exercise 1.2.5 

1 a 0.4% b 2.04% ¢ 0.8% 

2 The second player as his percentage error is 
3.2% and the first player’s is 4%. 

3 a 9737.5m b 9262.5m 

4 a 118.2kmh-! b 2.9% 

Exercise 1.3.1 

1 dande 

2 a 6x 10 b 4.8 x 107 ¢ 7.84 x 101! 

d 534 x 10° e 7 x 10¢° f 85 x 10° 

3 a 6.8 x 108 b 7.2 x 108 ¢ 8 x 10° 

d 7.5 x 107 e 4 x 10° f 5 x 107 

4 a 6x 10 b 2.4 x 107 ¢ 14 x 108 

d 3 x 10° e 1.2 x 1083 f 1.8 x 107 

5 1.44 x 1011m
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6 a 8.8 x 108 b 2.04 x 101! ¢ 3.32 x 101 

d 42 x 102 e 51 x 102 £ 2.5 x 105 

7 a 2x10% b 3 x 10° ¢ 4 x 108 

d 2 x 104 e 2.5 x 106 f 4 x 104 

8 a 4.26 x 10° b 848 x 10° 

¢ 6.388 x 107 d 3.157 x 10° 

e 4.5 x 108 f 6.01 x 107 

g 8.15 % 1010 h 3.56 x 107 

9 Mercury 5.8 x 107" km 

Venus 1.08 x 10% km 

Earth 1.5 x 10%° km 

Mars 2.28 x 108 km 

Jupiter 7.78 x 108 km 

Saturn 1.43 x 10° km 

Uranus 2.87 x 10° km 

Neptune 4.5 x 107 km 

Exercise 1.3.2 

1 a 6x10-¢ b 53 x 10-° 

c 8.64 x 10-* d 8.8 x 10-8 

e 7x10-7 f 4.145 x 10-4 

2 a 68 x 10 b 7.5 x 10-7 

c 4.2 x 10-10 d 8 x 10-° 

e 5.7 x 10-1 f 4 x 10-11 

3 a -4 b -3 ¢ —8 

d -5 e —1 

4 6.8 x 10° 6.2 x 10° 8.414 x 10? 

6.741 x 10-4 3.2 x 10-4 5.8 x 10-7 

5.57 x 10-*° 

Exercise 1.4.1 

1 a one hundred b a hundredth 

¢ one thousand d a thousandth 

e one thousand f a thousandth 

¢ a thousandth h one thousand 

i a millilitre j one million 

2 a kilogram b centimetre 

¢ metre or centimetre d millilitre 

e tonne f metre 

g litre h km 

i litre j centimetre 

3 Student’s lines 

4 Student’s estimates — answers may vary 

considerably 

Exercise 1.4.2 

1 a 40mm b 62mm 

d 1200 mm e 880 mm 

g 8mm h 2.3 mm 

2 a 26m b 89m 

d 750m e 2.5m 
g 3800m h 25000 m 

3 a 2km b 26.5km 

d 0.75km e 0.1km 

¢ 15km h 75.6km 

Exercise 1.4.3 

1 a 2000kg b 7200kg 

d 0.75kg e 450kg 
o 6.5ke h 7000kg 

2 a 2600ml b 700 ml 

d 8ml 

3 a 1.5 litres b 5.28 litres 

d 0.025 litres 

4 a 138.3 tonnes 

5 a 720ml 

Exercise 1.5.1 

1 334.69 francs 

2 77500 drachmas 

3 141.86 schillings 

4 9036.14 escudos 

5 164 francs 

6 7531645.57 markkas 

7 17113.40 pesetas 

8 1266.60 punts 

9 4948980 lire 

[
—
 

o
 15636.36 schillings 

™ 
. 

C 

280 mm 

3650 mm 

2300 m 

400 m 

0.2km 

5km 

2.8kg 
3ke 

40 ml 

0.75 litres 

b 1.383 x 10°kg 

b 0.53 litres
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Exercise 1.5.2 ii x=—6and 2 

1 a £7.81 b 7711 rand &4 y 

2 a £282258 b £256598 

3 a 1Y =3$0.01 b $1=100¥ 

4 a 1 rouble = Q.15 shekel 

b 1 shekel = 6.86 roubles 

5 a $33331200 b 1366579200 rupees 
c €20665344 d 1734 ounces 

Exercise 1.6.1 

1 a 3.2 b (5,2) c (2,1) 

d (-4,1) e (4, =2) t (3, =2) 

g (=1 ~1) h (-3, -3) 
i Infinite solutions 

i No solution   2 The lines in part i are the same line. 

The lines in part j are parallel. d i 

  

  

  
  

  
  

  
  

YA 

Exercise 1.6.2 \ 2 / 

1 a i YA \.\ : jf 

= / 4 
\ / 2     

  

  

M
 

"
'
l
l
.
.
.
"
.
.
.
.
-
'
.
 

| n
 | 

—
 | oI
 I i
 A 

I M
o
 4
 
  

                      °\ B     it No solution/No real solutions 
                        

  

  

  
  

  
  

  
  

  
  

  
  

  
                        

  

    
  

  

  

B35 hoO 5 iaf':?'i o 
-1 YA 

2 
ii x=1and?2 o 

b i YA 4+ B3 2410 2 3 4 x 
= = 

\ ‘1] 
\ h / s 

_3 

¥ XpA4p2Y 3 4 x 10 

\ i 12 
\ Ty i \ \ 5 

\\ > // ii No solution/No real solutions 

4" 

\ 1]"\ 

b 16 

18                          
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2 ai 

YA 

x\ G /f 
4 T 7 

4 B 210 2 /5 4 5 6 X 
S 

i x=-2and3 

b i 

  

    

  

  

  

4 B /4/-1 
  

                                  

  

    

  

  

  

                            

C- 
0 3 3 4 & 9 10 X 
Ny 

/ = N A1 \ 
-6 

ii x=-2and 8 

Ei y‘ 

2 

— i 

108 & 7 6 -5 —5\-’3\-2 1 0 X 
iy 

N |4 
/ e 

_E 

iix=-5 

Exercise 1.7.1 

1 

o
 

o
L
 

o
W
 

o
 

L
N
 
e
 

8, 13, 18; arithmetic 
-2, =8, =20; not arithmetic 

1, =3, 13; not arithmetic 

—2,5, —2; not arithmetic 

4, 0, —4; arithmetic 

0, 3, 5; not arithmetic 

i) 3In+ 2 
i) 4n — 4 
i) n —05 

i) =3n+9 
i) 3n - 10 
i) —4n — 5 

ii) 32 
ii) 36 
ii) 9.5 
ii) —21 
ii) 20 
i) —45 

  

  

                  

  

  

                  

  

  

                  

  

  

                  

  

  

                  

  

  

                

3 a 

Position | 1 2 5 | 12 | 50 n 

Term 1 5 |17 | 45 |197| 4n-3 

b 

Position | 1 2 5 | 10|75 n 

Term S |11 | 29 | 59 | 448 6n -1 

C 

Position | 1 3 8 | 50 | 100 n 

Term 2 O | -5|47]|-97|-n+3 

d 

Position | 1 2 3 | 10 | 100 n 

Term 3 0 | 2 |-24|-294|-3n+6 

e 

Position | 2 5 7 | 10| 50 n 

Term 1 10 | 16 | 25 |145| 3n -5 

t 

Position | 1 2 5 20 | 50 n 

Term -55| -7 |-11.5|-34|-79|-1.5n -4 

4 a i) +4 ii) 4n + 1 iii) 201 
b i) +1 i) n — 1 iii) 49 
c i) +3 i) 3n — 13 iii) 137 

d i) +0.5 ii) 0.5n + 5.5 iii) 30.5 
e i) +4 i) 4n — 62 iii) 138 
f i) -3 ii) =3n+ 75 iii) =75 

5 8 years 

Exercise 1.7.2 

1 a 308 b 488 ¢ —187 
d 0 

2 a —15 b -95 ¢ =55 

d n(n -I4— 17) 

3 oa 3 b -5 ¢ 52 
d 470 

4 a 05 b 2 c 2475 

5a +8 b —44 ¢ —80 

6 a = b6 ¢ 150 
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11 

8 a Student's proof b 12 

c 19 

Exercise 1.8.1 

1 a Geometric b Geometric 

¢ Not geometric 

e Not geometric 

d Geometric 

t Not geometric 

2ai 3 i) 162, 486 
iii) u_ = 2(3)~! 

b i) 1 ii) 5, 
i) u = 25(3)! 

d i) -3 i) —243, 729 
iii) u = —3n 

3 a =6,-12,-24 b 8 

4a —4 b 3 ¢ —65536 
Exercise 1.8.2 

1 ai)l? ii % 

b i) -3 i) 
¢ i) L5 ii) 566.65 (2 d.p) 
d i) = i) 1111111111 

2 a i) 8 ii) 3280 
b 1) 7 ii % 

c 1) 9 }% ; 

d i) n i) "“(:n_ 1} 

3 a 1364 b 7285 c 62 

4a 6 b = ¢ =2 
5a lor3 b —% c —% 

6 a 823543 b 960800 

Exercise 1.8.3 

34 ) 
5 

2 a % b 4 c % 

d 0.000381 

3a3 b 5 
27 

7 

Exercise 1.9.1 

1 a NZ$34.85 b £420 
d 252 baht e HK$369.60 

2 a 5 years b 4.1 years 
d 8 years e 06 years 

3 a 7% b 4% 
d 7.5% e 8% 

4 a 400 Ft b NZ$200 
d 1200 baht e €4000 

5 4% 

6 2 years 

7 4.5% 

8 9.5% 

9 AUS$315 

10 6% 

Exercise 1.9.2 

1 $11033750 

2 €52087.50 

3 $10368 

4 1331 students 

5 3276800 tonnes 

6 2 years 

7 5 years 

8 3 years 4 months 

9 a $525 b $537.75 

10 a €149.40 b €152.30 

Student assessment 1 

1 a Rational b Irrational 
d Rational e Rartional 

2 a 6470 b 88500 
d 10 

3 a 38 b 6.8 
d 1.58 e 10.0 

4 a 40 b 5.4 
d 49000 e 700000 

5 923 cm’ 

| 
—
 

™ 
| 

o 
Lo
 

B 

102¥ 

5 years 

7 years 

3.5% 
11% 

€850 
US$1200 

$549.02 

€154.84 

Rational 

Irrational 

65000 

0.85 
0.008 

0.06 
687000
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Answers to questions 6—8 may vary from those given 

below. 

6 18000 yards 

i a 25 

8 170cm? 

9 a 168.02cm? 

10 1.63% 

b 4 c 4 

b Student’s calculation 

Student assessment 2 

1 a 6x10° 

c 38 x 10° 

e 4.6 x 108 

Z 141 % 10-° 

4,21 x 107 

3 a 6x10° 

8 x 10-1 

b 6 x 10° 

8 x 10-1 

4 a 3 b 9 

6 e . 

1.2 3¢ 10° 

¢ 2x10° 

43.2 minutes 

4.73 x 10Pkm 

1.62 x 101 mm 

9 Tkeg 

0
 

=
1
 

N 

b 45 x 10-° 
d 3.61 x 10-7 
f 3 x10° 

3.6 x 10— 

6.2 x 107 

8.2 x 10° 
5.2 x 104 

8.2 x 10° 
44 x 103 

55 x 103 

4.9 x 108 

4.4 x 10-° 

5.2 x 104 

c =3 

f 8 

b 5.6 x 108 

d 2.5 x 10° 

-1 

Student assessment 3 

1 i) 4n — 3 

b i) -3n+4 

B
 i) 37 

i) =26 

U =27, 1,050 =397 b u,=15u 46 100 = 
  

Position 1 2 2110 | 25 n 
  

Term 17 4 | 11 -55| -3n+ 20               

  

Position P a0 n 
  

Term     35 f_E 

    ]
 —

 

        

4 $405 

  

  

  

  

                          

  

  

  

  

  

  

  

                        

5a — b 243 c 10 

6 a 70 b 595 

7 a +3 b —-12 ¢ 330 

8 a +4 b 4 ¢ 220 

9 a i) 1l ii) 20470 

b i) 13 ii) < 

10 a 363 b 22 

11 a (2, 1) b (—2,3) 

12 a 1) y 

fl\ / 
4 

2 N / 

0 Ff; 56 7 X 

i) x =3 

b i) in 

=1 E | 2 3 5 [ & >X 

) / \ 

Bl \ 
- | \ 
- [ \ 

i) x ="4 and 6 

Student assessment 4 

1 =16.4% 

2 £561167 

3 59% 

4 2001 

5 a €480000 b €499 200 

6 4 years 

7 8 days 
8 a €900000 b €955080 ¢ €978091 

9 5 years
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Student assessment 5 

1 13.6% 

2 $1782000 

3 81% 

4 2007 

5 a €300000 

6 6 years 

b €900000 

7 11 days 

8 a $1020000 b $1109000 ¢ $1148000 

9 11 years 

Examination questions 

1 a 1.52 x 10% m? 

b 5.26% 

2 a 2.84 

b 770.70 CHF 

36 1 
>a 1g=3 

b 78732 

¢ 10 

4 Part A 

a Option 1: Amount = 

25000 + £22RHX0X3 — 99500.00 (29500) 

Option 2: Amount = 
5 \3 25000(1 +135)° = 28940.63 

Option 3: Amount = 
48 \3x12 _ 25000(1 + 15igy) " = 28863.81 

b Option 1 is the best investment option. 

Part B 

a 142 

¢ S,=3.2n*+ 138.5n 
e 645 
f 10 

  

  

  

  

          

  

  

  

    

  
        

                

  

  

  

  

  

  

  

  

Topic 2 

Exercise 2.1.1 

1 Discrete 

2 Continuous 

3 Discrete 

4 Continuous 

5 Discrete 

6 Discrete 

7 Continuous 

8 Discrete 

9 (Continuous 

10 Continuous 

Exercise 2.2.1 

1 a Number of chocolates Tally Frequency 

35 1| 4 

36 WM 7 

37 i 3 

38 J'HT | 6 

b 10 

8 
E. — 

S 6 

= 

g 4 
LL 

2 r 

0 
35 36 37 38 

Number of chocolates 

2 Student’s own results 

Exercise 2.3.1 
Score Frequency 

1 a Class 12X 
31-40 1 

41-50 5 

51-60 3 

61-70 4 

71-80 8 

81-90 5 

91-100 5       
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1 

Number of apples Frequency 

1-20 9 

21-40 6 

41-60 7 

61-80 11 

81-100 7 

101-120 4 

121-140 4 

141-160 2 

Exercise 2.3.2 

A 
g e 

8 

? s 

2 'l B 
g 5[ 
3 4f 
L 

:3 s 

2 B 

‘I o 

0 1 2 3 4 5 

  

  

  

  

  

  

  

  

Class 12Y 

Score Frequency 

3140 3 

41-50 8 

51-60 6 

61-70 3 

71-80 2 

81-90 4 

91-100 5       
  

b Student’s own response 

  

F
r
e
q
u
e
n
c
y
 

-
 

  

- 
N
 

W 
e 

00
 

OO
 

-
 

    e L EETPEPRRIS . -— RCTTPPPEFFEPPPRECE 

145 150 155 160 165 170 175 180 185 
Height (cm) 

    

Exercise 2.4.1 

1 da 

    

  

Finishing 
time (h) 0— |0.5—-|1.0—-|1.6—]|2.0—|2.5—|3.0—35 

  

  

  

  

Frequency | O 0 6 | 34 | 16 3 1 

  

  
  

  

        
  

  

  

  

            
Distance (km) 

Cumulative| 0 0 6& | 40 | 56 | 59 60 

frequency               
  

Cu
mu

la
ti

ve
 
fr

eq
ue

nc
y 

b 

30 

    e | | | | I 
05 1.0 15 20 25 3.0 35 

Finishing time (h) 

      

¢ Median = 1.8 hours 

d As many runners finished before as after the 

median. 
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2 a 

Group A Group B Group C 

Score Freq. | Cum. | Freq. | Cum. | Freq. | Cum. 

freq. freq. freq. 

0<x<20 1 1 0 0 1 1 

20<x<40 5 6 0 0 2 3 

40 < x < 60 6 12 4 4 2 5 

60 < x< 80 3 15 4 8 4 9 

80 <x<100 3 18 4 12 8 17 

b 
A Group A 

o 
C 
D 
3 
o 

& = 
@ 
= 
o 
= 

E 
3 
O 

18 - 

16 

%‘ 14 
fi' 12 

= 10 

2 B 8 

i £ 6 

o 4 
2   

  

  

0 
+ 
20 40 60 80 

Test score 

100 

Cu
mu
la
ti
ve
 
fr
eq
ue
nc
y 

  
0 
    

Group C 

1 

1 
1 
1 
1 
i 
L 

20 40 60 80 

Test score 

¢ GUroup A median = 50 

Group B median = 70 
Group C median = 78 

d As many students were above as below the 
median. 

   

  

| 
100 

e Group A: Lower quartile = 35, 

Upper quartile = 69 

Group B: Lower quartile = 55, 

Upper quartile = 85 
Group C: Lower quartile = 54, 

Upper quartile = 90 

  

  

  

  

  

  

  

  

  

3 a 

2010 2011 2012 

Height (cm) | Freq. | Cum. | Freq. | Cum. | Freq. | Cum. 
freq. freq. freq. 

150<h<155| 6 6 2 2 2 2 

155<h<160| 8 14 9 11 6 8 

160<h< 165 | 11 25 10 21 9 17 

165<h<170| 4 29 4 25 8 25 

170<h <175 1 30 3 28 2 27 

175<h<180| O 30 2 30 2 29 

180<h<185| O 30 0 30 1 30               
  

 



Cu
mu

la
ti

ve
 
fr

eq
ue

nc
y 

Cu
mu

la
ti

ve
 
fr

eq
ue

nc
y 

30 

28 

26 - 

24 

L S 
20 |- 
18 |- 
16 |- 
14 |- 
12 |- 
10 |- 

  
160 155 

30 

28 - 

26 - 

24 

20 - 
18 |- 
16 - 
14 - 
12 |- 
10 - 

  I 

150 155 

= = = = = = = - 

2010 

i q | | | | 

160 165 170 175 180 185 

Height (cm) 

2011 

| | | | 

160 165 170 175 180 185 

Height (cm) 

- 

> 

2012 

30 

28 

26 - 

24 - 

o FE S R e 

20 

18 | 

18 |- 

| 

12 |- 

10 Cu
mu

la
ti

ve
 
fr
eq
ue
nc
y 

hamm s s =   
150 155 160 165 170 175 180 185 

Height (cm) 

¢ Median (2010) = 161 cm 

Median (2011) = 162 cm 

Median (2012) = 164 cm 
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- 

d As many students are taller than the median 

as shorter than the median. 

e 2010: Lower quartile = 156, 

Upper quartile = 164 
2011: Lower quartile = 158, 

Upper quartile = 166 

2012: Lower quartile = 160, 

Upper quartile = 168 

f Student’s own comments 

Exercise 2.4.2 

  

  

  

  

  

1= Goals scored | Goals let in 

i) Mean 1.15 2.00 

ii) Median 1 2 

iii) d, 0 1 

iv) d, 1.5 3          
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b 

Goals let in 

I Goals scored 

— 
5 

¢ Student’s own report 

% A Resort A Resort B 

i) Mean 8.5 8.5 

i) Median 8 

i) q, 8 

iv) G5 10 9 

b 

- 
- Resort B 

L 
1 2 3 4 5§ 6 7 8 9 10 11 12 

¢ Student’s own response 

3 Student’s own explanation using the box and 

whisker diagrams below. 

  

  

  

Exercise 2.5.1 

1 a Mean = 1.67 

Mode =1 

b Mean = 6.2 

Mode = 7 

¢ Mean =264 

Mode = 18 

d Mean = 13.95s 

Mode = 13.8s 

2 91.1ke 

3 103 points 

Median = 1 

Median = 6.5 

Median = 27 

Median = 13.9s 

Exercise 2.5.2 

1 Mean = 3.35 

Mode = 1 and 4 

2 Mean = 7.03 

Mode = 7 

3 a Mean = 6.33 

Mode = 8 

Median = 3 

Median = 7 

Median = 7 

b The mode as it gives the highest number of 

flowers per bush. 

Exercise 2.5.3 

29.1 
30-39 

60.9 

60-69 

1 

o
 

o
o
 

5 mins 50 secs 

b 0—4 

b
 

-5
 

¢ Student’s own comments 

Exercise 2.6.1 

  

  

  

              

    

1 a 

Distance thrown (m) | 0— |20— |40— |60— | 80—100 

Frequency 4 9 15 10 2 

Cumulative frequency | 4 13 | 28 | 38 40 

b A 
40 - 

36 - 

e B2 IR E o sy 
N ! 

e 28| s 
: 11 

§ 24 i 

R Pl 
© 16 |- C 
2 ; ¥ 

3 E e o 
8 o 
4 A 

| Ll | b 
0 20 40 60 80 100 

Distance thrown (m) 

 



  

2 

C
u
m
u
l
a
t
i
v
e
 
fr

eq
ue

nc
y 

¢ Median = 50m 

d Interquartile range = 28 m 

e Qualifying distance = 66m 

  

d 

  

  

  

  

  

  

  

      
  

  

  

  

  

  

  

  

  

          
  

      
   

    Ly 

Type A 

Mass (g) Frequency Cum. freq. 

75— 4 4 

100— 7 11 

125— 15 26 

150— 32 58 

175— 14 72 

200— 6 78 

225—250 2 80 

Type B 

Mass (g) Frequency Cum. freq. 

75— 0 0 

100— 16 16 

125— 43 59 

150— 10 69 

175— 7 76 

200— -4 80 

225—250 0 80 

b 

A Type A 

80 

70+ 

Bl b s e e e 

50+ i 

40 [ e j 

30| o 
PO s s iR N v 

10 o 
\,\ gl B | | 

0 75 100 125 150 175 200 225 250 

Mass (g) 
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A Type B 

B0 |- 

o 70f 
g_ 60 - 

£ s0f 
2 40l 
o 
E 30+ 

a 20| 
10| 

! 4 | | | [ 

0O 75 100 125 150 175 200 225 250 

Mass (g) 

¢ Median type A = 157¢ 

Median type B = 137¢ 

d i) Lower quartile type A = 140¢g 

Lower quartile type B= 127 ¢ 
ii) Upper quartile type A = 178¢ 

Upper quartile type B = 150¢g 
iii) Interquartile type range type A = 38¢g 

Interquartile type range type B = 23 ¢ 

e Student’s own report 

3 a Student’s own explanation 

b Student’s own explanation 

Exercise 2.6.2 

1 a i) 55 i) 7 iii) 5 
iv) 2.58 

b i) 78.75 ii) 16 iii) 9 

iv) 5.40 
c i) 3.85 i) 3.9 iii) 1.6 

iv) 1.05 

2 1) 2.31 ii) 6 iii) 2 
iv) 1.43 

3 1} 7153 ii) 8 iii) 1 
iv) 1.44 

4 i) 2.72 ii) 6 iii) 3 
iv) 1.69 

5 a 6.5 b 0.18 

Student assessment 1 

1 a 

d Discrete 

~ 

¢ Continuous 

f Continuous 

b Discrete 

e Continuous 

Discrete 

Continuous
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2 a 
Mark (%) Frequency Cumulative 

frequency 

31-40 21 21 

41-50 55 76 

51—-60 125 201 

61—70 74 275 

71—80 52 327 

81-90 45 372 

91-100 28 400 

b A 
400 - 

5380 = 

b b R 
= 

E’ 250 - 

@ 200|------=-renmmmenae 
T 150 
= 

£ 0 =osmmrmsracarss 
© 501 

| 

0 

Exam mark (%) 

¢ 1) Median = 60% 

ii) Lower quartile = 52% 

Upper quartile = 74% 
iii) IQR = 22% 

3 a 

T
 

R
 

D 

  

  

  

  

  

  

  

  

  

  

            

     
   
   

  

Mark (%) Frequency Cumulative 
frequency 

1-10 10 10 

11=-20 30 40 

21=-30 40 80 

31-40 50 1320 

41-50 70 200 

51-60 100 300 

61-70 240 540 

71-80 160 700 

&1-90 70 770 

91-100 30 800 

A 

800 

.. 700} 
e S B00 -~ 
= 

g 500 
Q 400----smnomennsoes | 
T 300} | 
= i 
S Bilremonronregg g | 

100 L 
o S o 

0 40 60 80 100 

Exam mark (%6) 

A grade = 72% 
Fail < 50% 

200 students failed. 

200 students achieved an A grade.
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4 a 

Time (mins) 10=t<15|15=t<20| 20=<t<25 | 25=<1t<30|30=<t<35|35=<t<40|40=<t<45 

Viotanway 3 5 7 2 1 | 1 
frequency 

Motorway 

cumulative 3 8 15 17 18 19 20 

frequency 

Ec]:untry lanes 0 0 9 10 . 0 0 
requency 

Country lanes 

cumulative 0 0 9 19 20 20 20 
frequency 

b Motorway times to get to work 

20 - 

18 | 
E - 

i
l
 

Py
 | 

| 

C
u
m
u
l
a
t
i
v
e
 
fr

eq
ue

nc
y 

o I      o N B 
O
 

I 

| 

0 5 10 15 20 25 30 35 40 45 

Time (mins) 

Country lanes times to get to work 

12} 
10 |- mmmmmmm e 

C
u
m
u
l
a
t
i
v
e
 
fr

eq
ue

nc
y 

  | | | 
0 5 10 15 20 25 

Time (mins) 

o
M
 

BB
 
O
 

I 

¢ i) Motorway median = 21mins 

ii) Motorway lower quartile = 17 mins 
Motorway upper quartile = 25 mins 

iii) Motorway IQR = 8 mins 

d Student’s explanation 

e Student’s explanation 

  
30 35 

Country lanes median = 26 mins 

Country lanes lower quartile = 23 mins 

Country lanes upper quartile = 28 mins 

Country lanes IQR = 5 mins 
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5 Box and whisker diagram A is likely to belong 

to mixed ability class + student’s explanation. 

Box and whisker diagram B is likely to belong to 

the other class + student’s explanation. 

Student assessment 2 

  

  

  

  

  

  

  

  

1 a Mean =54 Median = 5 

Mode =5 

b Mean = 754 Median = 72 

Mode = 72 

¢ Mean =138 Median = 15 

Mode =18 

d Mean = 6.1 Median = 6 

Mode = 3 

2 6lkg 

3 a 2.83 b 3 c 3 

4 a 2.4 b 2 c 3 

5 a G Mid-interval ¢ 
roup vl requency 

0—19 9.5 0 

20—39 29.5 4 

40—E59 49,5 9 

60—79 69.5 3 

80—99 a9.5 6 

100—119 109.5 4 

120—139 129.5 4           
b 75.5 

  

6 a 

  

  

  

  

  

  

            

  

  

              

Group Mid-interval Frequency 
value 

10—-19 14.5 3 

20-29 24.5 7 

30—39 34.5 9 

40—49 44.5 2 

50—59 54.5 4 

60—69 64.5 3 

70—79 74.5 2 

b 39.2 

7 3.8 

8 a 2.05 b 5 c 1.26 

Examination questions 

1 a 

X 0-20 | 2040 | 40-60 | 60-80 | 80-100 

Freq. 14 26 58 16 b 

b 50 

c 45%01‘45} 

2 ai 30 i 32 iii 28 

b 0.25x56 =14 

3 a5 . 

b i 62.5 or62.6 ii 8.86 

¢ 36.0 
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Topic 3 

Exercise 3.1.1 

1 Letter B 

2 CardE 

Exercise 3.2.1 

1 

O 
e
 

g
 

o
L
 

W 
.
 

No b Yes ¢ Yes 

No e Yes f Yes 

Yes h No i Yes 
Yes 

Teresa is a girl and Abena is a girl. (True) 

—1 < x< 8 (True) 

A pentagon has five sides and a triangle has 
4 sides. (False) 

London is in England and England is in 

Europe. (True) 

x<y<z (True) 

5 is a prime number and 4 is an even number. 

(True) 

A square is a rectangle and a triangle is a 

rectangle. (False) 

Paris is the capital of France and Ghana is 

in Asia. (False) 

37 is a prime number and 51 is a prime 

number. (False) 

Parallelograms are rectangles and trapeziums 

are rectangles. (True) 

Exercise 3.3.1 

1 
  

  

  

—
|
 

- 
| 
= 

_
'
 

  

-
 

_
'
 

  

—“
| 
4
|
 
4
l
 
4d

]w
 

e
 

B
 

  

  

  

            

  

  

  

  

  

  

  

  

                    

  

  

  

  

                

  

  

  

            

  

  

  

  

  

2 

plgq|r|-plpvg|-pvr|i(pvaga(-pvr) 

T(r|T|E| T T T 

T|r|E|®]| 72 F F 

Te|T|F| T T T 

T|F|F|F| T F F 

Elr|{TT] T T T 

Flrlr|T] T T T 

FEle|T|T]| F T F 

FlrlF|T] F T F 

Exercise 3.3.2 

1 a Neither b Contradiction ¢ Neither 

d Tautology e Tautology 

2 a Neither 

plq|-p|-g| -pr-g 

T|T| F | F F 

T|E|F|T F 

E |G| & | F F 

E|E| T | 7 T 

b Neither 

p|-p| —~(-p)| -(-p)vp 

T | F T T 

E| T F F 

¢ Neither 

g | r | —-r| gna-r 

T|T]| F F 

T|E]| T T 

FlT]|F F 

FlE| T F            
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d Neither 

Pl g | r|prg| (prag)ar 

T T T T T 

T{T|[F]| T F 

T|FE|T| F F 

FlT|T]| F F 

T|F|F| F F 

FlT|F]| F F 

FlF|T]| F F 

FlFE|E| F F 

e Neither 

plag|r|paqgq)| (pagvr 

T T 1 T I 

T T F T 1 

T|E|T]| F T 

FlT|T]| F T 

T|E|F| F F 

FlT|E| F F 

FlE|T]| F F 

FlF|F| F F               

Exercise 3.4.1 

1 a True b False ¢ True 

d True e False 

2 a I think so it follows that [ am. 

b ...does not exist. 

Exercise 3.4.2 

Note: The students may use different words but the 
sense should be the same. 

1 a If you do not have your mobile phone then 

you cannot send a text. 

If you have your phone you can send a text. 

b If you cannot travel a long way on 20 euros 
then you do not have a small car. 

If you do not have a small car then you 

cannot travel a long way on 20 euros. 

If you can speak French then you will enjoy 

France more 

If you do enjoy France more then you do speak 

French. 

If it rains then I do not play tennis. 
It it does not rain then I do play tennis. 

We stop playing golf if there is a threat of 

lightening. 

We do not stop playing golf if there is not a 

threat of lightening. 

A tennis serve is easy if you practice it. 

If you do not practice it then a tennis serve is 

hard. 

If a polygon has six sides then it is a hexagon. 

If a polygon is not a hexagon then it does not 

have six sides. 

If you are less than 160 cm tall then [ am 
taller than you. 

If you are not less than 160 cm tall then you 

are taller than me. 

It the bus was full then I was late. 

It I was not late then the bus was not full. 

It the road was greasy then the car skidded. 
If the car skidded then the road was greasy. 

Statement: If a number is an odd number 

then it is a prime number. (False) 

Converse: If a number is a prime number 

then it is an odd number. (False) 

Inverse : If a number is not an odd number 

then it is not a prime number. (False) 
Contrapositive: If a number is not a prime 

number then it is not an odd number. (False) 

Statement. If a polygon has six sides then it is 

called an octagon. (False) 

Converse. If a polygon is called an octagon 

then it has six sides. (False) 

Inverse. It a polygon does not have six sides it 

is not called an octagon. (False) 

Contrapositive. If it is not called an octagon 

then it does not have six sides. (False) 

Statement. If it is an acute-angled triangle 

then it has three acute angles. (True ) 

Converse. If it has three acute angles then it 

is called an acute-angled triangle. (True) 

Inverse. If it is not called an acute-angled 

triangle then it does not have three acute 

angles. (True)



oo
 

Contrapositive. If it does not have three acute 

angles then it is not called an acute-angled 

triangle. (True) 

Statement. If two triangles are similar then 
they are congruent. (False) 

Converse. If two triangles are congruent then 

they are similar. (True) 

Inverse. If two triangles are not similar then 
they are not congruent, (True) 

Contrapositive, If two triangles are not 

congruent then they are not similar. (False) 

Statement. If two triangles are congruent 
then they are similar. (True) 

Converse. If two triangles are similar then 

they are congruent. (False) 
Inverse. If two triangles are not congruent 

then they are not similar. (False) 

Contrapositive. If two triangles are not 

similar then they are not congruent. (True) 
Statement. If a solid is a cuboid then it has 

six faces. (True) 

Converse. If a solid has six faces then it is a 

cuboid. (True) 
Inverse. If a solid is not a cuboid then it does 

not have six faces. (True) 

Contrapositive. If a solid does not have six 
faces then it is not a cuboid. (True) 

Statement. If a solid has eight faces then it is 

called a regular octahedron. (False) 

Converse. If a solid is called a regular 
octahedron then it has eight faces. (True) 

Inverse. If a solid does not have eight faces 

then it is not called a regular octahedron. 

(True) 
Contrapositive. If a solid is not called a regular 

octahedron then it does not have eight faces. 

(False) 
Statement. If a number is a prime number 

then it is an even number. (False) 

Converse. If a number is even then it is a 

prime number. (False) 
Inverse. If a number is not a prime number 

then it is not even. (False) 

Contrapositive. If a number is not even then 

it is not prime. (False) 

Exercise 3.5.1 

1 a i) Continents of the world 
i1) Student’s own answers 

2 a 

f 

h 
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i) Even numbers 

i) Student's own answers 

i) Days of the week 

i) Student's own answers 

i) Months with 31 days 
ii1) Student’s own answers 

i) Triangle numbers 

i) Student's own answers 

i) Boy's names beginning with the letter m 

i1) Student's own answers 

i) Odd numbers 

i) Student’s own answers 

i) Vowels 

ii) o, u 

i) Planets of the solar system 

i) Student’s own answers 

i) Numbers between 3 and 12 inclusive 

i) Student's own answers 

i) Numbers between —5 and 5 inclusive 

i) Student’s own answers 

1 c 7 d 7 
Unquantifiably finite, though theoretically 

infinite 

5 i 9 

Exercise 3.5.2 

1 a 

b 

Q=1{,4,6,8, 10, 12, 14, 16, 18, 20, 22, 24, 
26, 18} 
R={1,3,5,1.9, 11,13, 15, 1{,19, 21,23, 25, 
21, 19 
§=12,3,5,7,11, 13,17, 19, 23,29} 

d T=1{l,4,09,16, 25} 

e U={l,3,6, 10, 15, 21, 28} 

2 a B =155, 60, 65} 

b C = {51, 54, 57, 60, 63, 66, 69} 

¢ D = {64} 

3 a {p,q t}{p, ab ip, th {q, o}, {p} tah {ch { } 
b {p, gk ip, t} {q, r}, {p}, {a}, 1} 

4 a True b True ¢ True 

d False e False f True 

g True h False 

Exercise 3.5.3 

1 a True b True ¢ False 

d False e False f True
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ANB={4,6 b ANB-=1{4,9) 

A N B = {yellow, green} 

AUB=1{223,46,8,09, 10, 13, 18} 

AUB=1{1,45267128,9, 16} 

A U B = {red, orange, blue, indigo, violet, 

yellow, green, purple, pink} 

U={a,b,pqrs,t} 
A’ ={a, b} 

U=1{L23,4,56,7,8} 
A" =1{1,4,6,8] 
ANB=1{Z3] 
AUB=1L1345,7,8 
(AN B) ={1,4,5,6,7, 8} 
ANB' =T 

i} A = {even numbers from 2 to 14} 

ii) B = {multiples of 3 from 3 to 15} 
iii) C = {multiples of 4 from 4 to 20} 

i) ANB=1{6,12} 

i) ANC=1{4,8, 12} 
iii) B N C.={12} 

iv) ANBNC = {12} 

v) AUB=1{2,3,4,6,8,9 10,12, 14, 15} 

vi) CUB=1{3,4,6,8,9, 12, 15, 16, 20} 

4, 5} 
v AUB=1{l,2,3456,71,8,9} 

vi) (AN B) =1L, 2,3,6,7, 8,9} 

) W=1{1,2,4,56,1,9, 10} 
ii) X=1{2,3,6,1, 8,9} 

i) Z' = {1, 4, 5, 6, 7, 8, 10} 

iv) WNZ={2,9) 

v) WnNnX=1{2617,09} 

vi)YNZ={}or® 

st 

A 

  

b i) AN B = {Eeypt} 

ii) A U B = {Libya, Morocco, Chad, Egypt, 

Iran, Iraq, Turkey} 

10 a P I I 

bi) PNQ={11,13,17} 
ii) PUQ =1{2,3,5,7,11, 13, 15, 17, 19} 

6 

8 

10 

2 

’
 5 

3 . 

Exercise 3.5.4 

1 ab b 14 c 13 

2 45 

3 a l0 b 50



4 a P & 

B 

b 100 ¢ 15 

e 15 

5 a 16 b 10 

6 a 45 b 65 

Exercise 3.5.5 

1 U 

@ 

P 

P 

& 

  

  

  

& 
( 
O 

  

  

    

  

U       

d 13 

¢ 56 

brgq 

pvag 

p=U 
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5 0 u —q 

6 p » q=p 

“|p Q 4 p= —q 

8 I's . brq       

Exercise 3.6.1 

¥ AR EEEEL CEHE, CELH, FHEEL HELEL HL, 

['TT} 8 events 

2 {(1, 1)(1, 2)(1, 3)(L, 4)(1, 5)(1, 6) 
(2, 1)(2, 2)(2, 3)(2, 4)(2, 5)(2, 6) 
(3, D(3, 2)(3, 3)(3, 4)(3, 5)(3, 6) 
(4, 1)(4, 2)(4, 3)(4, 4)(4, 5)(4, 6) 
(5, 1)(5, 2)(5, 3)(5, 4)(5, 5)(5, 6) 
(6, 1)(6, 2)(6, 3)(6, 4)(6, 5)(6, 6)} 36 events 

3 {(H, D)(H, 2)(H, 3)(H, 4)(H, 5)(H, 6) 
(T, DT, 2)(T, 3)(T, 4)(T, 5)(T, 6)} 12 events 

4 {(M MM F)(F M)(F F)} 4 events 

5 {(M M)(F F)} 2 events 

6 a Pass or fail 

b {(P P)(P F)(F P)(F F)} 

7 a Win or lose 

b {(2,0)(Z, 1)(1, 2)(0, 2)} 

8 a Win or lose 

b {(3,0)(3, 1)(3, 2)(Z, 3)(1, 3)(0, 3)}
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Exercise 3.6.2 

  

  

  

  

                

1 1 1 
1 a 5 b 5 C 3 

d 2 e 0 f 1 

o 1 . O 
2 a i) = 11)§ b Total =1 

1 1 
3 d fi b E C 1 

0 

5 3 
4 d E b E 

1 5 21 
5 d fi b E C E 

d ;—5 e Student's own answer 

1 

6 3 

i 1 I 
7 a 1) 10 11} E 

. 1 s i 
b 1) 3 ii) 5 

1 18 18 
8 a 37 b 37 ¢ 37 

1 21 12 

d 37 e 37 t 37 
17 11 

5 37 h 37 

0 a RCA RAC CRA CAR ARC ACR 
a1 ] 1 5 1 

b i) Z 11}; ii1) 2 iv) o 

1 1 1 1 
10 a 1 b T C 13 d 36 

3 1 5 4 

e 3 fs5 g5 h 75 

Exercise 3.7.1 

1 a Dice 1 

] 2 3 4 

1 1,112,113,114,1 
i~ 

= Z 1,2 12.213.21|4.2 = 

3 1,312,313,314,3 

4 1,412,413,4|14,4 

1 1 9 

1,6 

1,5 

1, 4 

Dice 2 

13 

1.2 

1, 1 

2,6 

2,5 

2,4 

2,3 

2,2 

2, 1 

3,6 

3,5 

3,4 

L 

3,2 

3, 1 

4,6 

4,5 

4, 4 

4,3 

4,2 

4,1   
aa
 

I
 

=
 
=
 

o
]
 
=
 

72 =
 

=
 

Exercise 3.7.2 

1 a 

e 

P
 

=
k
 

(8
] 

ha
 

  

—
h
 

(%
] 

k
i
 

  

W 
B 

ke
 

_ 
N
 

= 
N
 

= 
R
 

= 
D
N
 

= 
0
N
 
=
N
 

= 
A
N
N
N
N
N
N
N
N
N
 

  L2
 

AN
 
N
 

N
 

Y 

W
 

M
 

= 
W
M
 

111 

112 

113 

121 

122 

123 

131 

132 

133 

211 

212 

213 

221 

222 

223 

231 

232 

233 

311 

312 

313 

321 

322 

323 

331 

—_
—f
 i

 
s
 

=
 

::
a:
-l
n—
a 

: 
::
:c
-l
"'
* 

5 6 

5 5 

5, 4 

5, 3 

5,2 

5, 1 

  

6, 6 

6,5 

6, 4 

6, 3 

6, 2 

6, 1
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X 1 i, 3 e 4 a G GG 
bi = i) T iii) 3 G<w oW 

1 5 s 1 B GB 
iv) 5 v) & vi) 3 & oo 

G WG 
Za E<Et BBBB W Ww 

5 < G BBBG Y S e 
B BBGB O WO 

. G<_G BBGG & BG 
B BGBB W BW B G<E<G BGBG < B BB 
B BGGB O BO 

G<G BGGG E gfir 

B GBBB O 
2 E<G GBBG g gg 

G<Et GBGB 

G G GBGG 1 1 o 1 
E<Et GGBB b i) ¢ i) 3 iii) 5 

G < G RGRE Exercise 3.7.3 
& <EI GGGB 

G GGGG 1 a 

1 i) P Roll 1 Roll 2 QOutcomes Probability 
bi) i) 5 iii) 1z . | 

. x & i B “<5'1 Six, Six ixi=% 
e 

& 

TR S~ Notsk Six,Notsix  ixi=& 

%4 W www " % _gx  Notsix,Six  §xi=# 
W L WwL : Natsm< | | | 

D WWD i Not six Mot six, Notsix Ixi=2 

/ W WLW o 1 e il sy B 
W L = L  WLL b i) z i) 77 111}E 

2 oD iv) 125 y L 
W WDW ¥) 716 V) 316 

D < L WDL o 
D  WDD ¢ They add up to 1, because either iv or v. 

W LwWw ¥ g X pb 24 & 
w< L LwL 2 125 125 

D LWD 3 a 
W LLW 

L L < t Tl 
D LLD 
W LDW 

D < L LDL 
D LDD 
W DWW 

w< L DWL 
D DWD b i) 0.275 ii) 0.123 iii) 0.444 
W DLy iv) 0.718 

D L < L DLL 
D DLD 4 0.027 
W DDW 

T D< L DoL 5 a 0.752=0.56 
D DDD b 0.75°=0.42 

g o w10 s 19 ¢ 0.7519=0.06 
b i) 27 Hjfi llflfi 

.y 8 
o 

¢ Student’s own answer
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Exercise 3.7.4 

25 
1381 

d =1
8 

b
 

= 

o 
|u
n 

El
""
“ 

  

  

  

      

4 a U 
16 20 

b 51 c §T 

i 5 
b 35 ¢ 1§ 

3 
b 15 

w5 v 20 iy 25 1 2 20 e 
b 3 b i) 155 i) 705 i) 155 

Exercise 3.7.6 

1 a No (mutually exclusive) 

  

A b 0.8 
AQO 

gi 2 a Yes 

i b i) 7 ii) < iii) = 

Bp 3 — if each month is equally likely, or =355 if OA 127 qually likely, or =557 i 

OB taken as 30 days out of 365. (Leap years 

00 excluded — though this could be an extension.) 
oP 
PA 4 a Yes 

PB b i) 0.1 ii) 0.9 iii) 0.2 
PO : B iv) 0.4 

b i) 1_15 ii) % iii) % 5 3 3?35 b 0.2 ¢ 0.875 

Exercise 3.7.5 6 0+93+ 

1 = U 7 0.66 

  

  

8 e Only 23 people are needed before the 

probability of two sharing the same birthday 

is greater than 50%.     

'-
.-
--
il
l—
L 

| 
S
 

45 
3 168 

13 
35
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Student assessment 1 

1 {odd numbers from 1 to 7} 

{odd numbers} 

{square numbers} 

loceans} 

1 b 2 c 7 

Student’s own answer 

e
 

n 
o
 

aa
 

.
 

  

A B 

      

  

  

  

      

{Dl r'l k}!' {wi r!' k}‘l {w!‘ D!‘ k}l‘ {wl D'l r}l {wi D‘I ri k} 

5 Bh= 41,35, 1] 

10 

(tre)(bre)rbo)(reb)(bbr)(brb)rbh) 

(b bb)} 

The Amazon river is not in Africa. 

p V g means either p or g or both must be true 

for the statement to be true. 

  

  

  

                  

1 b L e 
47 365 ¢ 365 

1 

d 1461 

a 
1 z 3 4 5 6 

H|TH|2H| 3H | 4H | 5H | &H 

il 1T | 2T | 3T | 4T | 5T | 6T 

v 1 s 1 iy 1 
bi) 15 ii) 1 ii1) 1 

Student assessment 2 

1 {2, 4}, {2, 6}, {2, 8}, {4, 6}, {4, 8}, {6, 8}, {2, 4, 6}, 
{2, 4, 8}, {2, 6, 8}, {4, 6, 8} 

  

   
      
    

  

    
    

lion \ elephant 

cheetah 

   anaconda 

tarantula 

mosquito 

Z 

g d & b {lion, cheetah} ¢ 

3 a   

  

      

b X = {multiples of 10} 

4 a Let the number liking only tennis be x. 
  

      

u 

T F 

4 

b 15 i 3 d 16 

5ab b 35 c 40 

d 50 e 15 f 12 

a 10 h 78 i .78 

6 pand q.
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"o a|pra]|pva 

T|T | T T 

T|F r T 

FlT r T 

F|F F F           
  

8 A statement that is always true. Student’s 

example. 

12 & 6 
932—7 bf & A 

Student assessment 3 

1 0.31 

  

2 a u 

      
  

  

      

. 16 . esey 10 
b i) =5 i) =5 iii) =5 

iv) = v) 0 

3 d U 

P c 

B 

06 «ey 00 
b 1) 55 ii) T35 

4 0.53 

5 0.88 

6 0.4 

7 a i) 0.8 i) 0.7 iii) 0.3 
b i) 0.06 ii) 0.56 iii) 0.38 

Examination questions 

1 a 17 

b 18 
c 14 

d   
A 

  

  

    

a rapa—g 

b If I visited (either) Sarah’s Snackbar or Pete’s 

Eats (then) I did not visit Alan’s Diner. 

Part A 

  

  

  

    

b 28 

c 59 

d 48 

Part B 

a pA—q 
b If it is not snowing and the roads are open 

(then) we will go skiing.
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C 5 a 

pla|r|-p|-wprg|l-prg=r 

T|T|T]|F F T i 

T|T|F|F F T i 

T|F|T| F F T | 

T|F|F|F F T i 

FlT T ]| T T T i 
I | | o > L 

FITI|IF T J F 90 100 110 120 130 140 150 160 170 

FlF|T|T F T u 

cl ElF T z 3 b i) The mean coincides with the peak of the 

distribution. 

. ii) As approximately 99.7% of the data falls 
Topic 4 ) As appr y 

within three standard deviations of the 

Exercise 4.1.1 mean, the ‘tails’ of the curve should be 

drawn to approximately 100 and 160 on the 

horizontal axis. 
1 The normal distribution curve is translated to 

the right. 

2 The normal distribution curve becomes 

shallower and more spread out. 

3 a Distribution B, as its peak is further to the 

right than that of distribution A. 

b Distribution B, as it is more spread out than 

that of distribution A. 

4 a Approximately 68% of data falls within one 

standard deviation of the mean. 

b Approximately 95% of data falls within two 

standard deviations of the mean. 

¢ Approximately 99.7% of data falls within 

three standard deviations of the mean. b 0.5 

¢ Approximately 0.68 as 68% of data falls 

within one standard deviation of the mean. 

58 kg and 72 kg are both one standard 

deviation from the mean. 

  

  

35 40 45 50 55 60 65 70 75 80 85 90 85 

d Approximately 0.025 as 51 kg is two standard 

deviations from the mean. Approximately 5% 

of data is more than two standard deviations 

from the mean, i.e less than 51 kg or greater 

than 79 kg. Therefore due to symmetry only 

about 2.5% of data is less than 51 kg.
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Exercise 4.1.2 

1 a 

15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90 95100 

b 4.74% 
c 10.6% 
d 29.8% 

2 a 0.04006 

b 0.0228 

¢ About 7 competitors 

3 a 

‘D 

    
   

16 20 256 30 35 40 45 50 55 60 65 70 75 

b 0.0304 

¢ Likely to be from brand X as 26.6% of brand 

X batteries are expected to last less than 40 

hours compared with only 0.6% of batteries 

from brand Y. 

d In theory yes, but the probability is very small 

(0.000 000 3) 

  

      

4 a 0.115 
b 0.155 
C 

| e | | 

-5 0 5u 10 15 

d Look at the left ‘tail’ of the distribution 

curve. [hree standard deviations below the 

mean gives a negative number. [t is not 

possible to have a call lasting a negative 

amount of time. 

5 a 0.00621 
b Approximately 11 177 packets will have a 

mass less than 500 ¢ 

6 a 0.202 

b 0.0912 

¢ 11 890 pumpkins 

Exercise 4.1.3 

  o= L 1 [ | | L 1 [ | | 

-5 0 5 10152025 3035404550556065 7075808590 

b 34.1 minutes 

¢ 48.3 minutes 

-
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2 a 65.6 2 a 

b 32.4 A Sunshine and rainfall correlation 
c 41.2<C=528 140 : 

x ’ 

3 1 ‘ 131'.] 

120 

110 

100 

80 
E 80 % & 

s 70 —x 
.% Efl o g 

o 
50 » 

| . .Ti B — | | 40 X 

0O 5 10 15 20 25 30 35 40 45 50 30 I 

20 
b 20.8cm 

| 

¢ 32.0cm 19 : 
T 

4 1914<L >1268.6cm 0 1 2 3 4 5 6 7 8 9 10 11 12 13 
Hours of sunshine 

5 ; 14260 b Graph shows a very weak negative 

64.1¢ correlation. Student’s answers as to whether 

Exercise 4.2.1 this is what they expected. 

1 Students’ answers may differ from those given 3 a 
below. A Adult illiteracy and infant mortality correlation 

a Possible positive correlation (strength 140 

depending on topics tested) 130 2 

b No correlation 
. : : i 120 

¢ Positive correlation (likely to be quite strong) - 

d Negative correlation (likely to be strong) = 18 

e Depends on age range investigated. 0—16 é 100 

years likely to be a positive correlation. Ages 2 90 

16+ little correlation. @ gp 4 
CL 

f Strong positive correlation E 70 

> 60 - 
E 50 : 0 o 

E 40 x 
X 

8 30 
o [t o   
                              -   

mF 
=t 

0 
Adult illiteracy rate (%) 

5 10 15 20 25 30 35 40 45 50 55 60 65 70
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b Student’s answer, however it is important to Exercise 4.2.2 

stress that although there is a correlation, it 
i . 1 ac 

doesn’t imply that one variable affects the v 

other. 51 

¢ Student’s own explanation 
  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

                  
  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

                    
                              

d Life expectancy correlation N / 
‘ Fa 

3 80 " il 
< e 20 
£ 70 s / 

% 60 = / 

£ 5o : 
E X 

o — 

S 40 € 7 
i 5 - E 1.9 B 

0 50 60 70 80 90 E 9 )({; 7 
Female life expectancy = / 

= 

4 ad ot 
Distance travelled and time 

taken correlation / 
i 1.8 / 

T 40 3 
£ 30 “ X { ¥ 
E e /;5 

— 20— S / 

10} e 17 
> / 

0 5 10 15 20 25 30 4 / 

Distance (km) 0 1.7 1.8 19 x 

b (Strong) positive correlation Height of competitor (m) 

¢ Student’s own explanation bx=178m 5=18m 
e Approximately 10km d r=0.79 

This implies a fairly good correlation, i.e. the 

taller the competitor, generally the greater 

the height jumped.
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2ac 

YA 
100   

  

    

  

  

  

  

  

  

  

  

  

  

70 

® 

(X, ¥) 
60 f/ 2 

2 // 
Rt 5 b4 

L : 
40 7 
  

  

  

  

e 

a 
  

  10 / 

/r 

0 10 20 30 40 50 60 70 80 90 x 

Mock % 

                                        
  

_ _ 0 b x=643% 75=643% Exercise 4.3.1 
d r=0099 

This implies a very strong correlation 1 a r=-0959 

between the mock % and the final % for b y=-1.468x + 92.741 

English. ¢ y = 66 minutes 

d A valid estimate as 18 hours is within the 

3 & F=RE data range collected 
This implies a strong correlation between the g ’ 

mock % and final % for Mathematics. 2 ar=0970 b y=0.866x— 24433 
b Although both show a strong correlation ¢ 1Q:95 -5 1IB:58%  IQ:155 — IB: 110% 

between mock % and final %, the results d The estimate for the IQ of 95 is valid as it 

appear to suggest that it is stronger for falls in the range of the data collected. The 

English. estimation for the IQQ of 155 is an 
extrapolation producing an IB result greater 

than 100% and is therefore invalid. 
4 a b Student’s solutions and justifications 

5 a—d Student’s own data, graph and analysis. 

e ris likely to be lower for 11-year-old students 

than for 17-year-old students as children of 

11 are at different stages of development. 

3 a r=0.973 indicates a strong positive 

correlation between the salary and the 

number of years of experience. 

b y=0.00116x — 28.552 
¢ x = $33200 — this is a valid estimate as 10 

years falls within the data range collected.
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4 a 

b 
c 

  

87 years experience — this value falls outside 

the data range collected. The result implies a 

firefighter approximately 100 years old, and is 

therefore invalid. 

r = —0.946 indicates a strong negative 

correlation, i.e. as height increases, 

temperature decreases. 

y=-0.00189x + 7.4 
Height = 41000 m — although —70°C is 
slightly outside the data range, this is 

marginal and therefore the answer is likely to 

be valid. 

Exercise 4.4.1 

¢ yt=4.040 
d 
e 

1 degree of freedom 

4.040 < 6.635, therefore the null hypothesis is 

valid. The drug does not atfect the chances of 

survival. 

H, : Being a smoker does not cause high 

blood pressure. 

H, : Being a smoker does cause high blood 

pressure. 

  

High blood 
pressure 

Normal blood 

pressure 

Total 

  

Non-smoker 96.63 33.37 130 
  

Smoker 349.37 120.63 470 
  

Total     446 154     600   
  

¢ 42 =8215 

  

  

  

            
  

1 a H;: A person’s opinion regarding the 

wearing of safety helmets is independent of 

whether they are a cyclist or not. 

H, : A person’s opinion regarding the 

wearing of safety helmets is dependent on 

whether they are a cyclist or not. 

b 

Helmet Helmet 
Total 

compulsory voluntary 

Cyclist 125 175 300 

Non-cyclist 125 175 300 

Total 250 350 600 

c ¥t =098.743 

d 1 degree of freedom 

e The table gives a critical value of 3.841. 
98.743 > 3.841, therefore the null hypothesis 

is rejected. The opinions are dependent on 

whether they are cyclists or not. 

  

  

  

  

2 a H,: Being given the drug and living for more 

than 3 months are independent events. 

H, : Being given the drug does affect the 

chance of surviving for longer than 3 months. 

b 

Alive after Nt alise 
3 iarthe after Total 

3 months 

Given drug 78.81 61.19 140 

Given placebo 73.19 56.81 130 

Total 152 118 270           
  

d 
e 

|1 degree of freedom 

8.215 > 6.635 therefore the null hypothesis is 

rejected. Smoking does cause high blood 

pressure. 

H, : Gender and holiday preference are 

independent events. 

H, : Holiday preference is affected by gender. 

  

Beach | Walking | Cruise | Sail | Ski | Total 
  

Male 68.93 | 40.17 | 3059 |26.93|43.37| 210 
  

Female 82.07 | 47.83 | 3641 32.07|51.63] 250 
    Total 151 88 67 59 95 460             
  

=
 

v =127233 

4 degrees of freedom 
12.233 > 7.779 therefore the null hypothesis is 
rejected. Holiday preference is dependent upon 

gender. 

H, : Age and musical preference are 

independent. 

H, : Musical preference is dependent on age. 

¥t = 49.077 
8 degrees of freedom 

49.077>15.507 therefore the null hypothesis 
is rejected. Musical preference is dependent 

upon age. 

 



Student assessment 1 

1 Student’s answers may differ from those given 

below. 

a Negative correlation (likely to be strong). 

Assume that motorcycles are not rare or 

vintage. 

b Factors such as social class, religion and 

income are likely to affect results therefore 

little correlation is likely. 

B has the greater mean as its peak is to the 

right of A’s. 

b B has the greater standard deviation as the 

distribution is more spread out than A. 

  

  
~ L 1 1t - | o 

250 300 350 400 450 500 550 600 650 700 750 800 850 900 950 

b 30.9% 

4 a Gloves sold and outside 
temperature correlation 

A 
  

  

  

g 
  

  

  

  

= 

W X 

% 2 
k1 

x 

    Nu
mb

er
 

of 
pa
ir
s 

of 
gl
ov
es
 

o 
3
8
8
8
 

8
3
 

              b 

o | o) 
0 5 10 15 20 25 30 

Mean outside temperature 

(°C) 

b The graph indicates a negative correlation. 

¢ Student’s own explanation 

H, : The drug has no effect on the dog’s 

condition. 

H, : The drug improves the dog’s condition. 
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b 

Improved ia"::r'::?r: Total 

Given drug 168.68 91.32 260 

Not given drug 97.32 52.68 150 

Total 266 144 410             
¢ ¥ = 2.061 

d 1 degree of freedom 

e 2.061 < 3.841 therefore the null hypothesis is 

supported, i.e. the drug does not significantly 

improve the dog’s condition. 

Student assessment 2 

1 a Likely to be fairly strongly positively 

correlated, although there will be exceptions, 

e.g. unemployed, people who borrow money, 

people who save a lot. 

b No correlation 

2 a 46.5% 

b 
q/*iE.E% I 

| 
| 
| 
| 
| 
| 
I 
| 
| 
| 
| 
| 
| 
| 
| 
1 
1 
1 
1 
1 
1 
1 
1 
]     
  

1 

2 3 4 5 6 

3 a 13.8% 

b 

     

  

| 

-1 0 1 2 3 4 5 6 

¢ Approximately 99.7% of data that is 
normally distributed falls within three 

standard deviations of the mean. Three 

standard deviations below the mean in this 

example would give —0.5 m, i.e. a negative
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length, which is not possible. This is also 

shown on the sketch where the left ‘tail’ is 

negative. Therefore the data is not truly 

normally distributed. 

y = 76241x + 3.76 x 10° 
b r=0277 
¢ There doesn't appear to be a correlation 

between a footballer’s salary and his 
popularity. This does not support the 
statement in the newspaper report. 

a H, : The opinion on whether to ban fox 
hunting is independent of whether you live 

in the city or the country. 
H, : The opinion on whether to ban fox 
hunting is dependent on whether you live in 

the city or the country. 
b ' = 1683.01 
¢ 1683.01 > 6.635 therefore the null hypothesis 

is rejected, i.e. the opinion to ban fox 

hunting is dependent on whether you live in 
the country or the city. 

Examination questions 

1 a Chosen profession is independent of gender. 
Or There is no association between gender 

and chosen profession. 
b 2 
c 36 

d p-value > 0.05 so accept H,. 

2 ace 

90 

80 

70 

60 

50 

40 

30 

20 

10 He
at

 
ou
tp
ut
 

()
 
(t
he
rm
al
 

un
it
s)
 

  
0 10 20 30 40 50 60 70 80 90 

Moisture content % (x) 

bi x=42 

i §y=64 
d —0.998 

f 72.0 (or71.950r 72) 

o Yes since 25% lies within the data set and r is 
close to —1. 

  

Part A 

a i 50 
ii 16.8 

iii 30.5cm 

iv 12.3cm 

b 0.911 (or 0.912 or 0.910) 

¢ y=0.669x—2.95 
d 33.8cm 

e i 64.0 (or 63.95 or 63.9) 
i1 It is not valid. It lies too far outside the 

values that are given, 

Part B 

a 28 

29x45 | 28 45 it b lgfl (lm X 155 ¥ 100).=12.6 

¢ i The favourite car colour is independent of 

gender, 

ii 2 

iii 5.991 (or 5.99) 

iv Accept the null hypothesis since 

1.367 < 5.991. 

Topic 5 

Revision exercise 

1 a ii) 5.66 units iii) (3, 4) 

b ii) 4.24 units iii) (4.5, 2.5) 
¢ i) 5.66 units iii) (3, 6) 
d ii) 8.94 units iii) (2, 4) 

e ii) 6.32 units iii) (3, 4) 
f ii) 6.71 units iii) (=1.5, 4) 
g ii) 8.25 units iii) (-2, 1) 

h ii) 8.94 units iii) (0, 0) 
i i) 7 units iii) (0.5, 5) 
j i) 6 units iii) (2, 3) 
k ii) 8.25 units iii) (0, 4) 

1 i) 10.82 units ii) (0, 1.5) 

2 a i) 4.25 units i) (2.5, 2.5) 

b i) 5.66 units ii) (5, 4) 
¢ 1) 8.94 units ii) (4, 2) 
d i) 8.94 units ii) (5,0) 

e i) 4.24 units ity (—1.5,45) 
f i) 4.47 units ii) (-4, -3) 
o i) 7.21 units ii) (0, 3)



Topic5 443 
  

i) 7.21 units 

i) 8.49 units 
i) 11 units 

|
—
1
F
i
.
'
-
'
—
i
.
i
-
 

p
—
n
l
-
:
l
 

Exercise 5.1.1 

1 a i)l 

b i1 

c 1) 1 

d i) 2 

e 1) 3 

f 1) 2 

g i) 4 
oy 1 

hl}f 

i 1) 0 

j 1) infinite 
i 1 

kI}I 

iy 3 
II}T 

2 ai) -1 

b i) -1 

c i) =2 

2 1 
d 1) - 

e i) =1 

f i) =2 

. 3 
g i) =5 

o 2 
hl}? 

g 1 
i 1) = 

i i) -1 

k 1) O 

1 i) —4 

Exercise 5.1.2 

1 ay=7 
c x={ 

e y=x 

g y=-x 

2avy=x+1 

c y=x-—2 

e }‘=%I+5 

i) 8.25 units 

i) 12.37 units 

i) 

ii) 

i) 

ii) 

ii) 

ii) 

ii) 

ii) 

ii) 

-2 

infinite 

s 
=
 

=
 

D
 
]
 

=
 

L
 

[
 

infinite 

5b 

y=—x+ 4 by=-x-12 

= _2x-2 d y=—3x+3 
y=—%:.~:+2 f y=—-4x+1 

1 1 
2a 1l bl gl d2 e 5 b3 

3a-1b-1c-2d-3e—-3 -4 
The gradient is equal to the coefficient of x. 

The constant being added/subtracted 

indicates where the line intersects the y-axis. 

Only the intercept c is different. 

6 The lines are parallel. 

Exercise 5.1.3 

1 a 

C 

i 

r 
o 

i 

m=32 =1 bm=3c=5 

m=lc=-2 dm=%c=4 

=-3c=6 f m=-%c=1 
m=-1c=0 hm=-1c¢c=-1 

. 

m=3 = bm=—% =2 

m=-=2c=-=3 d m=-2 c= -4 

m= s ie=6 f m=3c=2 
m=1c=-2 hm=-8c=6 

m=3c=1 

m=2c=-3 bm=%c=4 

m=2 ¢c= -4 d m=-8c=112 

m=2c=0 f m=-3c¢c=3 

m=2 c=1 hm=—%c=2 

m=2c=— 

m=2c= -4 bm=1lc=6 

m=-3 c= -1 d m=-1c=4 

m=10 c= -2 f m=-3c=53 

m=-9 ¢g=72 hm=6c=-14 

m =12 c=—% 

m=2 ==} b m=2¢c=3 

m=1c=0 dm=32c=6 
m=—lc=% t m=-4c= 

m=3 c=-12 h m=0c¢c=0 

m=—3 ¢=1
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6am=1c=0 

¢c m=-3 c=0 
2 

e m=-lc=-3 

g =—%c=0 

i m=3 c=0 

Exercise 5.1.4 

1 aiy=2x-1 

b i y=3x+1 

¢ i) y=2x4+3 

d i y=x—-4 

e i) y=4x+ 2 
f i) y=-x+4 

g i) y=—-2x+1 

h i y=-3x-1 
;g 1 
i 1) y=35x 

b B "2
 I A +
 | 

bm=—%c=—2 

d m=1c=0 

fm—%c=—4 

1 7 
hm=—3c=—g 

_ _+ . _ _8 ] mrm—som e 

ii) 2x —y—-1=0 

ii) 3x —y+1=0 

i) 2x —y+3=0 

ii) x—y—-4=0 

i) 4x —y+ 2 =0 

i) x+y—-4=0 

i) Ix+y—-2=0 

i) 3x+y+1=0 

i) x—2y=0 

i) x— Ty +26=0 

  

  

  

  

  

  

  

  

  

  

  

  

b i) y=2x+1 i) 6x—Ty+4=0 

c i) y=32x+= ii) 3x =2y + 15 =0 

d i) y=9x-13 i) 9x -y =13 =0 

e i)}l——%x+% ii) x+2y—-5=0 

fi)y=-3x+9 i) 3x+13y-70=0 

g i) y= i) y—2=0 
h i) y= -3x i) 3x+vy=0 

i i) x=6 ii) x—6=0 

Exercise 5.1.5 

1 a YA 

—4 -3-2/-10 2 B I} 

=2 
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5ax=-5y=-=-2 b x=-3y=-4 Exercise 5.3.1 
2 

c x=4y=33 d x=21y-= 1 a sin 120° b sin 100° ¢ sin 65° 

e x=14y= f x=27y=9 d sin 40° e sin 52° f sin 13° 

6ax=21y= bx=5y=10 2 a sin 145° b sin 130° ¢ sin 150° 
c x=41y= d x=4y=4 d sin 132° e sin 76° f sin53° 

7ax=1y=-1 bx=11%:e=8 3 a 19° 161° b 82°,98° ¢ 5° 175° 
c x=4y= d x=3 y=4 d 72, 108% e 13° 167° f 28° 152° 

e %= 3= te=lyg=d 4 a 70°110° b 9°171° ¢ 53° 127° 
Exercise 5.1.7 d 34° 146° e 16° 164° £ 19° 161° 

lax=2y=3 bx=1y=4 Exercise 5.3.2 

iji:flji ?Ijg}‘ji 1 a —cos 160° b —cos 95° ¢ —cos 148° 

S 2R AT 5 P d —cos 85° e —cos33° f —cos74° 

2 & x=1 g b £ =2 2 a —cos 82° b —cos 36° ¢ —cos 20° 

Cimi3 i3 d x=6y=1 d —cos 37° e —cos9° f —cos57° 
x=2 =3 I x=28§=3 

3 a cos 80° b —cos 90° ¢ cos 1Q° 

jzi:?izg gi:gi:i d cos 135° e cos 58° f cos 155° 

&yl NEh f x=3 y=0 4 a —cos 55° b —cos 73° ¢ cos 60° 

4 a x=17y=05 b x=251y=4 d cos 82 & Gtk BB f cos 70 

CI=%F=4 dx=%j=% Exercise 5.3.3 

= T 1 a 89cm b 89cm ¢ 6.0mm 

CYT7ITS >t d 8.6cm 
Rkt 2 a 332° b 1273° ¢ 71.0° 

1 a 19.2¢cm b 15.1cm ¢ 43.8cm d 44.0° 

d 31.8 6.2 f 2.1 
B B ReSR R 3 a 25.3° 154.7° 

2 a 81.1° b 63.4° ¢ 870 b 

3 a 43.6° b 195cm c 42.5° 

4 a 20.8km b 215° 

5 a 228km b 102km ¢ 103km 

d 147 km e 415km f 217° 
C B B 

6 a 6.7m b 19.6m ¢ 153m 
4 a 74.6° 105.4° 

7 a 48.2° b 41.8° ¢ 8cm 
d 89cm e 76.0cm? 

8 a 342m b 940 m 

9 6.9 km 

10 a 225.2m b 48.4° 
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Exercise 5.3.4 

1 a 4.7Tm 

d 3.1cm 

2a 125.1° 
d 37.0° 

3 a 429m 

d 33.4° 

4 370m 

5 a 669m 

6 713.9m 

Exercise 5.3.5 

1 a 70.0cm? 

d 17.0cm? 

2 a 24.6° 

d 63.2° 

3 16800m? 

4 a 39m? 

Exercise 5.4.1 

1 a 57cm 

d 2.8cm 

a 5.8cm 

a 6.4cm 

h3° 

i) 7.2cm 

i) 33.7° 

i) 8.5cm 

i) 20.6° 

o 
e
 

W
 

o
 
e
 
=
 

o
 

7 a 6.5cm 

8 a 11.7cm 

25.0cm 

12.5cm 2
 

10 ] 

—
 

e 
o
 

T 
o
 

b 

b 

b 

12.1cm 

10.7¢cm 

108.2° 
122.9° 

116.9° 

35.0m 

546 m 

70.9 mm? 

13.0cm 

222 m’ 

6.9cm 

6.2 cm 

13.6cm 

56.3° 

ii) 21.1° 
ii) 68.9° 

ii) 28.3° 
ii) 61.7° 

b 

b 

b 
e 

11.3cm 

7.6cm 

20.5cm 

22.0cm 

b Q=U=64.8°T =504° 
¢ 38.5cm? 

9.1cm 

33.6° 

24.6° 

= 473 m 

121.6cm? 

23.1cm 

54.7° 

18.9° 

61.9° 

70.7cm 

¢ 26.0cm 

T = TE) = 10em, QU =8&5cm 

Exercise 5.4.2 

1 

w
 
=
1
 

&
 

W
 

o
 

o
L
@
 

] 
.
 

RW b TQ ¢ SQ 

WU e QV f SV 

M b KN ¢ HM 

HO e JO f MO 

LTPS b £UPQ ¢ LVSW 

LRTV e £LSUR f 2VPW 

5.83cm b 31.0° 

10.2cm b 29.2° z 1.3 

6.71cm b 61.4° 

7.81cm b 11.3cm 12.4° 

14.1cm b 84%9cm 7.5cm 

69.3° 

17.0cm b 5.66cm 7.00cm 

5117 

Exercise 5.5.1 

1 

o
 

o
 

=~ 
&
 

W
 

e
 

W
 

a Volume = 27.6cm’, surface area = 60.8 cm? 

b Volume = 277.1 cm’, surface area 

= 235.3cm? 

¢ Volume = 42 cm?, surface area = 95.5 cm? 

a l6cm b 4096cm? ¢ 3217cem’ 

d 21.5% 

a 42cm? b 840cm’ ¢ 564 cm? 

6.3 cm 

2.90 m? 

a 24cm? b 2cm 

a 216cm? b 15.2cm ¢ 25.0cm? 

a 94.2cm? b 14cm ¢ 12.6cm? 

4.4cm 

Exercise 5.5.2 

1 

o
o
 

Volume = 905 cm’, surface area = 452 cm? 

Volume = 3591 cm?, surface area = 1134 cm? 

Volume = 2309.6 cm’ (1 d.p.), surface area 

= 845 cm? 

Volume = 1.4 cm? (1 d.p.), surface area 

= 6.16cm?
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2 a 5.6cm b 0.4m 

3a 1d5em b 3.09mm 

4 630cm 

5 86.7cm’ 

6 11.9cm 

7 a 4190cm’ b 8000cm’ ¢ 47.6% 

8 10.0cm 

9 A=41lcm, B=3.6cm,C=3.1cm 

10 322 

11 1:4 

12 a 157 cm? b 15.0cm ¢ 707cm? 

13 a 804.2cm? b 5.9cm 

Exercise 5.5.3 

1 a 40cm’ b 133cm’ ¢ 64cm’ 

d 70cm’ 

2 Volume = 147.1cm’, surface area = 157.4 cm? 

3 Volume = 44.0cm’, surface area = 73.3 cm? 

4 a 8cm b 384cm’ ¢ 378cm’ 

5 1121.9cm? 

6 7cm 

7 5cm 

8 a 3.6cm b 21.7cm’ ¢ 88.7cm’ 

9 6.93 cm? 

10 a 693 cm? b 137cm? ¢ 23.6cm 

Exercise 5.5.4 

1 

2 

3 

a Arc length = 6.3 cm, sector area = 25.1 cm? 

b Arc length = 2.1 cm, sector area = 15.7cm? 

¢ Arc length = 11.5 cm, sector area = 34.6cm? 

d Arc length = 23.6 cm, sector area = 58.9cm? 

a 4.19cm b 114cm? ¢ 62.8cm? 

a 56.5cm? b 264cm’ ¢ 1.34cm? 

d 166cm? 

4 69]cm 

5 a 159cm b 8.41lcm ¢ 2230cm’ 

6 a Volume = 559.2 cm?, surface area = 414.7 cm? 

b Volume = 3117.0cm’, surface area 

= 1649.3cm?’ 

7 3.88cm 

8 a 33.0cm b 5.25cm ¢ 7.31cm 
d 211 cm’? e 148cm? 

9 1131cm? 

10 a 314cm? b 12.5 

11 a 2304cm? b 603.2cm® ¢ 1700.8¢cm?’ 

12 a 8l.6cm’ b 275cm’ c 8:27 

13 a 81.8cm’ b 101 cm? 

14 a 771 m’ b 487m? 

15 3166.7cm’ 

16 a 654.5cm’® b 12.5cm ¢ 2945.2cm’ 

Student assessment 1 

1 

o
o
 

2 a 

  

  

        

  

      

  

    
  

  

    

i) 13 units i) (0, 1.5) 

i) 10 units 1) (4, 6) 

i) Sunits  11) (O, 4.5) 

i) 26 units 1i1) (=5, 2) 

bed 

YA 

==\ 17 
N | =%+ 

\L =1 
= a 

= y=3 

—5—4—3—2—1u\- 2 5 4 x 

x=—2 =g                        
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J3aiim=1lec=1 ¢c i) m=2c=4% 

ii) vk ii) i 

9 9 

8 8 

7 7 

6 6 

  

  

  

  

  

  

L
N
 

@ 
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P~
 

  

=
k
 

M
 

  

  

  

| 
ri
 | = I ) I 

-
l
 

E
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n
 | = | 
L
 ) | 

| 
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O
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P
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  th
 

o 
=~
 

® 
© 
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e
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-
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N
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= 

- II( 1 
—5—-4-3-42-10 ? 3 4 x / 

— 5 14 13 —-2 110 2 

—5 \ =1 

3 / 2 
—4 / = 

=7 

4 ay=3x—-4 by=-2x+17 

c y=2x—-5 d y=—-4x+3



Topic5 453 
  

  

5ax=2+y=2 

b x=1~y=-1 

c x=-2 y=4 

d x=-2 y=0 

Student assessment 2 

1 a 40cm b 

d 39cm 

2z & F° b 

d 34° 

3 a 50cm b 

d 28.5cm 

Student assessment 3 

1 a 160.8km b 

2 a tEu:149=E b 
X 

b 7.5 

& e T & 

3 a 285m b 

4 a 1.96km b 

5 a 4003 m b 

6 Student’s graph 

7 a sin130° b 

d —cos60° 

8 134° 

Student assessment 4 

1 a 11.7cm b 

2 a 10.8cm b 

d 49° 

3 Student's graph 

4 a —cosb52® b 

5 a 9.8cm b 

6 a 67/84m b 

Student assessment 5 

1 a 158.0m b 

d 278 m? 

43 9cm ¢ 208cm 

56° ¢ JiT 

6.6cm ¢ 93cm 

177.5km 

7.5 

e T 
32m e 8.88° 

1177 c 297° 

3.42km ¢ 3.57km 

2.35° 

sin 30° ¢ —cosl135° 

12.3cm ¢ 29° 

11.9cm ¢ 30° 

cos 100° 

30° ¢ 19.6cm 

1.1.6° ¢ 718.0m 

27° ¢ 288m 

  

  

  

  

  

  

          

2 a l2.7cm b 67° ¢ 93.4cm? 

d 14.7cm 

3 a 38% 312° b 106°, 254° 

4 a 4 

| //_’ 
9 18 ! o 60° 

_‘I— 

b 8 = 45°, 225° 

5 a 58cm b 6.7cm ¢ {.Bcm 

d 47° e 19cm? f 3" 

6 a 31.2cm b 25.6cm ¢ 32.6cm 

d 14.6cm e 27.6cm 

Student assessment 6 

1 a 5309cm? b 1150.3cm? 

2 a 1210.7cm? b 2897.9cm’ 

3 a 229cm b 229.2cm? ¢ 985.1cm? 

d 1833.5¢cm? 

4 a 904.8cm’ b 12.0cm ¢ 13.4cm 

d 958.2cm? 

5 a 10.0cm b 82.1cm? ¢ 71.8cm? 

d 30.8cm? e 41.1cm? 

Examination questions 

1 
Condition Line 

m=>0andc>0 L 

m<0andc>0 Ly 

m<0andc<0 L, 

m=0andc<0 Ly 

2 a 60° 

b 97.4 cm? 

c 974 x120=11700cm’ 

3allm 

b 12.5m 

c 16.3°
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4 Part A 6 a 

I
 

a S5cm 
  

b 9.43cm 

c 58.0°   

  

Part B 

o
 

oy
 

®
 

o
 

II
§ 

bt
 

  

a (20m 
  

b 72300 m? 
  

c 88.3° 
  wt

h 
ek
 

ok
 

e
k
l
 

e 

Topic 6   

  

Exercise 6.1.1 
  

1 a,bandc 
  M

 
=
 

g
 

@
 

O
 

N
 

2 a domain: —1<x<3 range: =3 <f(x) <5 
  

P = & A5
 

domain: —4 <x<0 range: —10<f(x) <2 2 Y 

  

o
 

domain: =3 <x<3 range: 2 <f(x) <11 
  

domain: y > 3 range: 0 < g(y) <3 
  

domain: t € R range: h(t) € R                         =
T
 

o
L
 

o
M
 

® 
& 

&         domain: y € R range: f(y) = 4 
g domain:n € R range: f(n) £ 2 bx=3 

Exercise 6.2.1 Exercise 6.3.1 

  

1 a 2.375 b 0.5 ¢ 0.125 1 a 
x | -4 -3|-2]| -1 0 1 d -4 
  

10| 4 b |1-2|-2]0               -1 b -6 ¢ —35 Y         

o
L
 

—-16 

-4 b -0.25 © 5 
2.75 

275 b 0.25 ¢ =35 
0.5 

flx) =50 + 100x 
€300 

- P
 

k
i
 

#
l
'
—
 

N 
& 

& 
0 

@O 
B 

& 

[
 

  

o
L
 

[
y
 

  

  

i
k
 

  o
L
 

  

  

o
 

  

  

I on
 I =~
 I (%)
 I I 

=
=
l
 

o P P e 

  

                      o   

b x= —%, (=0.5, — 2.25), minimum
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Y A 
¥ A 2 
6 

S 
o o e sty B l'" ot 5 14 37{7‘3\ 3 8 x 

\ \ 
—4 

4 13 2 A10[ 1 :!\4 5 6x / 8 \ 
L] 

= 8 L3 \ / \ 
i \ _10 

/ 6 \ 12 
E 14 

£ \ & 
45 \ b x= -1, (=1, 0), maximum 

=14 5 a 

b x =1, (l,4), maximum x|-4|-3|-2]|-1l0o|l1]|2|3|a]|5]6 

dal Talol1 2345 y|lo|o|-7]|-12|-15|-16|-15|-12| -7 | 0 | 9                               

y | 9 4 1 0 1 4 | S                   Y
 -
 

  

  

—
&
 

el
 

o 
< 

n
fl
"
 

B
 

O
 

m
 

H
 

  

  

  

  

  

o
 

  

  

  

  

  

" 

=~ 

'
-
-
-
-
-
 

| 
&n
 | 

I
 

o
 o 

| ! 

=
 

o
 

W
O
 

      o
 

| © e
 

  

  

  

    1     

                            

=
 

My
 

o
 

|
 

[
 
— 

18 
r 

        b x=1, (1, =16), minimum               el 1 |
 

_
m
 =X
 

!fi61l!‘ 

b x=2,(2,0), minimum 
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6 a   

  

                  

= =
 

—
 

"
 

N
 

h
 

B
 

@
 

OO
 

-
"
"
'
-
.
 

  

  

  

  

  

  

| s ]
 l o | [
 ]

 

P
 =
 . 

  

                  @
 

B
 

  

b x= %, (0.5, —3.5), minimum 

i a   
Xx |-3|-3|-1]|0 1 
  

y |-15] -4 | 3 B 5                     

  

  

  

  

  

  

—
 

| 

  

  

‘
.
.
fi
.
.
 

L 
@0 

n
 

@O
 

                    L o
 

  

b x =7, (0.25, 6.125), maximum 

  

8 a 

  

                

  

k.
 

et
k 

R
 

I
 

  

  

-
—
-
=
.
_
_
 

oA 

  

  

] 

E 
D 

O 
O 

  

i
l
 

] 

'
-
-
-
 

  

  

& | Mo
 

k
‘
fl
L
-
.
{
‘
 

o
 

  

| 

[
 —
 

    
            o

 
o
       

b x= %, (0.5, —6.75), minimum 

  

9 a 
3 

  

          11       

—
t
 

  

s 

Do
 

M 

  

    
  

-
I
h
-
i
:
fl
fl
 

-
-
-
_
-
 

  

      
  

| na
 | 

E-
‘-
r"
"l
""
' 

b
y
 

    N1/ m
 

          ._3\(       

b §
 

b x =, (0.875, ~7.0625), minimum 
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10 a 

  

-25                   

  

  

  

  

  

  

  

  

  

  

b
 

- 

HE s
 

  

  

          
                  

b x =1, (0.5, 0), maximum 

Exercise 6.3.2 

1 —2and3 

—1 and 1 

3 

No solution (graph does not cross x-axis) 

2 

0.5and 3 

1 

~%and 2 

Exercise 6.3.3 

1 —l.6and 2.6 

e
 

=
1
 

O
 

W
 

B
 

W
 

e 

No solution 2 

3 2and 4 

4 —1land0 

5 0.3 and 3.7 

6 Oand 3.5 

7 —0.2and 2.2 

8 —_:_l and 2 

Exercise 6.3.4 

1 a 

6 

(x + 4)(x + 3) 
(x + 12)(x + 1) 

e (x —6)(x—2) 

(x + 5)(x + 1) 
(x + 3)? 

e (x+ 11)% 

(x + 12)(x + 2) 

(x — 6)(x — 4) 
e (x+ 18)(x + 2) 

(x + 5)(x — 3) 
¢ (x+4)(x—3) 

L1
 

a 

c 

e 

“ 
i 

(x + 6)(x — 2) 

(x — 4)(x + 2) 
(x + 6)(x — 5) 
(x+ T)x—-9) 

2(x + 1)? 
(2x — 3)(x + 2) 
(3x + 2)(x + 2) 
(2x + 3)? 
(3x + 1)(2x — 1) 

Exercise 6.3.5 

1 a 

C 

e 

g 
1 

d 

—4 and -3 

—5and 2 

—3 and -2 

—2 and 4 

—6 and 5 

—3and 3 

¢ —12and 12 

=
T
 

a 

C 

e 

g 
1 

—~2and 2 

—4 and -2 

—4 and 6 

-9 and 4 

0 and 8 

—1.5and -1 

—12 and 0 

—6and 6 

—4 and 3 

2 

4 

S
R
R
 

FR
OA

LD
 
M
R
 D 

F
h
O
L
T
 
R
O
 

o
o
 

S 
e 
T 

e
 

e
 

e
 

e 
e
 

g 

(x +6)(x+ 2) 
(x = 3)x—4) 
(x — 12)(x — 1) 

(x +4)(x + 1) 
(x + 5)2 

(x —6)(x —17) 

(x + 8)(x + 3) 
(x + 12)(x + 3) 

(x — 6)* 

(x —5)(x + 3) 

(x = 4)(x + 3) 

(x — 12)(x = 3) 

(x = 5)(x + 4) 
(x +6)(x —T7) 
(x + 9)(x — 6) 

(2x + 3)(x +2) 
(2x — 3)(x — 2) 

Bx = D(x + 4) 
(3x = 1)? 

—2 and -6 

—2and 5 

-3 

—4 and 5 

—6and 7 

—5and 5 
~2.5and 2.5 

—% Emd% 

2 and 4 

—6and 8 

-1 

Qand 7 

—1 and 2.5 

—9and -3 

10 and 10 

x = 6, height = 3cm, base length = 12 cm
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M
   

  

  

  

  

  

  

  

  

x 
¥ 

B
 

¥ 

                      

  

  

  

                  

  

  

=                       

    

    

    

D 
@
 

©
 

M 

  AS
 

  

8 x = 10, height = 20cm, base length = 2cm b i 

O x = 6, base = 6cm, height = 5cm x | =3 | =2 

10 1lm x 6m fix) | 1 1 

Exercise 6.3.6 T 

1 a =3.14and 4.14 b —-5.87 and 1.87 

¢ —6.14and 1.14 d No solution 

e —6.89and 1.89 f 3.38 and 5.62 

2 a -530and -1.70 b —5.92 and 5.92 

& 2.5 d No solution 

e —4.77 and 3.77 f —-2.83and 2.83 e s 

3 a -0.73and 2.73 b -1.87 and 5.87 

¢ —1.79and 2.79 d —3.83 and 1.83 

e 0.38 and 2.62 f 0.39 and 7.61 

4 a —0.85and 2.35 b —1.40 and 0.90 312410 

¢ 0.14 and 1.46 d -2 and -0.5 

e —0.3%9and 1.72 f —1.54 and 1.39 

Exercise 6.4.1 e 

1 a i X -3 -2 

x | 3] -21-11]o0 1 2 | 3 f(x) [3.125] 3.25 

fx) |00a|011|033] 1 | 3 | 9 | 27 il 

il Vi 1 
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8 9% 

  

  

  

  

  

  

  

  

  

  

                    
  

    

d i f i 

X -3 -2 -1 0 1 3 X -3 -2 -1 0 2 3 

fix) | -2.875 | -1.75|-05] 1 3 11 fix) | -8.96| -3.89 | -0.67 | 1 5 | 18 

i A f yA 

10 /} 

: / B 
‘7 5 
5/ 6 

il o 12314 3 3 '_/‘/ 

ol a2 A0 1 2 3 4% 

/L 
e 1 / I 

x | =3[ -2]-<1] 0|1 3 b 

fln). 3125225 £5 | 1 2 2 a fcm b Ocm ¢ 5 hours 

i1 VA e Approximately 5% hours 

5 3@ x=125 b x= —% 

I 4 x=4.3 

4 l Exercise 6.4.2 

3 I 1 Translation S 

\s\ i I 2 Stretch parallel to y-axis of scale factor k. 

- 3 Changes the slope of the curve, 

4 Reflection in the y-axis. 

Exercise 6.4.3 

ladzgJdo 190 { 2 3 4 X 1 16777216 

2 240000 years 

3 4900 million 

4 0.098¢ 

58 

6 a 358000km? 
b 7 years 

7 20
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Exercise 6.5.1 

1 The graph is stretched by a scale factor ‘a’ 

parallel to the y-axis. 
—-b 

2 The graph is translated ( " ) 

Exercise 6.5.2 

1 a i) Vertical asymptote: x = —1 

Horizontal asymptote: y = 0 

ii) Graph intercepts y-axis at (0, 1) 

  

  

  

      
  

  

  

iii) YA 

1 

e —— 

-8 - —2 0 2 4 E EI 
o 

e | 
                        

b i) Vertical asymptote: x = =3 

Horizontal asymptote: y = 0 

ii) Graph intercepts y-axis at (0, %) 

iii) Y 
  

  

  N
 
W
 

  
  

=
k
 

  

| | 
+=
 I M
 

-
 

o
 

h
J
 

  

  —2 

L 
L 

¢ i) Vertical asymptote: x = 4 

                      

Horizontal asymptote: y = 0 

ii) Graph intercepts y-axis at (U_., —%) 

iii) 
  

  

  
  

  

  

  

0 12 
  

  

                        b 
A
-
l
 

= 
b 

J
é
a
:
a
 

l
l
'
-
J
-
(
.
-
J
-
F
;
E
 

=
 

o
 0 

d i) Vertical asymptote: x = 3 

Horizontal asymptote: y = 0 

ii) Graph intercepts y-axis at (U, %) 

iii) YA 
  

  

    
  

k-
* 

N 
oW
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| = | P 
_
L
G
 

r -
 ] - 

  

M
 

  

                    ol 1 

2 a i) Vertical asymptote: x = 0 

  

Horizontal asymptote: y = 2 

ii) Graph intercepts x-axis at (—%, D) 

iii) YA 
  

    

. 

  

  

Mo
 I   

  

  

  

Y       

                   



b 1) Vertical asymptote: x = 0 

Horizontal asymptote: y = =3 

ii) Graph intercepts x-axis at (%, D) 

iii) FR 

—B—a—a—zfll 2 4 6 8 

\ 

Bfi 

1 
¢ i) Vertical asymptote: x = 1 

  

  

¥
 

  

  

  

  

  

                    
  

Horizontal asymptote: y = 4 

ii) Graph intercepts x-axis at (%, Ii:!) and 

y-axis at (0, 3) 

iii) YA 

  

  a3
 

  

  

  

  

  

Mo
 

  

                        8 4 20[[2 4 6 ?"} 
  

d 1) Vertical asymptote: x = —4 

Horizontal asymptote: y = —1 

ii) Graph intercepts x-axis at (=3, 0) and 
: 3 

y-axis at (0, _T) 

ii) 
YA 

  

  P
 

    
  

  

  

  

-12-10 -8 -B —4\-2.__9___?_4"5 
T P 

\ 
1.                     

  

3 a i) Vertical asymptote: x = i 
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2 

Horizontal asymptote: y = 0 

ii) Graph intercepts y-axis at (0, 1) 

iii) 7\ 
  

  

  

  -   
  

  

  

                    
  

b i) Vertical asymptote: x = % 

Horizontal asymptote: y = 1 

ii) Graph intercepts axes at (0,0) 

iii) 

  

  

  
  

    
  

  

  

                      
  

YA 
£ 

3 
2 ) 

-8 -6 —4-2flh > 4 6 8 X 
1 

-2 
_3 

—f 

¢ i) Vertical asymptote: x = % 

Horizontal asymptote: y = 0 

ii) Graph intercepts y-axis at (0, —2) 

iii) Yk 
  

  

    
  

  

  

o b     | oo
 | | 

:
?
_
2
}
;
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=
 

M
 

W
 

5
 

  

                  
  f

p
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¢ i) Vertical asymptotes: x = 0 and 5 i : 1 
d i) Vertical asymptote: x = 3 Horizontal asymptote: y = 1 

Horizontal asymptote: y = 2 ii) Graph intercepts x-axis at (—5 ilm, D) 
ii) Graph intercepts x-axis at (-%, U) and the 

  

  

  

  

  

  

  

    
  

  

  

  

  

                        

  

                        

iii) 
y-axis at (0, 3) ‘f 

o 

i) y | 

8 l 
3 P _ —— 

5, r ,.. 
St | -6 4 20f 2 4]16 8 10X 
1 

i~ 
}.. Tl 

8 6 4 20| 2 4 6 8 X 
5 

- d i) Vertical asymptote: x = —2 

Horizontal asymptote: y = —3 

ii) Graph intercepts the x-axis at (—E + EO) 

Exercise 6.5.3 and the y-axis at (D, —2%) 
1 a i) Vertical asymptotes: x = 1 and 2 

  

  

  

  

      
  

  

        

                      
  

  

  

  

  

iii) YA 
Horizontal asymptote: y = 0 5 

ii) Graph intercepts y-axis at (D, %) 

1i1) Yi - 
3 -108 6 -4 40| 2 4 6 X 

6 \ 

E A 

2 _-I;/ D \‘-_,_.-‘ 6 X . ; - 
3 : 2 2 a i) Vertical asymptotes: x = —4 and 1 

| Horizontal asymptote: y = 0 

: ii) Graph intercepts the y-axis at (O, —%) 
_a &+ # 

iii) 
—4 ¥                         

b i) Vertical asymptotes: x = —3 and 4 

Horizontal asymptote: y = 0 

ii) Graph intercepts y-axis at (0, —11_3) 

i) v 
£   

  

  

  

Mo
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b 1) Vertical asymptotes: x = —5 and 2 Exercise 6.5.4 

Horizontal asymptote: y = 0 

  

  

  

  

  

  

      

    

  

  

    
  

  

                        
  

                    
  

1 a i) 
ii) Graph intercepts the y-axis at (U, —%) 13‘ 

iii) YA 8 V 

==-'J 

OB FA Ry 4 67 B b —a{'fé‘fl > 4 6 8 x 

2 4 

¢ 1) Vertical asymptote: x = —1 [ 10 

Horizontal asymptote: y = 3 ii) Graph intercepts the y-axis at (0, 6) 
ii) Graph intercepts the y-axis at (0, 4) i) (x+3)x+2)(x+1) 

iii) 
2 b i) o}   

  

  

  

  
  

  

          

  

  

  

3 

1€ 

E —_—_—— e 

10 8 b 14 20| 2 X 4 T8 

  

  I oo
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d 1) Vertical asymptotes: x = —% and 4 

Horizontal asymptote: y = —1 10 

i1) Graph intercepts the x-axis at (T £ V89 U) s P P : 4 ii) Graph intercepts the y-axis at (0, 3) 

and the y-axis at (0, -3 iii) (x+0.88)(x — 1.35)(x — 2.53) 
iii) YA 

4 20 

. Ay 
5 4 2O 2 6 & 10X X fi 
L 

[a] = - 
nr -B—E—d—Efl\:!ffiBI 

[                     
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ii) Graph intercepts the y-axis at (0, Q) 

i) x(x+3)(x—4) 

d i) g o
 

  

—
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O
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ii) Graph intercepts the y-axis at (0, Q) 

iii) x(x+2)(x— 2) 

2 a i -
 

  b
 

3
 

@
 

O
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_
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 3 
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| o
 | I
 | =
 

I
M
 

t'
n 

él-'.
‘lI 

-l!
h- 

D 
O
 

. &
 

£
 S 

                    -
 
D
 

  

ii) Graph intercepts the y-axis at (0, 2) 

i) (x+2)(x— 1)(x—=1) 

b i) o
 

  

ax
th
 

2 
O
 

O
 

O
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| 04
 | o | = I I
 o P Lo & e 
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d 

ii) Graph intercepts the y-axis at (0, 0) 

iii) x(x — 2)(x—2) 

i) 

-
 

  

  

=
k
 

—
b
 

th
 

o 
th

w 

  

  

o &
 o 
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D 
o 
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e 
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ii) Graph intercepts the y-axis at (0, 0) 

iii) —x%(x+ 1)(x—3) 

  

  

i) e 
\ . 

B —E\—d —» 0 /Q 6 8 X 
  

A \ 
\\M \ 

ii) Graph intercepts the y-axis at (0, —40) 

i) —(x+5)(x—2)(x—4) 

    
                    

Exercise 6.6.1 

1 a 

b 

L 

d 

m 
=
 

D 
0 

O
 

x =4 and -5 

X = —3ancl% 

1 1 
X = —TandT 

X = —%and? 

x=1 and% 

x=-=2,1and 4 

x=0.2and 4.9 

x=-=16and 1.0 

x=-0.5,07and 5.9 

x=-=08and 1.3 

x=04and 2.2 

x = 17.6° and 162.4°%; 0° < x < 360°
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Student assessment 1 

1 b is not a function as each input value should 

only produce one output value. 

2 a domain: =3 = x =<1 range: —=11 =f(x) = 1 

b domain: x € R range: g(x) = 0 

3 3={flq) =127 

4 a5 b s B s 
2 

5a (=3,4) b (3,5) c (0,4) 

6 a 
YA 

220 

7 200 , 
180 ,/ 
160 # 

140 Z 

120 // 

100 

80 /, 

60— 7 

40 ’,f 

20 

  

  

  

  

  

  

  

  

  

  

                        
  

= 
0 20 40 60 80 100 X 

b i) = 50°F ii) = 104 °F iii) = 176°F 

7 a R(n)=12n 

b 

<A 
30000 
25000 7¢£;=._ — 

20000 o 
15000 

10000 ,-""f 

5000 |~ 
L~ > 
0 5000 10000 15000 20000 25000 30000 N 

¢ 20000 copies 

d = 2.4 million euros (Exact €2 415000) 

  

    

  
  

  

  

                                

Student assessment 2 

  

  

                  
  

o
 

=~
1 
O
 W
 

  

  

  

  

  

  

                    

o 
. // 

B 2 410 1 ;e 3 4 X 

¢ Range: —=11.25 <f(x) <9 

a f(x) =(x = 3)(x - 6) 
b h(y) =Gy - 2)y + 1) 
¢ flx) =(x—5)x+2) 
d hi(x) = (2x — 1)(x + 4) 

a x=—4and -2 b x=1and5 

c x= =5 d x= lam:l% 

a x =0.191 and 1.31 

b x=2.62and -0.228 

€8244.13 

211.8x 

22 years 

17m
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Student assessment 3 

  

  

                  
  

  

  

  

  

  

  

  

  

  

  

  

                            
  

  

  

                      
  

  

  

  

  

  

  

  

  

          
              
  

1 a 

X -3 -2 -1 0 1 2 3 

fix) |-1.875|-1.75|-1.5| -1 0 2 6 

é’l 

7 

6 

5 / 
4 / 
3 / 

2 

2 ,.- 

-3 -2 ~1 0 2 o X 
- 

i 

=2 

c y=-2 

2 a 

t|10|1]12]3 4 5 6 7 8 

h|81(41]2.1]1.1) 06 |0.35(0.225]0.163]0.131 

h g.l 

8 

I\ 6 

ol A 
LN 

3 TN 
1 ‘-...___________ 

. 2 5 6 ? '|EII :F Af ) EF ] t 

¢ Whent=0,h=81m 

d y=0.1 

e There is always 10cm (0.1 m) of grain left in 

the container. 

3 a Vertical asymptote x = 3 
Horizontal asymptote y = 1 

b (0,3)and (1,0) 
C 

P
 

  

4 
I 

  

  

  

N
 

=
 

3
 

O
 
O
 

  

  
  

  

  

  

  X 
  

            > & N
 

o 

    

¥
 

              
  

4 a Vertical asymptote x = 2 

Horizontal asymptote y = —1 

b 02 nd (3.0 
  

  

  

[ 
s s Y

 

  

=
k
 

!\\4 

  

  

  

  

M
 

  

    
5 a 

C 

                          
  

Vertical asymptotes x = —1 and 5 

Horizontal asymptote y = 0 

o (0.4 

2 
o 

I\ 
] 
  

“ 

  

—
k
 

  

  

] 
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6 a Vertical asymptotes x = 2 and 3 

Horizontal asymptote y = 2 
Topic 7 

  

  
  

  

  

  

  

                      

  

  

  

  

b (D El) Exercise 7.1.1 
A 

- 1 a4 b 6 c -2 

3 d 2x 
& 2 a4 b 8 ¢ -8 

4 / d 4.‘.'4: 

— 3al b 2 c 3 

5 5 > d x 

2 Exercise 7.1.2 

e dy _ dy _ v jl L a <2=32 b =2 = 6x 

-8 c%=lx+2 d%=2x 
Examinati ti amination questions . %=3 ¢ %=4:-:—1 

1 a =<f(x) <486 

b 4 2 Function f(x) | Gradient function f'(x) 

2 a <5 X2 2x 

b b=1,¢c=30 2 4x 

3 a1 1},{2 o 

YA XX 2x + 1 

6 X3 3x? 

2 ¥=5 2’ BXx 

s b X2+ 2x 2x + 2 

a3l xt -2 2X 

3x — 3 3 

2 
2x2 — x + 1 Ay — 1 

1+ 

» 3 If then f(x) = ax" th&fl% = anx™ 1, 
X 

Exercise 7.1.3 
i (0, 2) 

b see graph 1 a 4% b 5xt c b6x 
C Zero d 15:&'2 c 11‘?&:&"2 f 56_‘#:6 

4 a 025 2 a « b ¢ 2x 

b 2 d 2. e 2 f 
c y=1.25 
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Exercise 7.2.1 

1 a 154 b 14x c 24x 

d %::r: e 4x° ¢ %fi 

g 0 h 6 i 0 

2 abx+4 b 15x — 4x 
¢ 30xt - x d 18x —6x+ 1 
e 48x° — 4x f 2—x+1 

g —12+ + 8x h —30xt+12¢° -1 

i -2 + 2 

3 a lx+1 b 4 c 6x + 1 

d 2x +3 e 6x+3  f 6x2—8x 
g 2x+ 10 h 4x + 7 i 3x!—4x -3 

Exercise 7.2.2 

1 a —x? b —3x* ¢ —4x3 

d 2x’ e x4 £ a6 

A b Zx! c 3x-2 

d %I_j e %x—l f %x—i 

3 a —3xt+12 b 4x—x? 
¢ =3xl4+2x>+12 d —3x%+ 3 
e —8x 4+ 3x~* f 3 — x4 

Exercise 7.2.3 

1 a 6t+1 b 6t + 2t ¢ 15¢t -2t 
d -2t e —t f 40 + 2t~ 

2 a —3x-? b —2t2-1 ¢ -2r3 4+ 

d -25+2 e g+nt f 3332 

3 a 2x+4 b 1-12t ¢ 3t 

d 2-6r e x—x? f 34 

4 a It b 4t 

¢ ~2r3 d 32 —2 + 4¢3 

e 2t — %1: + 1 f O+ %r—fi — 4t 

Exercise 7.3.1 

1 a6 b -3 c 0 

d 0 e —zand-5 f 6 

2a — ) 

¢ -3 d -3 

5 f —36and —68 32 

3 a i) 45 ifi) 72 
iv) O 

dN _ 3 —— =10t 3¢ 

i) 85 
iv) —50 
The graph increases during the first 6—7 

days, hence number of new infections 

increases, When t = 10 the graph is at zero, 

hence number of new infections is zero. 

The rate is initially increasing, i.e. the 

gradient of the graph is increasing. After 

approximately 4 days, the rate of increase 

starts to decrease, i.e. the gradient of curve 

is less steep. After 10 seconds the gradient 

is negative, hence the rate of increase 

is negative too. 

i) 313 

i) 162 iii) 6 

i) 243 m i1) 2000 m 

dh a3 
= 60t — 3¢t 

i) 108mh- i) 225mh-! i) Omh-! 

e The steepness of the graph indicates the rate 

at which the balloon is ascending. After 20 

hours the graph has peaked therefore the rate 

of ascent is Omh-1, 

The steepest part of the graph occurs when 

t = 10 hours. Therefore this represents when 

the balloon is climbing at its fastest. 

Exercise 7.3.2 

1 a 

C 

e 

~J
 

o 

b 

C 

d 

3 a 

C 

(3, 6) b (2.5, 19.75) 
(2, 10) d {0, =1) 

(3, 15) t (-5, —14) 

(1, 43) and (-2, -8§) 

(-1, —4%) and (-3, -9) 

(2, -53) 
(1,4) and (-1, —133) 

% =4 4+ 10t b %secnnds 

3 seconds d 57Tm
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4 a 20°C b %=24r—3t1 

¢ 1) 21°C/min 

i) 48°C/min 

iii) 0°C/min 

d t=2o0r 6 minutes e 236°C 

Exercise 7.3.3 

fi(x) =2x -3 

1 

1 

v =x~1 

y=—x+3 

y=4x - 10 

x+4y+6=0 

y=—4x — 2 

1 

T 
M 

= 

(]
 

R
 

I
 

B
 

R
l
 

B
 
s
 

e
 

4 a —Ix+ 12 b (-6, 10) 

= —4x + 17 

c y=5 

d Niy =11T:-:, Nyx=2 

e (2,9) 
6 a f(x) =-x-1 b -3 

c (2, =8) 

Exercise 7.4.1 

i) f'(x) = 2x 

i) [(x) =2x -3 

i) f'(x) =-2x+ 10 

i) f'(x) = 3x? — 24x + 48 

ii)x<4and x> 4 

e i) f'(x) = =3x% + 25 

ii) —ifix{i 
V3T A3 

f i) fi(x) =2 —x 

ii) -l <x<Qand x>1 

1 ii)x>0 

i) x >= 

i)x<?5 

L
 

o
o
 

3 
b I{E 

e x< —i andx}i 
A3 \3 

f x<=-landD<x<1 

2 a x<0 c x<5 

d never 

3 a f{x}=x3+% 

x% = 0 for all values of x, — x* + % > (0 for all 

values of x 

Therefore f'(x) is an increasing function for 

all values of x. 

b ffx) =x!—-1-x=x(1-x) -1 
Whenx<—-lorx>1—-(1 —x) <0 

therefore f'(x) <0 

When —1<x<1—=0<xt(l - <1 

therefore f'(x) <0 

Hence f'(x) is a decreasing function for all 

values of x. 

4 k< —% 

Exercise 7.5.1 

1 a i) fx)=2x-3 i) (3, 4) 
b i) f(x)=2x+ 12 i) (=6, =1) 

c i) fix)==-2x+8 i) (4,3) 

d i) f'(x) =-6 ii) no stationary points 

2 a i) f(x)=3xt—24x + 48 

ii) (4, 6) 
b i) f(x) =3x%-12 

i) (=2, 16) and (2, —16) 

¢ i) f'(x) =3x - 6x —45 

i) (=3, 89) and (5, =167) 

di flx)=x+3x-4 

ii) (4, 132) and (1, - 7%) 
3ai) f(x)=-4-1x 

ii) (-2,5) 
iii) (=2, 5) is a maximum 

iv) (0, 1) 
v) 
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.
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b i) f()=x-8x+12 
i) (2, 7%)and (6, -3) 

iii) (2, 7%) is a maximum, (6, —=3) isa 

  

  

  

  

    

      

  

  

      
  

  

  

  

minimum 

iv) (0, =3) 

v) 
YA 

AN 
o/ | 
5 : \ 

- 

: \ 
2 \ 
: \ 

\ | 
_1*0 r ;4\53 8 9 10X 

! \ 
\ 

fll                         
c i) f(x)=-222+6x~4 

i) (1, —1%)and (2, -13) 

1i1) (11 _1%) is a minimum point, (Er _1%) 
1s a maximum point 

iv} (01 D) 

V) ) 

] 
4 

  

  

    
  

  7= 

  

  

                &
k
 
ok
 

b 

d i) f(x)=23x"—9x - 30 

i) (-2, 38)and (5, ~1335] 
iii) (—2, 38) is a maximum point, (5, —133%) 

is a minimum point 

iv) (0, 4) 
v) 

=
 

  

  

  

  

  

  

5 
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8 
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5 
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4 a i) f(x)=32-18x+27 ii)(3 =3) 
iii) (3, —3) is a point of inflexion 

iv) (0, =30) 

| 

20 /‘ 
10 j/ 

410 -/2——3—1’5 8 1 x 

Ld 
i) fi(x) =4 - 12x* + 16 

i) (=1, =11)and (2, 16) 

iii) (—1, —11) is a minimum point, (2, 16) is 

a point of inflexion 

iv) (0, 0) 

v) ;‘   

    

  

  

  

                    
Exercise 7.6.1 

1 a 500 - 2x 

b A =500x - 2 

¢ 500 - 4x 

d 125 m 

31250 m? 

-
 

  

&
8
,
 

™ 
° 

(125, 31 250) 
  

  

  

—
 

  

L 
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o
 

P 
O 

¢
 

Eg
 

E%
 

-
 2
8
8
 

8 
8 

                o
                   1 (PU 150 
  & 

- 
ECFD 2 300 x 

2 a $40 

b 40+ x 

¢ Each x increase in price leads to a 2x decrease 

in phones sold. 

70 = 4x 

17.5 

i $117 or $118 

ii $6612.50 

o 1600 

Tl 

g
 

==
 

T 
Lo
 

e Whenx=9cm 

Whenx=11 cm 

P = (40 + x)(150 = 2x) = 6000 + 70x — 2 

= -53.5 

> 
&5
 

43.8 
dx 

Gradient changes from negative to positive 

therefore the stationary point is a minimum. 

4 b V=2858387cm’ =858 400 cm’ (4 s.f.) 

Student assessment 1 

= 10t 

¢ 1) 4.2 seconds 

lj EiE== 43:-— 1 

dy B 
d e 2xt + 8x -1 

b fiix) =2x-1 

d f(x) =x+1 

f fix)=1-=2x" 

b £({0)=1 
1 1 

d flz) =57 
b -1 

2 

d' ~33 

b v=30ms"! 

ii) 88.2 m
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Student assessment 2 

1 a 

b 

| 
o
 

o
 

N 
o
 

a 

b 

a 

b 

C 

d 

fi(x) = 3x* + 2x 
Z 23 

P-3 -5 
Q(O! - l) 

P is a maximum and () a minimum 

Substituting (1, 1) into the equation gives 

l=1P-1t4+1=21=1 

2 

y=12x -1 ? 

x+2y-3=0 

fix)=2x -4 
Xiehid 

fi(x) = 4x° — 4x 

(0,0),(1, -1) and (-1, -1) 
(0, Q) is a maximum, (1, =1) and (=1, =1) 

are both minimum points 

  

  

  
  

      
  

  

i) (0,0) 
ii) (0, 0), (V/2,0) and (-4/2, 0) 

/) 

10 
-2 1‘ 1/ 2 X             

Examination questions 

1 

  

  

  

  

  

  

  

  

a 4x + 1 b -1l ¢ -7 
a 32 

b VA 

I / 200 | / 
\ / 

W 
e 

£ 5 4 -8 10 2 3 4 5 ea:r 

;/ 

¥ \ 
  

                              

C 3.1‘1—%8- 

d 0 

e (-2,-31) 

t y232}U fy<-32] 

g 45 

™
G
 

& 
0 

3 
~N
 

@ 

        
f'(x)=2-2x 

At a maximum: 2 — 2x =0 

x=1 

f)=3+2x1-12=4 

Part B 

a 4p+2q=H6orlp+9g=-3 

b ilpx+gq ii4p+qg=1 

c p=2,q=-1



  

1,16 abacus 

adjacent side, of a triangle 228 
Al-Karkhi 283 
Al-Khwarizmi, Abu Ja'far 

Muhammad Ibn Musa 19 

alternative hypothesis (H1) 189 

ancient Greeks see Aristotle; 
Pythagoras 

angle 
between a line and a plane 

2504 
of depressionfelevation 231-2 

apex, of a pyramid 260 
approximation 21-6, 327-8, 360-1 

in science 71, 202 

Arab mathematicians 19, 283, 358 

arc of a circle, length 265 
area, of a triangle 242—4 

see also surface area 

arguments, valid 114 
see also logic 

Aristotle 111 

arithmetic sequences 4654, 365 
arithmetic series 50-4, 365 

asymptotes 306-9, 312-16 

averages 89 

axes, of a coordinate system 205, 

325 
axiomatic system 280 

axis of symmetry 289 

Basic (computer language) 16 
bell-shaped curve 159 
Bertrand'’s box paradox 156 
biometry 177 
bivariate data 168, 386 

Black Swan event 202 
bounds, upper and lower 79 
box and whisker plots 86-8 
Brahmi numerals 19 

brain, hemispheres 280 

calculus 

easy to do! 358, 359 
further study 358 
historical aspects 326-7, 358 
real-life applications 358, 359 
terminology 358 

Index 

Cantor, Georg 111, 122 

capital 367 
Cardano, Girolamo 283 

Cartesian coordinates 205 

cash flow 325 

charts see data, displaying 
China, one-child policy 358 
Chinese philosophy 111 
chi-squared (x?) test for 

independence 189-91 
circular prism see cylinder 
class intervals 79 

commission, for currency exchange 
35, 36 

commodity money 35 
common difference 48, 49 

common ratio 55 
complement of a set 125 

compound interest 62-5, 307, 324, 

367-8 
compound statement 113 
conditional probability 149-50 
cone, volume and surface area 

264-T71 
conic sections 281 

conjunction 113, 116 

contingency tables (two-way tables) 
115, 138, 189 

contrapositive 121 

converse 114, 120, 376 

coordinate, calculating from gradient 
function 340-2 

coordinate systems 205-8 
correlation 174-7, 203, 386-T7 

see also Pearson's product-moment 
correlation coefficient (r) 

cosine curve 236-7 

cosine ratio (cos) 230 

cosine rule 23940, 281 

cost and revenue functions 325 
critical values 191 

Croesus 35 

cuboid, properties 254 
cumulative frequency 81-3, 371-2 
cuneiform 19 
currency conversion 35, 36 

currency exchange market 37 

currency trading 71 
cylinder, properties 254 

data 
bivariate 168, 386 

discrete and continuous 72 

dispersion 97 
displaying 73-7, 109 
large amounts 92 
see also grouped data 

decimal places, approximating to 
22 

Dedekind, Richard 111, 122 

degrees of freedom 190 
depreciation 308 
derivative 

of a function 332 

of polynomials with negative 
powers of x 334-6 

see also gradient function; second 
derivative 

Descartes, René 205, 325 

differentiation 332-6 

disjunction, exclusive/inclusive 

113, 114, 116 
distance between two points, 

calculating 2067 
184-6 

doodles, mathematical properties 
280 

domains 

economics 324 

Egyptian mathematics 228, 244-5 
Einstein, Albert 280, 327 
elements of a set 122 

empty set 123, 156 

Enigma machine 16 
equations 

graphical solution 364 
of a line through two points 

218-19 
of the normal to a curve 344-6 
of a straight line 208-19, 390-1 
of the tangent at a given point 

3434 
equivalence 120, 376, 377 

estimation 

ability 17
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of answers to calculations 23-5 

of the mean 96 

Euler, Leonhard 283, 325 

Euler's formula 281 

Eurozone 35-6 

events 

combined 138-9, 377, 379, 380 

complementary 135, 137 
independent 148 
mutually exclusive 135, 136, 146 

probability of 136 
exchange rate see currency 

CONVersion 

expected frequencies 190 
exponential functions 306-9, 400 

Fermat, Pierre de 135, 326 

Fermat’s last theorem 326-7, 359 

Fibonacci sequence 46, 70 
trequency histogram 734, 159-60, 

370 
for grouped data 79-80 

frequency table 73 
grouped 77 

functions 

historical concept 283 
increasing and decreasing 3468 
as mappings 283-6 

meaning of term 324 
range and domain 284-6 

unfamiliar 318-21, 325 

Galileo 27 

Gauss, Carl Friedrich 135, 325 

generality 281 
general relativity 280 
genius, definition 359 
geometric sequences 54-6, 365 

geometric series 569, 365 

geometry 
Euclidean and non-Euclidean 

280, 281 
three-dimensional 

397-8 
gold 35 
goods, scarce 35 
gradient 327-31 

approximating 327-8 

of a curve at a given point 

33740 
of increasing and decreasing 

functions 346-8 

positive/negative 209 

244-11, 

of a straight line 208-11, 390-1 
gradient function 330, 340 

zero 348 

see also derivative 
gradient—intercept form 216 
graphical solution 

of equations 38-46 
of linear equations 3842 
of quadratic equations 43-6, 

205-8 
of simultaneous equations 2224 
of unfamiliar equations 318-21 

graphic display calculator (GDC) 
in calculus 359 

computing power 17 

using 1-15 

graphs 
drawing/plotting 6-9, 120, 

219-20, 310, 318 
of exponential functions 306-9 
of linear functions, a 286-8 

of quadratic functions 289-305 
straight-line 219-20 
vertex 289 

see also data, displaying 
grouped data 

discrete or continuous 77-9, 369 

mean and mode 95-7 

median 81 
growth and decay, exponential 

3079 

Hein, Piet 281 

Hellegouach, Eves 327 
Hex 1281 

Hipparchus of Rhodes 228 
Huygens, Christiaan 135 
hypotenuse 228 
hypothesis testing 189-97 

Ibn al Haytham 358 
imaginary numbers 20 
implication 114, 119-20, 376 

independence, chi-squared ( %) test 

189-91 
Indian mathematics 19 

indices 
negative 30-1 

positive 27-30 

inference, valid 111 

infinity, value(s) of 156 

integers 19, 70 

interest see compound interest; 

simple interest 

interquartile range 86, 97-100 
intersection 

CGC Trace’ facility 9-10 
125, 133 

inventions and discoveries 327, 
358 

inverse 120-1, 376 

inverse normal calculations 

irrational numbers 20 

of sets 

165-8 

knight's move 71 
knowledge, truth and belief 17, 156 

law of diminishing returns 17 
Leibniz, Gottfried Wilhelm 283, 

327, 358 
linear equations, graphical solution 

3842 
linear functions 

evaluating 287-8 
graphs 286-8 

line of best fit 169-72 
optimum 184 

lists, for storing data 12-13 
logic 

applications 111 
historical aspects 111 
and set theory 133 
symbolic notation 113, 375 
terminology 112 

logical contradiction 117 
logical equivalence see equivalence 
logical fallacy 157 
longitude 205 

many-to-one mapping 284 
mappings 2836 

meaning of term 324 
mathematical tables 16, 17 

mathematics 
frontiers of knowledge 359 
historical context 325, 358 

important areas 280, 359 

language 70, 71 
maxima/minima 

calculating 349 
local 338, 348 

mean 
definition 89 
estimating 96 

finding 90-2 
for grouped data 95-7 
of normal distribution 159
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measures of central tendency 
89-95, 369 

measures of dispersion 97-104, 
3734 

median 
definition 89 

finding 90-2 
of grouped data 81 
of large data sets 92 
of normal distribution 159 

Mesopotamia 18-19 

midpoint of a line segment 207-8 
mode 

definition 89 
finding 90-2 
for grouped data 95-7 
of normal distribution 159 

money 
historical aspects 35-6 
importance in politics 109 

Moscow Papyrus 244-5 

Mozi (Father Mo) 111 

natural numbers 19-21 

negation 113, 116 

Nelson, Lord 228 

Newton, Isaac 325, 327, 358 

non-linear functions, gradient 
327-8 

normal to a curve, equation 344—6 
normal distribution 135, 15968, 

384-5 

notation 

domains 284-6 

logic 113, 375 
probability 135 
scientific see standard form 

set theory 122, 125, 337 

null hypothesis (HO) 189 

number system, historical aspects 
18-19 

numerical solution, exact 70 

observations, independent 189 
one-to-one mapping 284 

opinion polls 108 
opposite side, of a triangle 228 
optimization 353-6, 405-6 
origin, of a coordinate system 205 
outcomes 

two-way tables 115, 138 
types 136 

see also events 

pandemics 359 
paper money 35 

parabola 43, 289 
paradoxes 156, 157 
parallelism, defining 325 
parallel lines, gradient 209 
Pascal, Blaise 46, 111, 135 

Pascal’s triangle 46 
Pearson, Karl 177 

Pearson's product-moment 

correlation coefficient (r) 

177-84, 202 
percentage error 25-6 

percentiles 84 
perpendicularity, defining 325 
Pisano, Leonardo (Fibonacci) 46 

point of inflexion 348 
polynomials 

derivative 334-6 

gradient functions 330 
higher-order 316-18 

population predictions 358 
predicate 111 
premises, in logic 111 
prime numbers 70, 71 
prisms, volume and surface area 

1547 
probability 

of combined events 138-48 

experimental 157 
historical aspects 111 
laws 146-7, 383 

notation 135 

problems with and without 
replacement 1434 

projection, of a line on a plane 251 
proof 70 
propositions 

equivalent 114 
logical 111,113 
see also equivalence 

punch cards 16 
pyramid, volume and surface area 

2604 
Pythagoras' theorem 206, 231, 280, 

281 

quadratic equations 

algebraic solution 3004 
graphical solution 43-6, 120-3 

quadratic expressions 

factorization 299-300 

graphs 289-305, 399 

quadratic formula 304-5 
quartiles 84-5 
questionnaires 108 

radioactive decay 307, 324 
range 

of a distribution 97 
of a function 284-6 

meaning of term 324 
rational numbers 20 

real numbers 20 
reciprocal function 309-16 
rectangular prism see cuboid 
recurrence relation 47 
regression line fory on x 184-9, 

386-7 
representative money 35 

reserve currency 37 

results 

consistency 81 
observed 189 

risk 157 

roots 

of an equation 43 
of a quadratic 297 

rounding 21-2 
Russell’s antinomy 156 

sample space 135, 378 
sampling 108 
scatter diagrams 168-74, 386-7 
scientific notation see standard form 

second derivative 352 

sector of a circle, area 265 

selection with and without 

replacement 1434 
sequences 

arithmetic 4654 

geometric 54—6 

pairing 70 

series 50 

arithmetic 504 

geometric 569 

pairing 70 

sets 
disjoint 133 
and logical reasoning 113-15 
of numbers 19-21 

properties 129-30 

set theory 
further study 156 
historical aspects 111 
notation 122, 125, 337 

use in probability 135
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SI see Systéme Internationale 

significance level (p) 190 
significant figures, approximating to 

22-3 
simple interest 59, 367-8 
simultaneous equations 

graphical solution 2224 
multiplying 226-7 
solution by elimination 221-2 
solution by substitution 222 

sine curve 235-6 

sine ratio (sin) 229-30 

sine rule 237-8 
slide rule 16 
solids, regular 281 
sphere, volume and surface area 

257-60 
standard deviation 1004, 109 

standard form 27-31 

statement see proposition 

stationary points 348-53, 405 

statistics 

effect on public opinion 108 
further study 109 
historical aspects 72 
misuse 109 

specialized terminology 109 
straight-line graphs, 

plotting/drawing 219-20 
straight lines, gradient 327 

subsets 123-4, 133 

sum, of an arithmetic series 514 

Sumerians 18 

supply and demand, graphs 324 
surface area 

of a cone 264-71 

of a prism 254 
of a pyramid 2604 
of a sphere 257-60 

symbolic logic see logic 
Systéme Internationale (SI) units of 

measurement 31-6, 363 

tables of results, using GDC 11-12 
tangent at a given point, equation 

3434 
tangent ratio (tan) 229 

Taniyama—Shimura conjecture 327 
tautology 118, 121, 376 
temperature scales 34-6 

term-to-term rule 47, 55 

torus, geometry 281 

tree diagrams 139-44 
triangles 

area 24724 

non-right-angled 235 
right-angled 228-34 
sides 228-9 

triangular prism 254 
trigonometric ratios 228-30 

trigonometry 

historical aspects 228 
non-right-angled 235-44, 395-6 

right-angled 228-34, 3924 
three-dimensional 245-50 

truth tables 115-18 

two-way tables see contingency 
tables 

union, of sets 125 

units of measurement 31-6 

universal set 125 

variables, relationship 168 
Venn, John 125 
Venn diagrams 125-9, 133, 144-5, 

146, 156, 157, 381-2 
vertex, of a graph 289 
volume 

of a cone 264-71 

of a prism 2547 
of a pyramid 2604 
of a sphere 257-60 

Weldon, Walter 177, 203 

Wiles, Andrew 327, 359 

Yates' correction 191



  

  

Dear Student \ 

The following free resources are available on the Mathematical 
Studies for the IB Diploma Second Edition website: 

e PowerPoint presentations 

® spreadsheet activities 

* GeoGebra activities 

* Personal Tutor — audio-visual walkthroughs to help your 
understanding of more complex topics 

* answers to the revision exercises 

e fully worked solutions to all the exercises throughout the book 

e instructions for the Texas TI-Nspire calculator. 

To access these resources please go to 
www. hodderplus.co.uk/IBMSSL2 

You will need the following user name and password to access the 
online materials: 
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Password: exponential 
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